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On fractional(k, m)-deleted graphs with
constrains conditions

Sizhong Zhou, Hongxia Liu

Abstract—Let G be a graph of ordemn, and letk > 2 and Some people studied graph factors [2-6]. Yu and Liu [7]
m > 0 be two integers. Let : E(G) — [0,1] be a function. If gbtained a Fan-type condition for a graph to have a fractional
acionai b Tactor of G wih ndicator oo where i - (¢ #-18ctor. Liu and Zhang [8] gave a toughness condition for a
E(G) : h(e) > 0}. A graphG is called a fractionalk, m)-deleted graph to have a fractlongs!—factor. Cai and Liu [9] showgd
graph if there exists a fractionéHactor G[F3] of G with indicator @ Stability number condition for graphs to have fractional
function h such thath(e) = 0 for any e € E(H), where H is k-factors. Zhou [10] obtained some sufficient conditions for

any subgraph ofZ with m edges. In this paper, it is proved thatgraphs to have fractional-factors. Zhou [1,11] obtained two
G is a fractional(k,m)-deleted graph () > k +m + ¢35, sufficient conditions for graphs to be fractior{al m)-deleted
n > 4k? + 2k — 6 + w and graphs.
n The following results ork-factors, fractionak-factors and
max{dc(z),dc(y)} = 5 fractional (k, m)-deleted graphs are known.

for any verticest andy of G with dg(z,y) = 2. Furthermore, it is

shown that the result in this paper is best possible in some sens%.v Theorem 1. ([12]). Let & be a connected graph of order

ith §(G) > k, wherek is a positive integerkn is even and
Keywords—graph, degree condition, fractionkdfactor, fractional , > 812 4+ 19k + 6. If G satisfies

(k,m)-deleted graph. - n

max{dg(z),dg(y)} > 5

I. INTRODUCTION . .
for any verticesr andy of G with dg(z,y) = 2, thenG has

N this paper, we consider finite undirected graphs withoyt;. actor.
loops or multiple edges. L&t be a graph with vertex set
V(G) and edge seE(G). For anyz € V(G), the degree and  Theorem 2. ([7]). Let G be a connected graph of order
the neighborhood of in G are denoted by (z) andNg(z), n With 6(G) > k, wherek is a positive integer anad >
respectively. ForS C V(G), we denote byG[S] the subgraph 8k* + 12k + 6. If G satisfies
of G induced byS, andG—S = G[V(G)\ S]. Let S andT be i ! n
two disjoint vertex subsets af, v[ve useeG](S, T) to denote max{de(x),da(y)} 2 2
the number of edgeg yvith one end $hand the other end in ¢, any verticest andy of G with de(z,y) = 2, thenG has
T. We denote the minimum degree and the.maX|mur.n degre8 4 ctionalk-factor.
of G by §(G) and A(G), respectively. We define the distance
dg(z,y) between two vertices andy as the minimum of the  Theorem 3. ([1]). Let £ > 2 andm > 0 be two integers.
lengths of the(x,y) paths ofG. Let G be a connected graph of orderwith n > 9k — 1 —
Let k > 1 be an integer. Then a spanning subgrdplof  4,/2(k — 1)2 + 2+ 2(2k + 1)m, 6(G) > k+m + %.
G is called ak-factor if dp(z) = k for eachz € V(G). Let |If
h: E(G) — [0,1] be a function. Ify " f_L(e) = k holds for |Ne(z) U Ne(y)| >
any z € V(G), then we callG[F}] a fractionalk-factor of G
with indicator functionh where Fj, = {e € E(G) : h(e) > for each pair of nonadjacent verticesy of G, thenG is a
0}. Zhou [1] introduced firstly the definition of a fractionalfractional (k, m)-deleted graph.
(k,m)-deleted graph, that is, a graghis called a fractional
k, m)-deleted graph if there exists a fractioafactor G| F}, )
gf G )With indicator functionh such thath(e) = 0 for [anll Let G be a graph of orden with n > 4k — 5+ 2(2k + 1)m.
e € E(H), where H is any subgraph of7 with m edges. If n
A fractional (k, m)-deleted graph is simply called a fractional 8(G) = 9
k-deleted graph iin = 1.

—~

(n+k—2)

N~

Theorem 4. ([11]). Let k > 1 andm > 1 be two integers.

thenG is a fractional(k, m)-deleted graph.
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Theorem 5. Let £ > 2 andm > 0 be two inte%ers, and lét  which implies|S| < 5. This completes the proof of Claim 1.
be a graph of orden with n > 4k 4 2k — 64 U EEk=2m=2 = Claim 2. |T| > |S|.
If 6(G) > k+m+ 7 and Proof. Interms of (1) andlg_s(z) —dp(x)+en(z,S) >

0 for any z € V(G), we have that—1 > Ek|S| +

S perlda—s(@) = du(w) + en(z,S) = k) > k|S| — K[T],
which implying |T'| > |S|. The proof of Claim 2 is complete.

