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Existence of Solution for Four-Point Boundary
Value Problems of Second-Order Impulsive
Differential Equations (1)

Li Ge

Abstract—In this paper, we study the existence of solution of
the four-point boundary value problem for second-order differential
equations with impulses by using leray-Schauder theory:

() = f(t,z(t),2' (1)), te[0,1], t #tx, k=1,2,...,m
{ Aa(ty) = Ie(@(t)),  k=1,2..,m

P 0) = Ty a t)), k=12, m
2'(0) = az’(§), =(1) = Bz(n),

(E)
where 0 < £ < n <1, a>0,8>0and a # 1,8 # 1, also
af =0 implies a # 3, f € C[J x R*R], I, € C[R,R], Ty €
C[R%* R), J = [0,1]. We also give a correspondlng example to
demonstrate our results.

Keywords—impulsive differential equations, impulsive integral-
differential equation, boundary value problems

I. INTRODUCTION

He theory of impulsive differential equations is emerging

as an important area of investigation since it is much
richer than the corresponding theory of concerning equations
without impulses. Recently, some existence results concern-
ing the boundary value problems of impulsive differential
equations have been obtained ([1-3]). However, there are
few papers about multi-point boundary value problems of
differential equations with impulses. Recently, Sun[4] proved
the existence of solutions for the three-point boundary value
problem for second-order differential equations with impulses:

() = f(t,z(t),2'(¥)), te€[0,1], ¢t #tg, k=1,2,..,m

Ar(fk) ZIk(l‘(tk)), k= 1.,2,“.,77’7
Az'(t) = I(z(ty), o' (tr)), k=1,2,...,m
z(0) =0, z(1) = azx(n).

Motivated by the work of Sun [4], Ge [5] studied the exis-
tence of solution of the four-point boundary value problem for
second-order impulsive differential equations with boundary
value:z(0) = ax(€), x(1) = Bz(n). In the paper, we study
the existence of solution for BVP(E).

Consider the following second order impulsive differential
equations

(t) = f(t,z(t), 2/ (t)), t € [0,1], t #tr, k=1,2,..
Ax(ty) = Ix(x(tr)), k=1,2,..,m
Ax’(tk.) = Ik(x(tk),:r' tk)), k= 1,2, .,m
#'(0) = ax’(€), x(1) = P (n)
(E)
where f € C[J x R2,R], J=[0,1], 0 <t; <ty < ---

A

tm, < 1, I € C[R.,R], I, € C[R X R,R], Az(ty)
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z(t)) —x(ty) = x(ti +0) — z(ty — 0), Ax/(ty) = ' (ty +
O) - Il(tk - O)

Let PC[J,R] = {= : J — RJz(t) is continuous at
t # t, and left continuous at ¢ = ¢x, and z(¢;) exists for
k = 1,2,..,m}, and PC[J,R] = {z € PC[J,R]|2'(t)
is continuous at t # t, and z'(t)),2'(t; ) exists for k =
1,2,...,m}. It is easy to prove that PC[J, R] is a Banach
space with norm ||z| pc = sup,c, |z(t)|, PC'[J, R] is also
a Banach space with norm ||z|| pcr = max{||z||pc, |2’ pc}-
We also use the space L'[0, 1], and denote the norm in L[0, 1]
by || - [l1.

For x € PC'[J, R], by virtue of the mean value theorem
([6]), we know that the left derivation 2’ (¢;) exists and
x_(ty) = «'(t; ). In (E) and what follows, it is understood
that 2/(ty) = 2'(t;). So, for z € PC'[J,R], we have
«' € PC[J,R).

Let Jo = [O,tl], Ji = (tl,tg],.u, Imo1 =
(tm=1,tm])s Jm = (Em,1], J' = J\ {t1,t2,...,tm}, A map
x € PCYJ, R] N C?[J', R] is called a solution of BVP(E) if
it satisfies all equations of (E).

Throughout this paper, we assume that 0 < ¢ <n < 1, a >
0,86 >0and o # 1,8 # 1, also af = 0 implies a # S.
Furthermore, for convenience sake, we set Ay = (1—a)(1—7).

Il. PRELIMINARY LEMMAS

Lemma 2.1 ([3]) H c PC'[J, R] is a relatively compact
set if and only if both z(¢) and z’(¢) are uniformly bounded
on J and equicontinuous on every Ji(k = 1,2,...,m) for any
r e H.

