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Abstract: In contrast to existing of calculation of temperature
field of a profile part a blade with convective cooling which are not
taking into account multi connective in a broad sense of this term,
we develop mathematical models and highly effective combination
(BIEM AND FDM) numerical methods from the point of view of a
realization on the PC. The theoretical substantiation of these
methods is proved by the appropriate theorems.
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1. INTRODUCTION

OR this purpose, were there developed converging

quadrature processes and the estimations of errors in the

terms of modules of a continuity A.Zigmound are
received. The offered technique of account of temperature
fields is applied to cooled gas turbine blades. For
visualization of structures is used peace-polynomial
smoothing with automatic joining: a method of the least
squares and smooth splines.

The repeated computing experiments with use BIEM on
account of temperature fields and workers blades with
various amount and arrangement of cooled channels having
a difficult configuration at stationary and quasi-stationer
modes, have shown increased reactive of the developed
algorithms and their high accuracy.

The development of modern air engineering is stipulated, in
main. development and refinement aviation gas turbine
engines (AGTE) creation of perfect designs of flights
vehicles (FV) with improved weight, strength, aerodynamic
and dynamic characteristics, decreasing of harmful effects
on an ecology of an environment (harmful lets, noise effects
etc.), increase of a reliability, survival, acceleration
characteristics, which conduct, as a whole, to increase of
efficiency FV and growth of safety of flights.

What concerns development and refinement AGTE, at the
present stage it is reached, in main assimilation of high
values of temperature of gas in front of the turbine (Tr) at
simultaneous increase of a degree of recompression in the
compressor. The attempts of use of other means, such as
thickening of a thermal cycle, salvaging of a heat of exhaust
gases and other well recommending in other branches gas-
turbine engineering, in application to aircraft have not
justified. The activities on increase Tr are conducted in
several directions. The fist direction is a creation of new
metal alloys with the more improved heat resisting and

resisting properties. The second direction is a development
of ceramic, cermet and sintering of materials. At last, the
third direction is a cooling of hot parts of the turbine.

Therefore assimilation high Tr in AGTE at the present stage
in main is reached in refinement of systems and schemes of
cooling of hot details of turbines, and fist of all, nozzle and
working blades.

Especially it is necessary to underline, that with increase
T, of the requirement to accuracy of eventual results will

increase. From the experimental and operational data it is
known, what for of details of gas turbines the error
calculation of temperatures should be very small, no more
than 2-3%. In other words, at allowed (permissible) in

AGTE to temperature of metal T, = (1100...1300°K),

to, intrinsic for heat resisting and heat resisting alloys on
nickel or cobalt to the basis with various alloying by dopes,
the absolute error of calculation of temperature should be in
limits (20-30°K).

To achieve it is difficult. Especially in skew fields of the
difficult shape with various quantity and arrangement of
cooling channels have a difficult configuration, in multiply
connected areas with variables in time and or coordinates by
boundary conditions even separate problem solving of heat
conduction ramified hydraulic circuits and the definition of
the intense condition is business not simple. Despite of a
numbers of assumptions the solution of such problems
requires application modern and perfect mathematical
vehicle.

2. PROBLEM FORMULATION

In classical statement a differential heat conduction equation
circumscribing in common case non-stationary process of
distribution of a heat in many — dimensional area in there is
internal sources of the heat q, , under difficult boundary
conditions and relation of factors, included in an equation,
to required temperature coordinates and time (an equation
the Fourier-Kirchhoff) has a kind:

@ =di(A gradT)+q,, (1
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where p,C, and A - accordingly material’s density, thermal

capacity heat conduction,q - internal source or drain of

heat, and T- required temperature.

By results of researches is established [2], that the
temperature condition of a profile part of a blade with radial
cooling channels can with a sufficient degree of accuracy
determined, as two-dimensional. Besides if to suppose a
constancy of physical properties, absence of internal sources
(drains) heat the temperature field under fixed conditions
will depend only on the shape of a skew field and from
distribution of temperature on a boundaries skew field. In
this case equation (1) will look like:

