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Abstract—The zero truncated model is usually used in modeling 

count data without zero. It is the opposite of zero inflated model. 

Zero truncated Poisson and zero truncated negative binomial models 

are discussed and used by some researchers in analyzing the 

abundance of rare species and hospital stay. Zero truncated models 

are used as the base in developing hurdle models. In this study, we 

developed a new model, the zero truncated strict arcsine model, 

which can be used as an alternative model in modeling count data 

without zero and with extra variation. Two simulated and one real 

life data sets are used and fitted into this developed model. The 

results show that the model provides a good fit to the data. Maximum 

likelihood estimation method is used in estimating the parameters. 

 

Keywords—Hurdle models, maximum likelihood estimation 

method, positive count data. 

I.  INTRODUCTION 

ERO truncated model is commonly used in modeling 

count data without zero. Examples of these data are 

number of hospital stay; number of times a voter has voted 

among the people who has voted during the general election. 

The most popular ones are zero truncated Poisson (ZIP) [1]-

[3] and zero truncated negative binomial models (ZTNB). 

ZTNB is recommended for count data without zero but with 

extra variations. It has been used to analyze the abundance of 

rare species [4], [5]. Reference [6] analyzed the overdispersed 

positive count data of ischemic stroke hospitalizations using 

truncated negative binomial mixed regression model. 

Reference [7] applied the truncated model to a number of 

recreational fishing trips taken from a sample of Alaskan 

fishermen. Reference [8] applied it to the [9] data set on 

contract strikes. Reference [10] discussed zero-truncated 

Poisson-Lidley distribution and its applications. Reference 

[11] gave modeling Sage data with a truncated gamma-Poisson 

model. Another application of zero truncated models is it can 

be used as a building block for hurdle models. In this study, 

we developed a new model named zero truncated strict arcsine 

model which can serve as an alternative model in modeling 

data without zero and with extra variations. We fit the 

developed model into one real life and two simulated data sets. 

The chi-square value shows that it provides a good fit to the 

three data sets. Maximum likelihood estimation method is used 

in estimating the parameters in this model. The properties and 

characteristics of strict arcsine and zero truncated strict arcsine 
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models are provided in Section II. Section III studies the 

parameter estimation method used. Section IV discusses the 

application and the results of this developed model to three 

data sets. A short concluding remark is given in Section V. 

II. PROPERTIES OF THE DISTRIBUTIONS  

A. The Strict Arcsine Distribution 

The SA distribution is introduced by [12]. Reference [13] 

studied the properties of the strict arcsine distribution and 

found that the SA distribution is overdispersed, skewed to the 

right and leptokurtic. 

The probability mass function of SA is given by 
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where 0< α, 0 < p < 1, and A(x; α) is defined as 
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The recurrence formula of SA is 
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The likelihood L is given by 
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and the log-likelihood is 
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The likelihood score functions are given below 
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B. The ZeroTruncated Strict Arcsine Model 

The zero truncated strict arcsine model (ZTSA) is 

developed by dividing the probability mass function of strict 

arcsine by 1-P(0).  

The PMF for zero truncated strict arcsine model is given by 

 

PZTSA(Y= y) = ))0(Pr1/()(Pr SASA y − ,   y = 1,2, 3,…    (9)                      

 

The likelihood L is given by 
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and the log-likelihood is 
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III. PARAMETER ESTIMATION 

The maximum likelihood method together with simulated 

annealing [14], a global optimization routine, is used to obtain 

the unknown parameters for this model. Simulated annealing 

has been used in various combinatorial optimization problems. 

It is particularly good in solving problems involved circuit 

design [15]. The applied concept is based on the manner in 

which liquid freeze or metals recrystalize in the process of 

annealing. At high temperature, molecules are free to move, 

but the mobility of the molecules drops as the temperature 

decreases and the molecules tend to line themselves up in a 

rigid structure which in fact is a stage of minimum energy. The 

advantage of this approach is that derivatives of the likelihood 

function are not needed.  

We find the parameter estimates for a real life and two 

simulated data sets using the above-mentioned method. Table I 

shows the real life data set from [6]. Table II shows simulated 

data set with p = 0.40, α =8.00, and sample size=500. Table 

III shows the data set simulated with p = 0.70, α = 5.00 and 

sample size=1000. 
 

TABLE I 

EMPIRICAL DISTRIBUTION OF ISCHAEMIC STROKE HOSPITALIZATIONS 

 Observed frequency Expected frequency 

1 554 553.88 

2 99 96.30 

3 18 21.59 

4 4 4.60 

5 2 1.22 

6 1 0.41 

 

-loglikelihood =407.29 

 

χ
2
 = 2.10 

 

ZTSAp̂ = 0.3361,   ZTSAα̂ = 1.0347   

 
TABLE II 

SIMULATION OF TRUNCATED STRICT ARCSINE WITH p = 0.40, α =8.0 AND 

SAMPLE SIZE=500. 

 Simulated frequency Expected frequency 

 

62 

102 

107 

89 

62 

38 

21 

11 

5 

2 

1 

0 

  

62.02 

99.86 

108.53 

90.62 

62.62 

37.60 

20.31 

10.11 

4.72 

2.10 

1.51 

0 

 

1   

2   

3   

4   

5   

6   

7   

8   

9   

10   

11   

12   

-loglikelihood 1497.57 

χ
2
 0.40 

 

             ZTSAp̂ = 0.3605       ZTSAα̂ =8.9318 

IV. RESULTS 

The newly developed zero truncated strict arcsine model 

provides very good fit for the three data sets. The chi-values χ
2
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= 2.10 for the first real life data set (Table I),  χ
2 

= 0.40 for the 

second simulated data set(Table II) and χ
2
 =2.47 for the third 

simulated data set (Table III) indicate that zero truncated strict 

arcsine model can be used as an alternative model in modeling 

overdispersed positive count data. The results also show that 

the estimation method used provides very good estimates 

which are very close to the set parameters. 
 

TABLE III 
SIMULATION OF TRUNCATED STRICT ARCSINE WITH p = 0.70,  α = 5.00 AND 

SAMPLE SIZE=1000 

  Simulated frequency  Expected frequency 

       

1 74   72.63  

2 132   129.31  

3 157   159.04  

4 154   156.43  

5 131   133.71  

6 103   104.44  

7 77   76.92  

8 55   54.49  

9 39   37.59  

10 27   25.48  

11 18   17.05  

12 12   11.31  

13 8   7.46  

14 6   4.90  

15 4   3.20  

16 3   6.03  

-loglikelihood 2355.75 

χ
2
 2.47 

 

ZTSAp̂ = 0.6778,   ZTSAα̂ = 5.2538 

V.   CONCLUDING REMARKS 

Zero truncated models are commonly used in modeling 

positive count data. It is used as a base in developing hurdle 

model. Zero truncated strict arcsine model is found to be 

suitable in modeling positive count data with extra variations. 

The results indicate that this model fits well into two simulated 

and one real life data sets. This study also shows that 

maximum likelihood estimation method together with 

simulated annealing is a good choice in estimating the 

parameters in this model. 
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