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Abstract—Creep stresses and strain rates have been obtained
for a thin rotating disc having variable density with inclusion by
using Seth’s transition theory. The density of the disc is assumed to
vary radially, i.e.p:po(r/b)’m; po and m being real positive

constants. It has been observed that a disc, whose density increases
radially, rotates at higher angular speed, thus decreasing the
possibility of a fracture at the bore, whereas for a disc whose
density decreases radially, the possibility of a fracture at the bore
increases.
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I. INTRODUCTION
OTATING discs have a wide range of applications in
engineering, such as high speed gears, turbine rotors,
compressors, flywheel and computer’s disc drive. The
analytical procedures presently available are restricted to
problems with simplest configurations. The use of rotating
disc in machinery and structural applications has generated
considerable interest in many problems in domain of solid
mechanics. Solutions for thin isotropic discs can be found in
most of the standard creep text books [1-5]. Reddy and
Srinath [6] investigate the influence of material density on
the stresses and displacement of a rotating disc. It has been
shown that the existence of density gradient in a rotating
disc influences the stresses and displacements significantly.
Change [7] has developed a closed-form elastic solution for
an anisotropic rotating disc with variable density. Wahl [8]
has obtained creep stresses in a rotating disc by assuming
small deformation, incompressibility condition, Tresca’a
yield condition, a power strain law and it associated flow
rule. Seth’s transition theory [9] does not require these
assumptions and thus solves a more general problem, from
which cases pertaining to the above assumptions can be
worked out. This theory utilizes the concept of generalized
strain measure and asymptotic solution at the critical points
of the differential equations defining the deformed field. It
has been successfully applied to several problems [14-19,
21].
Seth [10] has defined the generalized principal strain
measure as,
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where n is the measure and gn is the Almansi finite strain
components. In this paper, we investigate elastic-plastic
transition in a thin rotating disc of variable density with rigid
inclusion by using Seth’s transition theory. The density of
the disc vary along the radius in the form

p=po(rib)" (2

where p, is the constant density at r = b and m is the density

parameter. Results have been discussed numerically and
depicted graphically.

Il. GOVERNING EQUATIONS

We consider a thin disc of variable density with central
bore of radius a and external radius b. The annular disc is
mounted on a rigid shaft. The disc is rotating with angular
speed » of gradually increasing magnitude about an axis
perpendicular to its plane and passed through the center as
shown in figure 1. The thickness of disc is assumed to be
constant and is taken to be sufficiently small so that it is
effectively in a state of plane stress, that is, the axial stress
T,, is zero. The displacement components in cylindrical

polar co- ordinate are given by [10]

u=r(1-p),v=0,w=dz, 3)

where g is function of r:(x2+y2)1/2 only and d is a

constant. The finite strain components are given by Seth [9]
as,
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where g =dg/dr .
Substituting equation (4) in
equation (1), the generalized
components of strain are
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where g'=dg/dr .
The stress—strain relations for isotropic material are given by
[20]

Ty =A 1 +2ue;,  (i,j=1,2,3), (6)

where T; and e; are stress and strain tensor respectively,
A,u are LAME’S constants and 1,= e, is the first strain
invariant. s; is the KRONECKER’S delta.

Equation (6) for this problem becomes

22u 221
Trr = m[err + eHH] + 2:uerr 'T99 = m[err + 999] + 2e(~}9 '
Tro=0,Tp,=0,T; =0,T,, =0, (7)

where g'=dg/dr .
Substituting equation (5) in equation (7) we get the stresses
as

T, :27”[3—&—/3” {1—C+(2—C)(P +1)"H ,

Too =ZT‘H[3—2C —ﬁ”{2—0+(1—c)(P +1)”}]

TrH :0vT€z ZO'Tzr = Oszz =0, (8)

where rg'=pP and C=2u/i+2u.

Equations of equilibrium are all satisfied except

d 2.2
E(rT")—TW + por =0, (9)
where p is the density of the material of the disc.

Using equation (8) in equation (9), we get a non- linear
differential equation in g as

(2-C)ng"iP(P +1)”’1d—P:

(10)

Mwn[lf(mn“ —nP{l—C+(2—C)(P+1)n”,

2p

where rg' = pP (P is function of g and g is function of r).
Transition points of g in equation (10) are P—-1 and
P — 0 . The boundary conditions are

u=0 at r=a and T,=0 at r=h. (1)
I1l. SOLUTION THROUGH THE PRINCIPAL STRESSES
DIFFERENCE

For finding the creep stresses, the transition function
through principal stress difference [11-19, 21] at the
transition point P — -1 leads to the creep state . The transition
function R is defined as

(12)

n
R=T, —Ty= z’f [17(P+1)”} .

