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Abstract—In this work, we derive two numerical schemes for C is an integration constaniy, a, k, k,,w,5.&,n, are
solving a class of nonlinear partial c_ilf‘ferentlajuethns. _The first real constants.
method is of second order accuracy in space arg dinections, the The class of nonlinear partial differential equasiql) has
scheme is unconditionally stable using Von Neumatability - P q
analysis, the scheme produced a nonlinear blockemsysvhere the conserved quantities

Newton’s method is used to solve it. The secondhaotets of fourth P )
order accuracy in space and second order in tirhe. Method is '[ J ‘1/11‘ dxdy = constant ,
unconditionally stable and Newton's method is usedolve the o
. X S : 4)
nonlinear block system obtained. The exact singléos solution P )
and the conserved quantities are used to assesxtheacy and to I I ‘lﬂz‘ dxdy = constant ,
show the robustness of the schemes. The interastiowo solitary o~

waves for different parameters are also discussed.

®© o 27,
_ _ I J' v O _ a A dxdy = constant. 5)
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Differential Equations

To avoid complex computation, we assume

. INTRODUCTION
) v e s o soe rumercaly 0 ot =ulentulond)
w pa o a wz(x yt)=u,(xy.t), (6)
L+ L+ L+ By w, +C =0,
at p( ax Ai ayz ] ‘W1‘ wl 1‘/11‘//2 u4(x'ylt)’
azwz 321//2 a ll’ 2 4
+ -B,—2 [+C, =0, (1) where X,y,t){ _are real functions.
a2l (205,90 uc (juy) (oo )
—w<X<w,-0<y<w,t20, This will reduce (1) to the system
) ) ) aul+p{au AOUZ}U[B(U +u)+Cu] 0,
where ¢, (x,y,t) is a complex valued function of the spatial ot 0x® ay’
H 1 H 2 2
coor(?hnateSX,y and the time, g, (x,y,t) is a real valugd ou, {a U, +A16 ;}—u [B,(uz+u?)+cu,]=0,
function. And p,A B ,C, (j=12) are real constants which ot ox ay (7
prove that:p# 0,B,#0,C, #0,C, # 0. %—Ua =0,
The exact solution oft) is ot
o du, | du 0°u ) _
wlxy)=e'1(e) A O0og Ot uc ¢ vut), =0

The paper is organized as follows: in Section Bijtdi

=+¢” \/(a' +A1a )(a —Ba +A2’8 )2ptanhf
difference method is used to derive two numerichkses. In

CC,a! -B,(a -B,a’+ApB?%)

w.(x y.t)=g(é)= c section 3, numerical results for single soliton atie
' al-Bal+Ap @) interaction of two solitons are given. The errordathe
C.a?(a? + Aa? conserved quantities are used to assess the efficief the

- Zal (al Alaz) 2ptanh2{ d h d | d k . (b .
CCa’-B.(a’-Ba’+Af) ' Zropose methods. Concluding remarks containedeti&

where

I1. NUMERICAL METHOD
nN=Kx+Ky+owt+n, é=ax+a,y+pt+<,,

Consider the class of nonlinear partial differdrtiguations

w=-p[2(a + Aa?)+ (¢ + AK) ] +— Clzc y (1) in a finite domain [4]-[5]-[6]
a _Bza2+Azﬂ ou d°u d%u B )
1+ p 22 +A1 22 +u2[Bl(u1 +u2)+clu3]:0’
[:’=—2p(k1a1+Alkzaz), X ay
2 2 8
o[58 a2 ufe i vur)cnd-o |
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In the regionR =[x, < X< X, Y, <y<y,] X [t=0]
with the initial conditions

@, (x.y0)=g,(xy),
w,(x.y.0)=g,(x.y),

and boundary conditions

%:%:o at x=x_,X,, t=0,

X X (10)
%:%:0 at Y=Y, Ve t>0.

dy dy

A. Crank-Nicolson Scheme

We will adopt in Crank-Nicolson type replacemenhieh
is of second order accurate in time and it work!|wgth

longer time steps because of its stability propsrtSo the full

discretization of (10) is
A( "”‘U‘",m)

+r U —2urm U U, —207 +UY, ) 1)
eLU S20m AU S U 200 +U )
+kD(U;,)=0,
for I,m=12,..,N, n=0L..,NT,
wherer, = sz, r2=kC, . &
2h 2h’ 2

The scheme form a nonlinear block system can heddly
using Newton's method.

1 Accuracy of the Scheme
Truncation error which is given by
T = Ak 0° lj k*a a u, o°u
' 6 ot° 4 ot? ax oy’
g, o0l K’ 8 [Lo'u, o' ’
B + +..0 .
12 ax ay* 24 at| axt ay* o

This means the scheme in (12) is second order acygum
space and time. And it is consistent, since thecjpal part of
the truncation error will be vanish &sk - 0.

2. Sability of the Scheme
U _Gn i3l h |ymh ,
JXZUlrjm = _A[SinZ ﬁzhj Gn iBlh |ymh , (13
n h n |, I m
o) = {sm? 4 ] e erm
wherei :J—_l , B,y00 , GOO™ , by substituting in

(11) and after some manipulation we get

_1+id 1+& -
‘_m:m o Ez:>|/1| 1,j=123
_ATiE - [AHE -
4_A2_i{:>|/]4|_ A22+<rz :>|A4|_1 (14)

}—oo<x<oo,—oo<y<oo, 9)
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This means that the suggested scheme is uncordlition
stable according to Von Neumann stability analysishe
linearized sense, which means that no restrictionthe grid
sizes ofh and k [1]-[2].