Lemma 22 ([3]) If x € PC'[J, RN C?[J', R] satisfies
2 = f(t,x(t),2' (1)), t #tg, k=1,2,...,m, then

() = x'(())-i—/ f(s,2(s),2'(s))ds
+ D (@

0<tr<t

y—2'(ty), Vteld, (1)

8
—~

~+
~

x(0) + 2/ (0)t + /0 (t —s8)f(s,x(s),2'(s))ds

+ Y () —a(t)
0<trp<t

+ ) @) - W)t —t), VEE T (2)
O<trp<t
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Lemma 2.3 let z € PC'[J, RN C?[J', R] is a solution
of BVP(E), if and only if x € PC'[J, R] is a solution of the
following impulsive integral-differential equations:

@) = z'(0)+/0f(s7:r(s),a;'(s))ds
+ 3 Tn(a(te), o' (t))- ®)

o<ty <t

z(t) = z(0)+2'(0)t+ /(; (t—8)f(s,x(s),2'(s))ds

+ > Twla(te), @ (t)(t — t)

0<trp<t

+ > In(@(t), 4

O<tp<t

where

ﬂn_lu/fsx ((5))ds
+ > Ti(a(te), o' (t)]

0<trp<§&

+ Y )

1_6 0<trp<n
+/%—W@A@Mm@
+ Y (=) Te(a(t), ' (t))]

0<tr<n

+ ) (1= ti) Tkl (t), o' (t))], ©)

and

+ Z Ti(x(tr), ' ()] Q)

Proof If z(¢) is a solution of BVP(E), then

t

Mm+f®ﬁ+/@—@ﬂ&ﬂﬁwﬁﬁﬁ
0
+ Y (@

— X tk))
0<trp<t

2 @

O<tr<t

z(t) =

—:B tk))(t—tk), YVt € J.

In view of 2/(0) = ax’(§), (1) = Bz(n), we easily obtain
(5) and (6). The combination of (1), (2), (5) and (6), yields
(3) and (4).

On the other hand, assume that z € PC'[J, R] is a solution
of Egs (3) and (4). It is clear that z/(0) = a2/(§), x=(1) =

Bz(n), Ax(ty) = Ix(z(ty)). By performing differentiation of
(4) twice, we get

P(t) = ﬂ®+/f@ﬂ%f@ws

+ ) In@(te), 2/ (t)), t# tr,
0<tr<t
and
() = f(t,2(t),2'(t), t# tr,
which implies = € C?[J,R] and Az'(ty) =
Tp(x(ty), 2’ (tx)). Therefore x € PCYJ, R] N C?[J, R]

and x is a solution of BVP(E).
Operator A : PC[.J, R] — PC*[J, R] is defined as follows:

(Az)(t) = m(O)—l—x/(O)t—i—/O(t—s)f(s,x(s),m/(s))ds
+ ) Til(te), ' (k) (t — ti), ¥t € J, (7)
0<tp<t

where z(0) and z’(0) are defined by (5) and (6), respec-
tively.

Lemma 2.4  Operator A is a completely continuous one
mapping PC'[J, R] into PC[J, R].
Proof By (3), we get

(Az)(t) = WW+Af@ﬂ$f®Ms

+ S Tt (®)

0<trp<t

where 2/(0) is defined by (6).

From (7) and (8), it is easy to see that A is continuous
operator from PC'[J, R] into PC'[J, R). Let S be a bounded
set of PC'[J, R], then A(S) C PC'[J,R] is bounded and
the elements of A(S) and their derivatives are all uniformly
bounded on J and equicontinuous on each J(k = 1,2,... ,m).
Therefore, A(S) is a relatively compact set of PC'[J, R] by
Lemma 2.1. So, operator A is completely continuous.

Lemma 2.5 ([7]) Let X be a real normed linear space
and T : X — X be a compact operator. Suppose that 2 =
Uxe(o,1) 22 is a bounded set, where Q = {z € X[z =
ATz}, then the equation x = ATz has at least a solution
when A = 1.

I11. EXISTENCE RESULTS FOR BVP(E)

In this section, we will prove existence results for BVP(E)
in following cases:

MHa>1,8>1, fn<1.

io<a<l, g>1, Bn>1.

(iia>1,0< 0 < 1.

(ivya>1, g>1, on>1.