Taking the logarithmic differentiating of equation (12) with
respect to r, we get
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Substituting the value of dp/dg from equation (10) in
equation (13) and taking asymptotic value P — -1, we get

(14)
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Asymptotic value of g asP — -1 is Dir; D being a constant.
Substituting equation (2) in equation (14) after integrating
with respect to r, we get

R=T, ~Ts = Ar exp(Fr" ™). (15)
— 2

where k| 1G=20)+1 , F=- e P =
(2-¢) 2uD"b™™(2-C)(n+2)

- ne’py(3-2C)
ED"b " (2-C)*(n+2)
From equations (12) and (15), we get

} and A is a constant of integration.

T, — Ty = Ark exp(Fr"’m*z) . (16)
Substituting equation (16) in equation (9), we get

k-1 n-m+2 Poa’zr%m
T :—AJ.r exp(Fr )dr—er B a7

where B is a constant of integration.
Using boundary condition (11) in equation (17), we get

21,2
B=A [ r*Lexp(Frm2)dr + 220
Leele e g

Substituting the value of B in equation (17), we get

b . p0w2 p2-m _ p2-m
Tn=AJr'rk 1exp(Fr 2)drAFW (18)
From equation (16) and (18), we get
Ty = A[?rkl exp(Fr”’”‘*z)dr —rk exp(Fr"’r"*z)
r (19)

powz (bzfm _ rzfm)
2

+

From equation (12) and (16), taking asymptotic value
P—-1, we get

1
n

1
n | n(3-2C
= [[%}[Trr —ng:'} = {—E((z — C)) Ark exp(Fr""“*z)} . (20)
Substituting equation (20) in equation (3), we get
v n(372C) k n-m+2 n
u=r {E(ZC) Ar exp(Fr )} . (21)
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Using boundary condition (11) in equation (21), we get Vol:2, No:2, 2008, 1
T=R-R RKLp(FZ) (30)
~ E(2-C) Ro exp(F;)
n(3-2C)a"exp(Fa"™?) where ERI-™ — nQZ(S—ZC)bnlogR:FZ o _[nE-2c)+1]
l (2-c) D" | @)

Substituting the value of A in equation (18), (19) and (21),
we get

_ E(2 C (b n-m+2
T = { n(3- 2C)a exp(Fa” m+2) LI exp(Fr )drﬂ | -
powz (bz’m -~ rzfm)
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E(2-C) ﬁrk’lexp(Fr”’m*z)dr
Teo n(3-2C)a* exp(Fa”"”*z) '
L—rk exp(Fr"’m*z) ) (23)
pUaJZ (bzfm _ rzfm)
(2-m)p™
1
“f{wln , (24)
a exp(Fa”’"‘*Z)

We introduce the following non-dimensional components as

R=r/b, Ry=alb, o, =T, /E,
Q% = py*h? |E .

0y=Typ/E,U=u/b and

Equations (22) to (24) in non-dimensional form become

(ch) j‘ n-m+2
o, = P R¢- exp( R )dR
n(3—fc)Rgexp(F1Ro )% (25)
Q 2-m
+(27m)(l—R )
(Z—C) (J’Rk lexp( ER"™ m+2)dR
%" n(3-2C)R§ exp(RRY ™) )
0 170 Lka exp(FlR”’m*z) (26)
o? m
+(2_m)(1422 )
1
k n-m+2\ |n
T=R-R % , 27)
RE exp(FlRS’m*z)
where F, - nQZZ(3—2C)b” ;kz{n(s—zc)u};z_ 20
(2-C)’D"(n-m+2) (2-¢)

and n-m+2=0.
For m=2 and m=n+2 equations (25) to (27) become,

r (2-€) G )URkleXP(Fz)dRJ—QqOQR} (28)

‘ _{n(S—ZC)Rgexp 5

( 1
. {—(3 2C)REexp(F,) uR exp(F,)dR-R exp(Fz)H . (29)

-0%logR

For a disc made of incompressible material i.e (C -0 ) the
stresses given by equations (25) to (27) become

k, n-m+2
o = LnRO exp(F Ro™ m+2)[IR eXP(FsR )dRﬂ (31)
2
+—(2(_2m)(1—R2’m)
) ijl’lexp(FgR"’m*z)dR
Oy=|—————F——
5 (PR g+ @
) 2
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1
K, n-m+ n
U_R—F{—R i 2)1 : (33)
Rk exp( RP m+2)
wherea:-ﬂ; k1:7[3”+1}; 2-m=0 and
4D"(n-m+2) 2

n-m+2=0. For m=2and m=n+2 equations (32) to (34)
become

2 t k -1 n-m+2 ]
— | |R* " exp|FKR drR
o, = {SHR(I;1 eXp(FzRg_m+2)[£ § ( * ) } (34)
0? .
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1
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where FRi-m2 - 31D I0OR ¢ oy =—[3” *1}
3 D" 4 1 .