2 2
ar=2T, 0T _, @
ox~ oy

For allocation from a set of the possible solutions it is
necessary to supplement one, circumscribing a particular
temperature field given a differential equation by conditions
of uniqueness. In practice of problem solving temperature
fields, connected to determination in elements of gas
turbines washed by a flow of high — enthalpy gas more often
set boundary conditions of the third kind describing heat
exchange between a skew field and an environment because
of a hypothesis of a Newton- of the Riemann. In that case
these boundary conditions will be recorded as follows:

o, (T,

-T,)=4 al? (€)
Yo an

Characterizes quantity of heat transmitted convection from
gas to unit of a surface of a blade and assigned by heat
conduction in a skew field of a blade:

pald (T, -T) )
—-A—=q. —1.
on A

Characterizes quantity of a heats assigned by a convection
of the chiller, which is transmitted by heat conduction of a
material of a blade to a surface of cooling channels; where
Ty — temperature of environment at i=0; T; — temperature of

environment at 1=1,M (temperature of the chiller),

where M- quantity of outlines; TYO -- temperature on an

outline 7y, at 1=0, (outside outline of blade); TY --

temperature on an 7Y, at 1=1,M (outline of cooling
channels); ¢, - heat transfer factor from gas to a surface of

a blade (at 1=0) ;- heat transfer factor of environment

from a blade to a cooling air at (1=1,M); A-- thermal
conductivity of a material of a blade; n-external normally
on an outline of researched area.

3. PROBLEM SOLUTION

As of today for the solution of this boundary value problem
(2)-(4) most broad distributions have received four
numerical methods — methods of final differences (MFD),
finite element method (FEM) , probabilistic method ( or
method Monte-Carlo) and method of boundary integral
equations (BIEM) (or it discrete analog a method of
boundary element (BEM). Let’s consider application BIEM
for the solution of a problem (2)-(4).

3.1. The function T=T(x,y) , continuous with the derivatives
up to the second order satisfying to an equation of the
Laplace in considered area , including it an outline

M
r :in is harmonic. A corollary of the integral formula
i=0
Grin for a researched potential function T=T(x,y) is the
ratio;

O(/nR)
on

Ty = [T,

T
—mr Ty )
; on
Where R — variable at an integration of a distance between a
point K(x,y) and “running” on an outline k- point; Tr -
temperature on an outline I'. The value of temperature in
some k t, a point lying on the boundary, is received as
limiting at approach of a point K(x,y) to the boundary

T, = S jTr wds— jaLZands (6)
2n| on ; On

With allowance for of entered boundary conditions (2)-(3),
after a collecting terms of terms and input of new factors the
ratio (6) can be presented as a linear algebraic equation,
computed for the point R:

¢“T:/o] +(pk27:/oz +“'+¢k’1T)’om -
=P, Ty =@, T, = 22T, =0

@)

where n-quantity of sites of a partition of an outside outline
of a blade (¢, (¢, oni=0)on small

AS, (AS,ati=0), m-quantity of sites of a partition of

sections

outside outlines of all cooling channels ¢, (i=1,M) on

small sections AS;.

Shall remark, that by unknowns in an equation (7) except a
unknown quantity of a true value Ty in a point to are also
mean on sections of a partition of outlines AS, and AS, of

and Tm’Tm"“’Tm (total

temperature 7, T ,...,T, ;

T Yom
number n+t).
From a ratio (7) we shall receive required temperature for
any point, using the formula (5)
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T(x,y)=

ot @, =0, T, — 0,1, ]

1
£[¢k1];01 +¢k27;02 +”'+¢k”7;0n + (8)

where
o(/nR
D1 = des_& fﬂands
ASy; on 1 ASy;
6(£an) o
Okn = j ds——"™ J‘Zands
ASym m-ASy,
0]
Piy, = O [mRyds+..+ -2 [/mRyds
1 ASOl n ASn
30}
Pky;; o jfands
1 As;, m AS.