Claim 3. |T| > k+ 1.

Proof. Suppose thatT’| < k. Then from (1),6(G) >

Our result is stronger than Theorem 44f> 2 and the %k +m + e > k+m anddy(z) < m foranyz € V(G)
ordern is sufficiently large. Setn = 0 in Theorem 5. Then we obtain

max{dc(z),da(y)} >

for any verticest andy of G with dg(z,
fractional (k, m)-deleted graph.

< N3

)=2,thenGis a

we get the following corollary.

Corollary 1. Let & > 2 be an integer, and le¥ be a graph

KIS+ Y (da-s(x) = du(z) + en(x,S) = k)

of ordern with n > 4k% + 2k — 6. If §(G) > k and el
" > TS|+ Y (dg—s(z) — du(x) + en(x, S) — k)
max{dg(z),dc(y)} > 5 z€T
for any verticesz andy of G with dg(z,y) = 2, thenG has = 2 (ISl +de-s(@) — du(@) + en(w, S) = k)
a fractionalk-factor. ver
> > (8(G)—=m—k) >0,

Obviously, the result of Corollary 1 is stronger than Theo-
rem 2 if k > 2.

which is a contradiction. This completes the proof of Claim

Il. THE PROOF OFTHEOREM5 3
The proof of Theorem 5 relies heavily on the following
lemma.

Lemma 2.1. ([1]). Let £ > 1 andm > 0 be two integers, have
and letG be a graph andf a subgraph of> with m edges.

zeT

Claim 4. S| < § —(k+m—1).
Proof. Suppose thatS| > § — (k 4+ m — 1). Then using
), [SI+ Tl <nand},crdu(z)

ThenG is a fractional(k, m)-deleted graph if and only if for —1 > k[S|+ Z(dc_g(m) —dg(z) +en(x,S) — k)
any subsetS of V(G) z€T
kS| + ) (da-s(x) — du(x) + en(z, S) — k) >0, = KIS|+ ) do-s(x) = (Y du(x) - en(S,T))
T k|T| zeT zeT
whereT = {z: 2 € V(G)\S,dg_s(x)—d + ,9) <
ity {12 e V(G)\S,dg-s(2)—du(z)+en(z,S) > kS| + Y dos(e) - 2m — KT
zeT
Proof of Theorem 5. Suppose thaf? satisfies the assump- > —om — _
tion of Theorem 5, but is not a fraction@, m)-deleted graph. = kIS|+ g;dg_s(m) m—k(n—15)
Then from Lemma 2.1, there exists some sulssetf V(G)
such that = 2k|S|+ Z dg-s(x) = 2m — kn
zeT
k\5|+ZT(CZG—S(@“)*dH(I)Jr@H(zvS)*k)S*L (1) > Qk(gf(k+m—1))+2dc,s(x)—2mfkn
xE
zeT
whereT = {z : x € V(G)\S,dg_s(z)—dp(x)+en(z,S) < — _ok(k 1 dee o) — 2
k—1} andH is some subgraph @ with m edges. Itis easy to (ktm—1)+ % G-s(z) = 2m,
see thatlg_s(z) —du(z)+en(x,S) > 0 foranyz € V(G). .
Since|E(H)| = m, we have}_ . dg(z) — e (S, T) < 2m. thatis,

Now, we prove the following claims.

Claim 1. 1<[S] < 3.

Proof. If S =0, then from (1),6(G) > k +m + 35 >
k+m anddg(z) < m for anyz € V(G), we get—1 >
Seer(do(@) = dp(x) = k) > 3, p(6(G) —m — k) > 0, a
contradiction. Hencel,S| > 1.

On the other hand, according to (15| + |7 < n and
dg_s(z) — duy(z) + eg(z,S) > 0 for any z € V(G), we
obtain

> dg-s(x) < 2k(k+m—1) +2m — 1.
zeT

Conseguently, it follows from Claim 2 and > 4k + 2k —
(4k>+6k—2)m—2
6+ S m=2 that

2ser d6-5(2)

2k(k+m—1)+2m—1

|7 - [S|+1

<
—1 > KS|+ ) (da-s(x) — du(z) + en(x,S) — k) S —
zeT 1
> K|S| — k|T| > k|S| — k(n —|S]) = 2k|S| — kn, < 1-

—en(S,T) < 2m, we
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Combining the inequalities above with Claim 3, we obtain which is a contradiction. This completes the proof of Theorem

1 1
> do-s(a) < (1= DIT| = [T = LTI < |T] - 1. (2)
zeT
SetTy = {z : 2 € T,dg_s(x) = 0}. Note that|Tp| > 2
holds by (2). For eaclx € Ty, dg(x) < |S| < % by Claim

IIl. REMARK
In Theorem 5, the bound in the assumption

1. SinceTp is an independent set @ and G satisfies the max{dg(z),da(y)} > n
assumption of Theorem 5, the neighborhoods of the vertices 2
in Ty are disjoint. Therefore, we obtain is best possible in the sense that we cannot regjaog 5 — 1.

