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la, b]-Factors Excluding Some Specified
Edges In Graphs

Sizhong Zhou, Bingyuan Pu

Abstract—Let G be a graph of order n, and let a, b and m
be positive integers with 1 < a < b. An [a,b]-factor of G is
defined as a spanning subgraph F' of G such that a < dp(z) < b
for eech x € V(G). In this paper, it is proved that if n >
(a1t D=2 21 ang 5(G) > nta+ b — 2B T 1
then for any subgraph H of G with m edges, G has an [a, b]- factor
F such that F(H) N E(F) = . This result is an extension of that
of Egawa [2].
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|I. INTRODUCTION

Many physical structures can conveniently be modelled
by networks. Examples include a communication network
with the nodes and links modelling cities and communication
channels, respectively, or a railroad network with nodes and
links representing railroad stations and railways between two
stations, respectively. Factors and factorizations in networks
are very useful in combinatorial design, network design, circuit
layout, and so on [1]. It is well known that a network can
be represented by a graph. Vertices and edges of the graph
correspond to nodes and links between the nodes, respectively.
Henceforth we use the term graph instead of network.

The graphs considered here will be finite undirected graphs
without loops or multiple edges. Let G be a graph. We
use V(G) and E(G) to denote its vertex set and edge set,
respectively. For = € V(G), the neighborhood set N¢(z) of
x is the set vertices of G adjacent to , and the degree d¢ ()
of = is |Ng(z)|. Furthermore, the minimum degree of G is
denoted by 6(G). For S C V(G), we denote by G — S the
subgraph obtained from G by deleting al the vertices of S
together with the edges incident with the vertices of S. Let .S
and T" be two digjoint vertex subsets of G, we use E¢(S,T)
to denote the set of edges with one end in S and the other
endinT andset S— 5" =5\9".

Let a and b be nonnegative integers with a < b. An [a, b]-
factor of G is defined as a spanning subgraph F' of G such that
a <dp(xz) <bforeach z € V(G). Note that if a =b =k,
then an [a, b]-factor is a k-factor.

Let us first introduce a known result which proves a
minimum degree condition for the existence of k-factors in

graphs.
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Theorem 1. (Egawa [2]). Let £ > 2 be an integer, and let
G be a graph of order n with kn even. If §(G) > n + 2k —
2vkn + 1, then G has a k-factor.

The following results on the existence of an [a, b]-factor
which excludes some specified edges are known.

Theorem 2. (Zhou [5]). Let G be a graph, and let o and b
be two non-negative integers with ¢ < b, M is a maximum
matching of G. If a < dg(z) and b(dg(y) — 1) > adg(z) for
each z,y € V(G), then G has an [a, b]-factor excluding M.

Theorem 3. (Zhou [6]). Let G be a graph of order n, and

let a, b and m be nonnegative integerswith 1 < a < b. If n >

(b— 1)(a+b 1)(a+b 2)+2bm and bznd(G) > béa#(»(ll)+;))(n2mll2’

then for any subgraph H of G with m edges, G has an [a, b]-
factor F' excluding H.

Theorem 4. (Kano [3]). Let a, b, m and k be positive
integers such that 1 < a < b and 2 < k < otbtl=m | g

G be a graph of order n >t ((kEm)(tb=1) 1) it

an
a+b
for every independent set {z1,x2, - 2} C V(G), then for
any subgraph H of G with m edges and 6(G — H) > a, G
has an [a, b]-factor F' excluding H.

Theorem 5. (Kano [3]). Let a, b and m be integers such
that 1 < a < b and m > 1. Suppose that G is a graph of
order p > @HmED@EE)=5) g 5(@G) > -n Then for
any subgraph H of G with m edges, G has an [a b)-factor I’
excluding H.

In this paper, we give a new minimum degree condition for
the existence of an [a, b]-factor which excludes some specified
edges. Our result is an extension of Theorem 1.

Theorem 6. Let a, b and m be positive integers with
1 < a < b, andletheagraphofordern >

(a+b— 1+\/(a+b+1)m 2)2-1 If (5(G) Sntath— QW

then for any subgraph H of G with m edges, G has an [a, b]-
factor F excluding H (i.e., E(H) N E(F) = ().

