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Abstract—The effect of a chiral bianisotropic substrate on the 

complex resonant frequency of a rectangular microstrip resonator has 
been studied on the basis of the integral equation formulation. The 
analysis is based on numerical resolution of the integral equation 
using Galerkin procedure for moment method in the spectral domain. 
This work aim first to study the effect of the chirality of a 
bianisotopic substrate upon the resonant frequency and the half 
power bandwidth, second the effect of a magnetic anisotropy via an 
asymptotic approach for very weak substrate upon the resonant 
frequency and the half power bandwidth has been investigated. The 
obtained results are compared with previously published work [11-9], 
they were in good agreement. 
 

Keywords—Microstrip antenna, bianisotropic media, resonant 
frequency, moment method.  

I. INTRODUCTION 
HE microstrip resonators appeared during the fifties, and 
they were especially developed during the seventies [1] 

[2]. They have small size, simplicity, easy manufacturing easy 
handle, besides they adjust easily to planar and non planar 
surfaces, and they present a big hardiness when they are fixed 
on rigid surfaces. They are also very effective in terms of 
resonance, of polarization, of input impedance and radiations 
patterns [3] [4] [5]. 

The Major disadvantages of the microstrip resonators are in 
their weak purity of polarization, a narrow half-power 
bandwidth is typically in bout few percent. However, when 
increasing the substrate thickness, and reduction of the 
relative permittivity, there are techniques which can improve 
the resonator output until 90% by reducing the surface waves, 
and enable also an increase of the half-power bandwidth until 
35% [6]. 

The resonant frequency of the microstrip resonator has been 
always strongly related to the dielectric of the substrate, and 
remains a very important factor to determine in resonator 
design. Some works have mentioned that a lot of uniaxial 
anisotropic substrate has been used for printed circuit 
resonator [7] [8]. 

However, studies concerning the resonant frequency 
calculation of the microstrip resonator, implemented on a 
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substrate of uniaxial anisotropy [9], have shown that this kind 
of substrate does not present any effect on the quality factor, 
the half-power bandwidth and obviously the resonant 
frequency. For these raisons other studies have been oriented 
on the cases of positive and negative anisotropy [9-11], or bi-
anisotropic medium [12].  

 

 
Fig. 1 Rectangular Microstrip Patch Antenna with Chiral substrate 
 
In this paper the spectral approach (SDA) is used, this is 

intensively used in the analysis and design of planar structures. 
In such approach the tonsorial Green’s spectral function which 
relates the tangential electric field components and the 
respective current of different conductor have to be determined. 
A great a mount of techniques have been used to evaluate this 
function [9]-[11] [13]-[17]. 

II. THEORY  
A. Maxwell Equations 
Composite chiral Materials which exhibit the effect of 

chirality at microwave frequencies have been fabricated and 
characterized in many studies [18],[19]. The chirals mediums 
considered here have a non homogenous gyroelectric (Fig. 
1), they can be described by a set of constitutive relations 
[20]. 
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where the permittivity and permeability tensors are of 
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uniaxial anisotropy and the magneto-electric elements are 
respectively expressed as: 
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Assuming an eiωt time variation and starting from 

Maxwell’s equation in Fourier domain, we can show that 
the transverse fields in the chiral medium are expressed 
with respect to the longitudinal components zE~  

and zH~ according to the following matrix equations: 
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where, ( )sF κ is the kernel of the vector transforms, the 

superscripts e and h in (4) and (5) denote the TM and TE 

waves respectively, SE~ and SH~ are expressed According to 
the TE and TM modes. 

Please submit your manuscript electronically for review as 
e-mail attachments. When you submit your initial full paper 
version, prepare it in two-column format, including figures 
and tables.  

B. Transverse and Longitudinal Components  
Taking into account the wave equation solution, we express 

the longitudinal components of the electric and magnetic field 
in the chiral medium according to the following expressions: 
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where the spectral coefficients eA , hA , eB  and hB are 

function of the variables sκ , e
zκ  and h

zκ , these are 
respectively the free space propagation for TE and TM modes. 
According to the previous equations, the following tangential 
components of the fields are obtained: 
 

( ) ( ) ( )s
zj

s
zj

sS BeAezE zz κκκ κκ −+=,~  (11) 

 
( ) ( ) ( ) ( ) ( )ss

zj
ss

zj
sS BheAgezH zz κκκκκ κκ −+=,~  (12) 

 
where, 

 
[ ]h

z
e
zz diag κκκ =  (13) 

 

( ) ( ) T
h

z
ej

s AAjA
st

z

s

e
z

⎥⎦
⎤

⎢⎣
⎡= +− μωμκ

κε

ε

κ

κξκ
0

1
22

0  (14) 

 

( ) ( ) T
h

zz
ej

s BBjB
st

z

s

e
z

⎥⎦
⎤

⎢⎣
⎡= +− μωμκ

κε

ε

κ

κξκ
0

1
22

0  (15) 

 

( ) ( )
( )

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ +
+−

=
t

h
z

e
z

t
s

jj
jj

diagg
μωμ

κξκ
κξκ

εωε
κ

0

0

0

0  (16) 

 

( ) ( )
( )

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ −
−−

=
t

h
z

e
z

t
s

jj
jj

diagh
μωμ

κξκ
κξκ

εωε
κ

0

0

0

0  (17) 

 
For an electric and non magnetic medium having biaxial 

anisotropy with regard to the permittivity the previous 
expressions are well detailed in [11]. 