Mo<a<l, g>1, pn<l.

vi)0<a<1l,0<p<1.
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Theorem 3.1 Let f : [0,1] x R> — R be a continuous
function, I, € C[R, R], I\ € C[R x R, R]. Assume that
(H,) There exist functions p, ¢, r in L0, 1], such that for
all (z,y) € R?, t€[0,1]

|f(t,z,y)l ©)

(Hz) There exist constants 0 < 8, < 1, My > 0 satisfying
|Ix(x)| < My, for any Vz € R, and

< p@)lz]+q(@)]yl + 7).

T (. y)|
[ + [yl
(H3) There exist constants «, 3, n satisfying (i).

Then BVP(E) has at least one solution in PC'[J,R] N
C?[J', R] provided that

= Bk, k=1,2..,m. (10)

lim 4y —oo

Iplly + gl + 3 28 < (11)

k=1

BRa—1-mn)

Proof We will verify that the set of all possible solution
of the family of equations:

a”(t) = Af(t,x(t),2'(1), t#tk=1,2,.,m
AT(tk) /\Ik( t)), k‘=1, geee s 1
{A;c’(tk))\lk(( te), 2 (te)), k=1,2,..,m
2'(0) = az’(§), (1) = Bz(n),
(Ex)

is prior bounded in PC'[J,R] N C2[.J',
independent of \ € (0,1).

If z € PC'[J, R}HCQ[J’ R] Wlth 2'(0) = az’(§),z(1) =
Ba(n), from z(t) )+ Jo @ (s)ds + Xy, <o Tr(a(th),
we have

R] by a constant
= x

[z(®)] <

1 m
T(O)H/O W(s)ds + > My (12)
k=1

From (3) and (6), we get

0)+/Otf(5,x(s) x

0<trp<t
That is
2'(t)] < a—l[/ |f(s,z(s),z'(s))|ds
0<tr<§
/ |f (s, x( s))|ds
=+ Z |Ik (tx))]
0<tp <t
< s))|ds

a—l

V (5, 2(5)

+Z [Tn(z(ty), =
k=1

(13)

tk))|:|'

s))ds+ Z Ti(x(ty), o' (tr))-

The combination of (4), (5), and (12), yields

IN

IN

IN

a(l - 6n) © ’
o [ | 1#ts.ats). s

+ Y k(a(ty) z(m)@
0<tr<§
8 n )
+ > (=) [T(a(te), ' (t))]
0<trp<n
+ D |Ik<w<tk>>|]

1 1 )
NS Vo (1= 8|1 (5 2(s), 2'(s))lds
+ > (U=t Tn((te) o (t))] + D |1k<x<tk>>|}
k=1 =1
0 k=1

a(l=pn) | (¢ /
2~ o) [ [ 156t

+ 3 Mulelte) x(tk»@
0<tr<§
B ! /
T { JACECEORIONE
+ Z Tk (x(t), 2’ (tx))|
3 () +—1{ | 1#6s.ats).0' s

3" et 00+ 3 }

a—l s))|ds

tk))))

[/ £ (s,
+;\7k(ft(tk) @' (tw))] +;|Ik-($(tk))
A T p-1 o1t
8))\d8+2 Tk (x(ty),
B oyl Z I (x

a(l=p5n) | pBn 1 2a }
a—1
(_/O (s, 2(s). 2 '
51
[/ (s, 2(s)

+

s))|ds
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and
+Z T (2 ()l a2 )
a—n—
ﬁ o] <SS [|p|1|z| + llalhle’] + el
Z I (2(tr) (14) N
+ (B +e)(|z] + ') ZMk
By (11), set |lpllx + llglli + X1 26k = M, then exists k=1
€0 > 0, such that Q0 — 1 —
“ B2 D+ 3 B+ o)l
me < — [L—M] Ve <e ’ =t
182a—1-1) ’ o B2a—n—1)
+ 5= el + Yo (B + o) |l
From (10), we know exists an M (e) for any e defined 2 k=1
above such that |z| + |2/| > M(e), [Te(x(ts), 2 (tr))] < B(2a —n—1) 20—
(Br + &)(|z| + |2'|). Now, we assume that |z'(t)| is un- + Ay 7l + B — ZMk (16)
bounded, that is there exists some A € (0,1) such that L
|#/| > maz{M(c), M}, where The combination of (15) and (16), yields
20 — D[lIplls + 2521 (Br + €)]
m .’IJ/ t < ( k=1 ™ €T
A PRI ETES I P O S T Ga - Dllalh + S e+ 9]
Az (2a = D|r[lr
k=t + g : 17
20 —1 G .
1= o1 (gl + Z(ﬁk +¢)) where d = a— 1 — (2a — 1)[||gll1 + >4y (Bk + €)], and
k=1
pa—n-1) .-
20 —n—1 t < 1-—-—
.(]\421+M22) |:1 ﬁ( aA: )(Hle |1:( )| = |: Ay (||p‘|1+g(ﬁk+6))
m -1 200 — 1 m
43+ - | {1— o= Ul + (6 +2)
k=1
20— —1
where “(Ma21 + M2) {1 - ﬁ(Aij)(leh
m —1
BRa—1)2a—n—1) i
Mo = Lo Il el + 38 ) +3(+2)

It lead to HprC < M, forany X € (0,1), a contradlctlon.