M
In activities [2] the discretization of an antline A _ UY' by a
i=0
great many of a discrete point and integrals which are
included in an equations as logarithmic potentials,
calculated approximately was made, being substituted the
following ratios:

i (R y) o a(znkk)AsYi )
AS,. on on
[nR ds ~ R | AS,, (10)

ASy;

M
(where AS eL = U11§ I, = Ids)
i=0

3.2. In difference from [4] we offer to decide the given
boundary value problem (2)-(4) as follows. We suppose that
distribution of temperature T(x,y) we locate as follows:

T(x,y) = [pfnRds (11)
T

where T = Dyi -smooth closed Jordan curve; M-quantity of

cooled chani;Oels;

p= 6 P, -density of a logarithmic potential uniformly
=0

distributed on y; ¢_ LMJ 5.

i=0

M
Thus curve T = in positively are oriented and are given
i=0
in a parametric kind:
X=x(s), y=y(s), s€[0, L]
Using BIEM and expression (9) problem (2)-(4) we shall put
to the following system of boundary integral equations:

1 8
p(s)~ ;rj(p(s) = P& nR(s,)dE = 12

_ @ _ .
= (T rj p(s)nR'ds)

where

R(5,) =(((s) =&)Y +(s)-H&))'"?

For an evaluation of the singular integral operators
which are included in the discrete operators of a
logarithmic potential simple and double layer (10) are

investigated, their connection is shown and the
evaluations in term of modules of a continuity
(evaluation such as assessments are obtained A.
Zigmound).Theorem (main).
Let

@ (%)

J‘7<+oo

o X

And let the equation (10) have the solution f eCr- (the set of
continuous functions on I').Then INyeN={1,2...} such that
VN>N, the discrete system, obtained by using the discrete
double layer potential operator (its properties has been

studied), has unique solution {f(N)},k =1,m;;j= I,_n;

| £~ 1< O j—()d

L2 /2
+€ Imdx+mf,(“rNH) IL(X)dX+
BN RS 0
L/2 (X)
el [~
where C(I') is constant, depending only on ”TN”;.;:1 --the
sequence of partitions of I'; {&,}}_, - the sequence of

positive numbers such that the pair ( ||r NlbsEn)
satisfies the condition 7 < SHTH”‘ <p
Let 5 ¢ (07% ) where d-diameter I', and the splitting 7 is

those, that is satisfied condition

>0/ >2
P> o

Then for all weC, (C,
continuous on I')
andZEF,(Z=x+iy)

- space of all functions

(1,1 k) - 72| < cr)
2d 2d
[f |e8 ==+, () + || =+ A

)

‘(Lsz,rf)(z)_i(z)‘ S[C([‘)].wf(x)zwl(x)dx
0 X

d } d(() ( )
o (e[ [
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where

- S [f(zk,m LRIy (Z)J .

(yk,e+] - yk,e )(xk,e - x) - (xl;,eﬂ - xk,e )(yk,e - y) 4 7#(2)
Z—Zy,

(Lr,sf )(Z) -two parameter ( depending on t and §
parameters);

quadrature formula for logarithmic double layer potential;
7(z) - double layer logarithmic potential operator; with C (

I' ) — constant, dependent only from a curve [} o, (x) @

module of a continuity of functions f;

([Tvg‘sz) _ z f(zk,jﬂ) + f(ZkJ) .

2

Zm,eet(z)
1

-In
ZRRE

‘Zk,ﬁ-l - Zk,j‘

(Iw f )(z) - two parameter (depending on t and &

parameters); quadrature formula for logarithmic potential
simple layer; 7(z)- simple layer logarithmic potential

operator;
Zp o €T, 2, =X, TV,
7(z) = {zke Zy, —z‘ > 5}

Ty =AZi e Zim fs 20 S22 S S 2,
Hﬂ:gﬁkwn_ﬁﬁ

are developed effective from the point of view of
realization on computers the numerical methods basing on
again constructed, converging two-parametric quadratute
processes for the discrete operators logarithmic potential of
a double and of a simple layer (the regular errors are
appreciated and mathematically the methods quadratures for
the approximate solution Fredgolm I and II boundary
integral equation are proved —is made regularization on
Tihonov and the appropriate theorems are proved.

3.3. The given technique of calculation of a temperature
field of a blade can be applied and to blades with the plug —
in splash plate. By their consideration in addition to
boundary conditions III kinds adjoin also conditions of
interfaces between segments of a partition of an outline as
equalities of  temperatures and heat flows

Tv(x?y):Tv+1(x’y) (13)
T T
oT, (x,y) _ 0T, (x,5) (14)
on on
Where - number of segments of a partition of an

outline of section of a blade; X,y- coordinates. At finding
of best values T(chiller), it is necessary to decide a return
problem of heat conduction. For it is necessary to find
at first solution of a direct problem of heat conduction

under boundary conditions III kinds from a leg of gas
and boundary conditions I kinds from a leg of a
cooling air

T,(xy), =T, (15)
Were Tio -unknown optimum temperature of a wall of
a blade from a legof a cooling air.
3.4. The developed technique for the numerical decision of a

stationary task heat conduction in cooled nmomnatkax can be
distributed also on cvazistasionare case.