B. Douglas Scheme

Douglas scheme is fourth order in space and seoatat in
time for the system in can be obtained

25

L)k [ o) 2o b ) o bL)
15
001 b b {0 0r) (15)
+D Ui DU+ D U1}
forl,mzlz,‘..,N, n=0/1,...,NT,
Whererlz kB szi(:’ : :M
2nz ' 2

The scheme form a nonlinear block system can heddy
using Newton's method.

1. Accuracy of the Scheme
Truncation error which is given by

2
T = Ak 0’ u, 0 Ba u d%u ( )
' 6 at3 azl ax oy’
4 4 4 4, 6, 6,
G p0ou ou, o ) (o o )| (16)
144 at\ ox* oy* ax’oy’ ox‘ay? ox’oy*
4 4
9D(u) , 9'D(

o

This means the scheme in (16) is fourth order amyum
space and second order time. And it is consis&nte the
principal part of the truncation error will be vahiash,k - 0
2. Stability of the Scheme

By substituting in (15) and after some manipulatieget

ox* ox’0y’

-i& 24§ B
/lJ:Z+i‘r:>‘/‘J‘= 772+52:")'A‘:1'J:1'2'3- (17)
4=A2,7_i{:>‘/14‘= (Az’7)2+fj:“4‘=l'

A+ & (An) +¢

This means that the suggested scheme is uncordlition
stable according to Von Neumann stability analysisthe
linearized sense, which means that no restrictiorthe grid
sizes ofh andk.

I1l. NUMERICAL RESULTS

A. Single Soliton
In this test we choose the paramefets
A:l,BIZ%,Clz—l,AZ:0,82:—1,
1 1 1 1
CZ:l’alzg’azza’ki:E’kzzé‘_’
1 1 1
=, ¢ ==, ,C=0,k=001,
o= g% =P
h=01, tol =10° t=01,...,25,
-20<x<30 ,-20<y<30
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The results ofi_(y,),L.(,) and conserved quantities in the
tow schemes are given in following Tables.

TABLE | - .
SINGLE SOLITON BY CRANK-NICOLSON SCHEME
‘ L) L) conl con 2 =% |

0.00 0.000000 0.000000 1.843851 -0.657426 ;

5.00 0.000263 0.000372 1.843851 -0.657425

. . . . 1
10.00 0.001305 0.000417 1.843854 -0.657424 Fig. 1 (b) Single soliton wittk = 001,h=01,7, =¢, = 7
B. Two Solitons Interaction
15.00 0.001861 0.000763 1.843816 -0.657425 In this test we choose the parameters

Al=ZI.,Bl=1,C1=—1,A2 =0,B, =-1,

20.00 0.001614 0.000542 1.843870 -0.657426 2
C,=1,a, =1,a2 :l,k1 =},k2 :1 ,
consl= mass conservation, con2= momentum consemvati 3 2 2 4
12, 1, 201
TABLE Il Mo, =7+ 1lo, =50 S0 =7 €0, S5 P=50
SINGLE SOLITON BY DOUGLAS SCHEME C=0 tol =10° . k =0.001. h=0.025,
L.(w) L) conl con2 ' ’ o T
t x, =10,x, =30,y, =10,y, =30,t =0,... 60.

TABLE llI
TwO SOLUTIONS BY CRANK-NICOLSON SCHEME

0.00 0.000000 0.000000 1.843851 -0.657426

t conl con 2

0.00 4.378413 -1.236993

5.00 0.000109 0.000113 1.843851 -0.657425

10.00 0.000654 0.000127 1.843852 -0.657426 15.00 4.378502 -1.236851

15.00 0.000671 0.000409 1.843843 -0.657426 2500 4.378314 -1.236971

20.00 0.000720 0.000198 1.843865 -0.657426 39.00 4.378252 -1.236879

consl= mass conservation, con2= momentum consamvati 43.00 4.378306 -1.236642

We notice that both schemes are given almost thee sa
results regarding the conserved quantities but etrer in
Douglas scheme is high accurate than the error ramiC

Nicolson scheme. TABLE IV
TwO SOLUTIONS BY DOUGLAS SCHEME

t conl con 2
0.00 4.378413 -1.236993

consl= mass conservation, con2= momentum consamvati

15.00 4.378422 -1.236904

25.00 4.378435 -1.236942

39.00 4.378400 -1.236750

43.00 4.378417 -1.236801

1
Z ' consl= mass conservation, con2= momentum consemvati

Fig. 1 (a) Single soliton wittk = 001,h=01,7, =&, =
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Fig. 2 (a) Interaction of two solitons with

1 2 1 2
K=0000N= 00254, =746, =5 /M =5 e =5
Fig. 2 (b) Interaction of two solitons with
1 2 1 2
k=0.001h=Q025¢, :Z &, :g Mo, :Z Mo, :5_

IV. CONCLUSION

In this work we have solved a class of nonlineartigla
differential equations using two difference schenhesrank-
Nicolson Scheme, we got a nonlinear block systenerah
Newton's method is used to solve it. In Douglasesuh we
present a nonlinear block system which can be dolvg
Newton's method. Single soliton and the interactdriwo
solitons are used to assess the performance of thethods.
We show that both methods simulate the solutiom ivery
nice way and keep the conserved quantities are salmo
constants. As a conclusion we can say Crank-Nioolso
Scheme is faster than Douglas scheme.
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