It is now immediate from (17), that ||2’|| pc is also bounded,
. S0 is ||z’|| pc:. This completes the proof.

By using the same method as the proof of Theorem 3.1, we

’ can show that the following Theorem 3.2 - Theorem 3.6 hold.

~[1 2= 4 3 6+

k=1

-[1 - ijﬁuqul +3 (60 +)
Moy { ZMH a0 =y,

~[1 - m“;ij‘”ﬂwl +3 06+ )

k=1

Theorem 3.2 Let f : [0,1] x R? — R be a continuous
function, I € C[R, R], I € C[R x R, R]. Assume that the
conditions (H;) and (Hz) of Theorem 3.1 are satisfied and
(Hy) There exist constants «, [, n satisfying (ii). Then
BVP(E) has at least one solution in  PC'[J, R] N C?[J’, R]
provided that

Hence —Ay
2 e
up\|1+uqu1+2 O < G

200 — 1
1 [Ipllll‘l + [lglla|2| + [|7[lx

B
=
=
IN

Theorem 33 Let f: [0,1] x R* — R be a continuous
function, I, € C[R, R], Iy € C[R x R, R]. Assume that the
conditions (Hy) and (H2) of Theorem 3.1 are satisfied and

m

+3 (B +2)(|z] + [2'])

= m (Hs) There exist constants «, 3, n satisfying (iii).
— / en as at least one solution In s N
20 L S B+ o) ||+ 29= L Then BVP(E) h | lution i PC'[J.R
P a—1 C2[.J', R] provided that
Aol + 3+ o) e+ 2Ll 4 el + 326 < —he
DPli1 2 k a—1 1- Pil1 qil1 2 k 4 *ﬁﬁ*Qaﬂ*ZwLﬂ'

826



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:4, No:7, 2010

Theorem 3.4 Let f:[0,1] x R? — R be a continuous
function, I € C[R, R], I € C[R x R, R]. Assume that the
conditions (Hy) and (H2) of Theorem 3.1 are satisfied and
(Hg) There exist constants «, 3, n satisfying (iv).

Then BVP(E) has at least one solution in  PC'[J,R] N
C2[J’, R) provided that

Ao
2a8n + 208 — By —2a— B

lplls + lall + 3 265 <
k=1

Theorem 3.5 Let f : [0,1] x R?> — R be a continuous
function, I, € C[R, R], I € C[R x R, R]. Assume that the
conditions (Hy) and (H2) of Theorem 3.1 are satisfied and
(H7) There exist constants «, (3, n satisfying (v).

Then BVP(E) has at least one solution in  PC[J,R] N
C?[J’, R] provided that
loll + gl + Y28 < —— 22
Pl ¥ B+ 1-200)

k=1

Theorem 3.6 Let f:[0,1] x R? — R be a continuous
function, I € C[R, R], I € C[R x R, R]. Assume that the
conditions (Hy) and (Hz) of Theorem 3.1 are satisfied and
(Hg) There exist constants «, 3, n satisfying (vi).

Then BVP(E) has at least one solution in  PC[J,R] N
C?[J', R) provided that

Ay
Bn+2—2a0n -3

Iplls + lall + 3 265 <
k=1

Example Consider the BVP:

= s5x(t) + 352 (t) + 3In(1 + 3), t # 3,
2 (=)

1
g.
Furthermore
1 1 5
[F(t2,)| < gglel + 45 lvl + 3In(1 + %),
I (x)] = |cos® x| < 1,
|
= 1
[I1(z,y)| < @(|'n| +yl), Vt € J, z,y € R.
Therefore
Az 1 1 13 1
—— =, 1= — 28, = —— « —.
ST =5 M =1 IlhHlale26 = 5 < g

Hence from Theorem 3.1, there exists a solution =z €
PCYJ,R)NC?[J',R] to (E’), where (J' = [0 I)U(%7 D).

)2
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