Let's consider a third regional task for cvazilines of the
equation heat conduction

9 (ﬂ(T) a—Tj + a(i(T) aTj =0 (16)
Ox ox ) Oy oy
oT.
a (T, -T,)-AUT)—~=0 (17)
on

For lines of a task (14) - (15) we shall take advantage of
substitution Kirkov

A= j,l(g)dg (18)

Then the equation (14) is transformed to the following

equation Laplace:

0’4 0°4
—+—=0 (19)

ox oy

For preservation lines converging composed in a regional

condition (15) we shall accept in initial approximation
constant A (T) = lc. Then from (16) we have

T=A/Ac (20)

And the regional condition (15) will be transformed as
follows:

04,
a(T,—A;,/A)- r” =0 1)

So, the stationary task (17), (19) method of the boundary
integrated equations is decided. If the decision L (x, y) in a
point (x, y) of a linear third regional task (17), (19) for the
equation Laplace to substitute in (16) and after integration to
decide (solve) the appropriate algebraic equation, which
degree is higher unit than a degree of function A (T), we
shall receive meaning of temperature T (X, y) in the same
point. Thus in radicals the algebraic equation of a degree
above fourth is decided

a'T* a' T+ a’T%+ 2’ T+ a=A, (22)

That corresponds to the task A(T) as the multimember of a
degree above by third. In result the temperature field will be
determined as a first approximation, as the boundary
condition (17) took into account constant meaning heat
conduction Ic in convective thermal flows. According to it
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we shall designate this decision T (accordingly A"). For
definition subsequent and A® (accordingly T®) the function
and A(T) is displayed in a number Taylor a vicinity TV
and the linear members are left in it only. In result is
received a third regional task for the equation Laplace
concerning function And A®. Temperature T® s
determined by the decision of the equation (18).

3.5. The repeated computing experiments with use
BIEM on calculation of temperature fields nozzle and
working blades with various quantity and arrangement
of cooling channels have a difficult configuration have
shown, that for practical calculations in the approach,
offered us, the discretization of areas of an integration
can be conducted with rather smaller quantity of
discrete points. Thus the reactivity of the developed
algorithms and accuracy of evaluations is increased. The
accuracy of calculation of  temperatures, required
consumption of a cooling air, heat flows, losses from
cooling margins of safety etc. essentially depends on
reliability =~ of  boundary  conditions, included in
calculation, of heat exchange.

3.6. It is considered piece-polynomial smoothing of
structures cooled gas-turbine blades with automatic
conjecture: the method of the least squares, device spline
and smooth is used.

3.6.1. Let equation of sites of a structure cooled blades is
polynomial of the third order.

y(x)=ap+a;x+ax’+az;x° (23)

The equation of measurements of target coordinate has a
kind:

Z,=agta x-+tax +asx +dy (24)

where Zy=||zy, Zay, ..., Zoy|| '~ Vector of measurements of
target coordinate, n-quantity(n-amount) of points in a
examined interval. For an estimation polynomial factors
(23) the method of the least squares of the following kind is
used

0 =xX'Xy'(x'z,) (25)
— Tyl 2
Dé =(X'X)'o (26)
where
1x, x x;
X, X3 x5 .
X= - Structural matrix;
1 x, x32 xf
1x, x) x

D, -dispersion a matrix of mistakes;

0= || ag, a;, 4y, A3 || T _ Vector of estimated factors.

Estimations of factors for the first site is received under the
formula (25). Beginning with second, the components of a
vector 6 pay off on experimental data from this site, but in
view of parameters found on the previous site. Thus, each
subsequent site of a structure we shall choose with blocking.
Thus it is expedient to use the following linear connections
between the appreciated parameters of the previous site

0, | and required 0 v N-ro of a site:

AG=V, 27)
I x, xf xj

A=[01 2x, 3x7 |, (28)
00 2 6x,

~ ~ ~ 2, - 3
Aoy T Ay X, T Ay X, + a5y X,
e ~ ~ 2
V=|a,y +a,y X, +3a;, X, , (29)

2a,y , +6a;y x,

e=(N-1)(n-L); L- Number points of blocking.