We can show this by constructing a gragh= ktK; Vv (kt +

151> | U Ne(x)| = 6(G)|To| 1)K;, wherek > 2 andm > 0 are two integers and is

=€To m enough large positive integer. Then it follows tHa{(G)| =
Using (2) and the definition dfy, we have g > max{dag(z),da(y)} = kt > g -1
1

(1— %)|T\ > ZdG_S(x) > |T| - |Tol, for any two vertices verticesr,y of (kt + 1)K; C G

z€T with dg(z,y) = 2. Let S = V(ktK;) C V(G), T =

which implies V((kt + 1)K,) C V(G) and H is any subgraph o with
ITy| > 1|T| (4) ™ edges. ThenS| = kt, |T| = kt + 1, de_s(T) = 0 and

kT Y werdu(z) —en(S,T) = 0. Thus, we get

According to (3) and (4), we get

512 5+ mim 2 0+ ™ 2 71 KIS+ Y (do-s(2) = du (@) + e, S) — k)

zeT
That contradicts Claim 2. This completes the proof of Claim = k°t —k(kt +1) = —k < 0.
4. ) In terms of Lemma 2.1¢7 is not a fractional(k, m)-deleted
Claim 5. eg(S,T) < (k+m)|S]. graph.
Proof. Sincedg_s(z) — du(x) + en(x,S) < k —1 for
eachz € T anddy(z) < m, we havedg_g(z) <k+m—1
for eachx € T. Combining this with Claim 4, we obtain ) ACKNOWLEDGMENT ) )
n This research was sponsored by Qing Lan Project of
da(z) < dg-s(x) +15] < 5 (5)  Jiangsu Province, and was supported by Jiangsu Provin-

for eacha € T. From (5) and the assumption of Theorem ££i@l Educational Department (07KJD110048) and Shandong
G[Ne(s) NT) is a complete induced subgraph @ffor each Province Higher Educational Science and Technology Program

s € S. Note thatS # () by Claim 1. Thus, bydg_g(z) < (J10LA14)
k +m — 1 for eachx € T, we have

ec(s,T) <AGT)) +1<k+m.

REFERENCES
[1] S. Zhou,A neighborhood condition for graphs to be fractional (k, m)-

Hence, we obtain deleted graphs, Glasgow Mathematical Journal 52(1)(2010), 33—40.
[2] S. Zhou,Independence number, connectivity and (a, b, k)-critical graphs,
eq(S,T) < (k+m)|S|. Discrete Mathematics 309(12)(2009), 4144-4148.

[3] S. Zhou and Q. SherOn fractional (f,n)-critical graphs, Information

The proof of Claim 5 is complete. Processing Letters 109(14)(2009), 811-815.
i _ [4] H. Matsuda,Fan-type results for the existence of [a, b]-factors, Discrete

i ACCOdeDLg t%l(l.)’z:zzeadﬁ(g) edHélg’ T) 5§ Qm’f(G) = Mathematics 306(2006), 688—693.

+m+ w10 Clam 2, Claim s an aim o, we have [5] J. R. Correa and M. Matamal&ome remarks about factors of graphs,

Journal of Graph Theory 57(2008), 265-274.
-1 > k|S|+ Z(dcfs(a?) —dg(x)+en(x,S) — k) [6] H. Liu and G. Liu, Binding number and minimum degree for the

z€T existence of (g, f,n)-critical graphs, Journal of Applied Mathematics
and Computing 29(1-2)(2009), 207-216.
> k|S|+ Z(dcfs(f) —k)—2m [7]1 J. Yu and G. Liu,Fractional k-factors of graphs, Chinese Journal of
z€T Engineering Mathematics 22(2)(2005), 377-380.
[8] G. Liu and L. Zhang,Toughness and the existence of fractional k-factors
= k|S|+ Z(dc(:r) —k)—eg(S,T) —2m of graphs, Discrete Mathematics 308(2008), 1741-1748.
zeT [9] J. Cai and G. Liu,Sability number and fractional f-factors in graphs,
Ars Combinatoria 80(2006), 141-146.
> k|S|+ 2(5((;) —k)—(k+m)|S|—2m [10] S. Zhou,Some results on fractional k-factors, Indian Journal of Pure
zeT and Applied Mathematics 40(2)(2009), 113-121.
m [11] S. Zhou, A minimum degree condition of fractional (k,m)-deleted
> ElS|+(k+m+-—— —k)|T| graphs, Comptes rendus Mathematique 347 (21-22)(2009), 1223-1226.
k+1 [12] T. Niessen,A Fan-type result for regular factors, Ars combinatoria,
—(k+m)|S| —2m 46(1997), 277-285.
m
m(|T| —|S]) + k—f—l‘Tl 2m
> 0,

959