We do not know Whether the condition 6(G) > n+a+b—
2v/bn + 1 in Theorem 6 can be replaced by 6(G) > n+a +
b—2vbn + 1.

In Theorem 6, if m = 1, then we get the following corollary.

Corollary 1. Let a and b be integers with 1 < a < b,
and let G be a graph of order n > (‘“’b‘”vg”b‘l)z‘l. If
0(G) >n+a+b—2vbn+1, thenfor any e € E(G), G has
an [a, b]-factor F' excluding e.

[Ng(21) U Ne(22) U~ - U Ne(ax)| >

Il. PROOF OF MAIN THEOREMS

In order to prove Theorem 6, we depend on the following
lemmas.
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Lemma 2.1. (Lam etc. [4]). Let 1 < a < b be integers,
and let G be agraph and H a subgraph of G. Then G has an
[a, b]-factor F such that E(H) N E(F) = 0 if and only if

bS|+ > da-s(z) —a|T| = du(z) — en(S,T)
zeT z€eT

for all digoint subsets S and T of V(G).

Lemma 2.2. Let a, b, m and n be positive integers. If n >

2
(atb-lty (a:bH)m_m ! thenn+a+b—2vVbn +1—m >
a—1+7.
. (a+b—1++/(a+b+1)m—2)2—1

Proof. Since n > a4 i ES , then we

obtain

n+a+b-—2vbn+1-—-m
(a+b—14+/(a+b+1)m—2)*—1 N
a

b
+b—2(a+b—-14++/(a+b+1)m—2)—m
(a+b—12%+(@+b+1)m—3
b

(a+b+1)m—2
b
—(a+b—-2)—2y/(a+b+1)m—-2—m
(a+b-1P2+(a+b+)m -3
b
(a+b—-1P2+(a+b+1) -3
b
-1)-1
_ (a+b)(a41r)b ) Clatb—1)
ala+b—1)—-1
b
(a—1)(a+b—-1)4+a+b—2
b

\Y]

2 b—1
2a+b-1)

Y

(a+b-2)—m

\Y]

(a+b—-2)—1

a
-1+ -
a +b

v

Completing the proof of Lemma 2.2.

Proof of Theorem 6. Suppose a graph G satisfies the
condition of the theorem, but has no desired [a, b]-factor for
some subgraph H with m edges. Note that §(G— H) > n+a+
b—2vbn +1—m > a—1+7 holds by Lemma2.2. According
to the integrity of 6(G — H), we obtain 6(G — H) > a. Then
by Lemma 2.1, there exist two digoint subsets S and T' of
V(@) such that

bS]+ > (dg-s(x) — du (@) + en(x,5) —a) < —1. (1)
xzeT
We choose such subsets S and T" so that || is minimum.
At first, we prove the following claims.
Claim 1. |S] > 1.
Proof. If S =@, then by (1), we obtain

~1 > ) (da(x) - du(z) —a)
zeT
> Y (8(G-H)—a)>0,
xeT
which is a contradiction.

Clam 2. |T|>b+1.
Proof. If |T'| <b, thenby (1), Clam1and 6(G—H) > a,
we have

—1 > bS]+ (da-s(x) — du(z) + en(z,S) — a)

> TS|+ > (dg-s(z) — du (@) + en(x, S) - a)
= Z(‘S| +da_s(x) —dy(z) +en(z,S) —a)

YIS+ do—s(x) — du(z) - a)

zeT

> (dc(z) — du(z) — a)

zeT

> Y (5(G-H)-a)
xeT
> 0.

\Y

Y

This is a contradiction.

Claim 3. dg-s(z) —dg(z) + eg(z,S) < a—1 for each
zeT.

Proof. If dg_s(z)—du(x)+emu(x,S) > aforsomex € T,
then the subsets S and 7'\ {z} satisfy (1). This contradicts
the choice of S and T'.

In view of Claim 2, we may define

h =min{dg_s(z) — du(x) + e (z,S)|z € T},

and choose z; € T such that dg_gs(z1) — du(z1) +
em(x1,S) = h. Then by Claim 3, we obtain

0<h<a-1.