The expressions (27)-(29) describe communications, which
provide joining of sites of interpolation on function, first and
second with derivative.

Taking into account accuracy of measurements, the task of
definition of unknown factors of model in this case can be
formulated as a task on conditional: minimization of the
square-law  form (Zy—XH)TG2I(Zy-H)under a limiting
condition (27). Here I - individual matrix. For the decision
of such tasks usually use a method of uncertain multipliers
Lagrange. In result we shall write down the following
expressions for estimation a vector of factors at presence of
linear connections (27):

6 =0 (V-0 TANAKX) AT AXTX) (30)
D, =D, ~(X"X)'ATAX™X)'ATTTAX™X) '6? (31)

Substituting matrixes A, X and vectors Z, and V in
expressions (25), (26), (30) and (31), we receive an
estimation of a vector of factors for a site of a structure
cooled nomarku with number N, and also aucnepcroHHyIO a
matrix of mistakes of estimations.

As a result of consecutive application of the described
procedure and use of experimental data we shall receive
peace-polynomial interpolation of a researched site with
automatic cThIKOBKOH.On the basis of the carried out
experimental researches is shown, that optimum overlapping
in most cases is the 50%-s' overlapping.

3.6.2. Besides peace-polynomial regression exist which
represent polynomial (low odd degrees - third, fifth),
continuity, subordinated to a condition, of function and
derivative (first and second in case of cubic spinal in
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general(common) points of the next sites. If the equation of
a structure cooled gas-turbine blades is described cubic
spinal submitted in obvious polynomial a kind (23), the
factors ay a; a, a; determining j-it spinal, i.e. line
connecting the points Z=(x;, y;) and Zj=(Xj+1, Yj+),
calculate as follows:

a, =z
a =z, (32)
a, = Z/ 12=3(z;, _Z/)h;-fl _zzvfh;-vl-l _Z>+1h;»11;

-3 V2 [
ay=2z,/16=2z, -z, Y +zh +z,,h7;

rae b =Lz j=1, N =1

3.6.3. Let's consider other way smooth Bocronnenus of a
structure cooled gas-turbine blades on the precisely
measured meaning of coordinates in final system of discrete
points distinct from method of spinal-function and also
effective from the point of view of realization on computers.
Let equation of sites of a structure cooled blades is
described by the multimember of the third order of a type
(23), then by taking advantage a method smooth supply (the
conditions smooth of function are carried out and first by
derivative) we shall define its factors

a,=z;;

ay = (2,0 =2 )hss (33)
a, =—((z;,, - Zj+1)h;+l-2 +(z; — 2, )h]_}-l )h;il;

ay = (2,00 =200 = (20 =2 )R

Jj+2 J+ j+l>
j=LLN-1-§, 5=1.

If it’s required to perform a condition of function smooth
first and second derivative, i.e. appropriate smooth of cubic
splines, we shall deal with the multimember of the fifth
degree (degree of the multimember is equal 2S + 1, i.e. S =
2).

The advantage of such approach (smooth supply) consists
that it is not necessary to decide system of the linear
algebraic equations, as in case of application spinal, though
the degree of the multimember is higher on 2.

4. CONCLUSIONS

In view of extreme complexity of appearances determining
regularities of heat exchange, value &, with an adequate

accuracy purely theoretically to calcite usually it fails.
Therefore practically they prefer to determine from an
experimental data generalized because of the theory of a
similarity. As per the last years there were activities,
permitting to take into account influence to heat exchange of
an initial degree of a turbulence, angle of attack, mass forces
and radiation of gas, compressibility and acceleration of a
flow, temperature non-stationary at increase and drop of a
load etc.[5]. Between that, the recommendations, being

available in the literature, at the best allow to determine
factors «, with accuracy +15%  cooling of an air ¢,

with accuracy + 10%. The latter does not mean, certainly,
that the errors in definition of temperature of details also are

calculated in tens interest. Therefore, the application of
perfect methods of calculation of temperature fields of
elements of gas turbines is one from actual problems of an
air engine building. The efficiency of these methods in the
total rends directs influence to operational manufacturability
and reliability of elements of designs, and also on
acceleration characteristics of the engine.
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