For the having constant density (m = 0)
The stresses given by equation (25)-(27) for a disc having
constant density become

(2-¢) (}R“exp(FlR“*Z)dR]

n(3-2C)RYexp(FRI"2) (7

+QT2(1 R )

@7
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For incompressible material (C —0) equations (47) become

1 Vol:2, No:2,
(2-¢) [R " exp(RR™?)dR
R
k n+2
5, — | n(3-2C)REexp(FiR; )7Rkexp(F1Rn+2) . (39)
o? 2
+T(1—R )
1
Rkex FRn+2 n
T=R-R L . (39)
RE exp(FlRS*z)
2(q n _
where F, "2 (f 20" g [n(E-2c)+1
(2-C)’D"(n+2) (2-¢)

For a disc made of incompressible material (C—0)
equations (31)-(33) become

1
2 [IRkllexp(%R“*Z)dR}

o = 3nR0k“exp(F2Rg*2) R

.
+%2(1— RZ)

) iRkl'1exp(F3R”*2)dR

(40)

o, || RS e (RRIY)| " oxp( ") , 41)
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1
n

”F{wl , (42)

R exp(F3RS*2)

where F, =

21N
L S k1:—[3n+1]
4D"(n+2) 2

These equations are the same as obtained by Gupta and
Pankaj [15].
IV. STRAIN RATES

When creep sets in, the strains should be replaced by
strain rate. The stress-strain relations (6) become

. 1+v v
& =2 Tij—Eﬁij@). (43)
where ¢; is the strain rate tensor with respect to flow

parametertand © =T, + T, + Ty, .
Differentiating equation (5) with respect to time t, we get

€ =—S""5. (44)
For SWAINGER measure (n = 1), we have from equation
(44)

=P - (45)
The transition value of equation (13) at P — -1, gives

S|k

f= {M} (o, -0y )% , (46)

(2-¢)
Using equation (44), (45) and (46) in equation (43), we get

. {M}il E(Gr ‘o, )} . (48)

2

These constitutive equations are same as obtained by
Odquist [22] provided we put n = 1/N.

V. NUMERICAL ILLUSTRATION AND DISCUSSION

For calculating stresses and strain-rates distribution based
on the above analysis, the following values have been
taken: Q? = pyw?b?/E=50, 75; m = -1, 0, 1; C = 0.00, 0.25, 0.5; n =

1/3,1/5 (i.e N=3,7) and D = 1.In classical theory measure N is
equal to 1/n. Definite integrals in the equations (25) -
(26) have been solved by using Simpson’s rule .

Curves have been drawn in Figs. 2, 3 and 4 between
stresses o, , o, and radii ratio R = r/b for a rotating disc made

of incompressible/ compressible material having variable
density. It is seen from Figs. 2 to 4 that the radial stress has
maximum value at the internal surface of disc as compare to
circumferential stress. It is also observed that the radial
stress has maximum value at the internal surface of the
rotating disc with inclusion made of incompressible material
as compare to compressible material for measure n=1/7 or (N
=7) at angular speed ©? =50, whereas circumferential stress
is maximum at the internal surface for measure n=1/3 or (N=
3) at this angular speed. The values of radial/ circumferential
stress further increases at the internal surface with the
increase in angular speed (2= 75) for measure n=1/7 or (N =
7)and n=1/3 or (N = 3) respectively .With the effect of density
variation , it is seen from Figs. 2, 3 and 4 that the values of
radial/ circumferential stress must be decrease at the internal
surface of a disc. As reported by Rimrott [23], a material
tends to fracture by cleavage. It is likely to begin as a sub-
surface fracture close to the bore, because the largest tensile
stress occurs, at this location. This means that for a disc
rotating with higher angular speed and whose density
increases radially, the possibility of a fracture at the bore
decreases, whereas for a disc whose density decreases
radially, the possibility of a fracture at the bore increases.
Curves have been drawn in Figs. 5 and 6 between strain
rates and radius R = rb at angular speed Q2= 50, 75 and
measures n = 1/7, 1/3 or (N = 7, 3). It has been seen from Figs. 5
and 6 that rotating disc made of compressible material the
has maximum value at the internal surface as compared to
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incompressible material for measure n = 1/7 or (N = 7) andoh2, N&§12]. 208@<olnikoff, “Mathematical  theory of Elasticity”, McGraw -

=1/3 or (N =3) at angular speed ©?=50. The values of strain
rates further increases at the internal surface with the
increase in angular speed 2= 75 for measure n=1/7 or (N =7)
and 1/3 or (N = 3) respectively. With the effect of density
variation, strain rates must be decrease.

VI. CONCLUSION

It has been observed that a disc, whose density increases
radially, rotates at higher angular speed, thus decreasing the
possibility of a fracture at the bore, whereas for a disc whose
density decreases radially, the possibility of a fracture at the
bore increases. Radial stress has maximum value at the
internal surface of the rotating disc made of incompressible
material a compares to circumferential stress and this value
of radial stress further increases with increase in angular
speed. Strain rates have maximum values at the internal
surface for compressible material.
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