According to the condition of Theorem 6, the following
inequalities hold:

n+a+b—2vVbn+1 0(G) < dg(z1)
da-s(@1) + 9]

h+du(z1) —en(x1,5) + 19/,

ININ A

that is,
|S] >n+a+b—-2vVbn+1—(h+du(z1) —en(x1,95)). (2)

In the following, we shall consider various cases according
to the value of h and derive contradictions.

Casel. h=0.

According to (1) and |S| + |T'| < n, we obtain

—1 > blS|+ ) (do-s(x) — du(z) + en(x,S) — a)
x€eT

b|S| + h|T| — a|T| = b|S| — a|T|

blS| —a(n —|S])

(a+ b)|S| — an,

v v

which implies
an —1

< .
|51 < a+b
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On the other hand, by (2), (3) and h = 0, we have

T 2 181> b2V Tl () —en(, )
that is,
di(@) —en(rs,§) > n+a+b—2m_an+—b1
= bn:ler v+ b—2vVbn+ 1
(Vbn + 1 — (a+b))?

= > 0.
a+b -

In view of the integrity of dy(z1) — ey (21,.5), we obtain
dH(xl) — eH(;rl,S) 2 1.

For z € T\ {z1}, if dg_s(z) — dp(z) + en(x,S) =0,
then we have dy (z) —eg(x,S) > 1 by the analogous method
of arguing h = 0. Hence, one of (&) and (b) holds for each
zeT\{xn}:

(a) dG_S(:E) — dH(I‘) + EH(I', S) >1,or

(b) dg_s(x) — du(z) + eg(z,S) = 0 and dgy(z) —
er(z,S) > 1.

Thus, we obtain

> (dg-s(x) —du(@) +en(x,9)) > |T|—2m.  (4)

zeT

According to (1), (2), (4), h =0, |S|+|T)] <nandn >
(a+b—1++1/(a+b+1)m—2)%>—1
b

, we obtain

o
Vv

bS|+ > (d-s(x) — du(z) + en(x,S) —a) + 1
weT

blS| 4+ |T| —2m —a|T| + 1

blS|—(a—1)|T|—2m+1

bS] = (a—1)(n—|S]) —2m+1

(a+b=1)|S]—(a—1)n—-2m+1

(a+b—1)(n+a+b—2Vbn+1

—(h+dg(x1) —eg(z1,5))) —(a—1)n—2m+1

(a+b—1)(n+a+b—2Vbn+1—m)

—(a—1)n—-2m+1

= bn+1+@+b—1)(a+b) —2a+b—1)Vin+1
—(a+b+1)m

= (Wn+1-(a+b—1))>

—(a+b+1)m

(a+b+1)m—-2+(a+b—1)—

a+b—32>0,

A%

V

Y

+(a+b-1)

Y

(a+b+1)m

a contradiction.
Cae2 1<h<a-1.

In view of (1), (2) and |S| + |T'| < n, we have
0 > blS|+ ) (dg-s(x) -

zeT

b|S|+h|T| —a|lT|+1

b S| — (a— h)|T|+1

blS|—(a—h)(n—1S])+1

(a+b—h)|S|—(a—h)n+1

(a+b—h)(n+a+b—2Vbn+1

—(h+du(z1) —en(z1,9))) —(a—h)n+1

= b+ (a+b—h)(a+b) —2(a+b—h)Von+1
—(a+b—=h)(h+du(z1) —en(x1,5))) +1

> bn+14+(a+b—h)(a+b)
—2(a+b—h)Vbn+1—(a+b—h)(h+m)

du(z) +en(z,S)—a)+1

%

V

= (Vn+1—(a+b—h))?—(a+b—h)m,
that is,
>Wbhn+1—(a+b—h)?—(a+b—h)m. (5)
Let f(h) = (Won+1—(a+b—h)2—(a+b—h)m

Obviously, the function f(h) attains its minimum value at h =
1 sincel < h <a-— 1. Then we have

f(r) > f(1).
Combining this with () and n > (o =bEVletbem=2)"~1
we obtain

0 > f(h)>f(1)
= (Whm+1-(a+b—1)>—(a+b—1)m
> (a+b+1)m—2—(a+b—1)m
= 2m—-22>0,

that is a contradiction.
Completing the proof of Theorem 6.
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