III. GREEN’S TENSOR EVALUATION 
The proposed structure is studied and the boundary 

conditions have been applied after then the dyadic Green’s 
function is obtained, this is expressed in compact form for 
transversal components as the following tensor: 
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IV. INTEGRAL EQUATION SOLUTION 
The integral equation describing the electric field on the 

patch is expressed by application of the boundary condition on 
tangential components [9]-[11] as: 
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Using the Galerkin procedure of the moment method in 

Fourier domain, enable the integral equation in (22) to be 
discretized into matrix equation. Where the currents surfaces J 
on the plate are expanded into a finite series of basis function 
Jxn and Jym according to the following expression: 
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where, an and bm are the mode expansion coefficients to be 
sought. We Substitute the vector Fourier transform of (23) 
into (22). Subsequently, the resulting equation is tested by the 
same set of basis functions that was used in the expansion of 
the patch current. Thus, the integral equation (22) is brought 
into the following matrix equation: 
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where, kjiB ×)( are the elements of the digitalized matrix 

equation. 

A. Resonant Frequency and Half Power Bandwidth 
Equation (24) has a non trivial solution only in the case 

where the condition below is verified. 
 

0))((det =ωB  (25) 
 

The resonator is designed to operate near its resonant 
frequency, and all its characteristics are estimated around this 
frequency, for this reason equation (25) is called characteristic 
equation for the complex resonant frequency ir ifff += , 
where f r  : is the resonant frequency and f i : point to losses 
by radiation in the case of radiating antenna, the quality factor 
and the half power bandwidth are defined in [21] [22] as: 
 

)2( ir ffQ =  (26) 
 

QBW 1=  (27) 

B. Effect of the Anisotropic Substrate  
The effect of the two chiral’s constitutive parameters has 

been studied, which are: the chirality and the magnetic 
uniaxial anisotropy of the substrate upon the complex resonant 
frequency and the half power bandwidth of the microstrip 
resonator. In order to make validation of the results obtained a 
comparison with the isotropic dielectric case presented in the 
literature.  

The figures presented below show the Normalized real and 
imaginary part of the resonant frequency, as well as the half 
power bandwidth width respect to the bi-anisotropic substrate 
thickness of a microstrip structure without shielded layer, 
compared to measures in the literature with(εx=εz=2.35 and 
εx=εz=7), the considered medium is defined as follow: 

η=ξ= -1, 0 and 1 respectively (Magneto-electric elements), 
(μt =0.8, μz =1) (Positive anisotropy of the permeability), 
(μt=1.2, μz=1) (Negative anisotropy). The uniaxial anisotropy 
is obtained by changing μt and keeping μz constant. 

To put in evidence the effect of the constitutive parameters 
of the dielectric chiral layer, we can consider the asymptotic 
form of the resonant frequency, when the layer d is electrically 
weak. However the dyadic Green’s function takes the 
following form. 
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Some authors such as Chew [10], have shown that only one 

basis function (N=0, M=1) is function is needed to obtain 
excellent convergence of results. In this case the current 
distribution on the patch conductor is given by: 
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And the characteristic equation for the resonant frequency 
driven from the fourth element of the matrix equation (24) is 
given as:  
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The function Jy1 has a Fourier transform given by the 
analytical expression: 
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Using the asymptotic expression of G given by (28) and 

taking into account (31), the equation (30) becomes: 
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Using the Integration along the Contour of the spectral 

domain, the integral equations of (33) is resolved analytically 

as: 
π
1

1 =I , and 
42
π

=I  (34) 

Substituting (34) into (32) we will get estimation of the 
resonant frequency, expressed by: 
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where, c is the light speed in the vacuum. The resulting 
formula gives an idea on the effect of the parameters εz and μt 
upon the antenna resonant frequency. It is clear that this latter 
depend on the permittivity along the optic axis and the 
perpendicular component of the permeability in the limit of 
weak substrate. We can for this kind of resonator improve 
their performances by treating only the components εz and μt. 

V. NUMERICAL ANALYSIS 
The dielectric medium provided with chirality and magnetic 

uniaxial anisotropy is studied, and the effect upon the complex 
resonant frequency and the half-power bandwidth has been 
observed. The substrate is considered to be bi-anisotropic with 
relative permittivity such as: εx=εz=7 and εx=εz=2.35. The 
dimensions of the rectangular patch are 1 cm, 1.5 cm. In Fig. 
2, the complex resonant frequency and the half power 
bandwidth are presented with respect to the substrate 
thickness and for different values of chirality and depending 
on the magnetic anisotropy choice. The normalization is 
presented with respect to the frequency f0 which is obtained 

from the fundamental mode zr bcf ε2= . 
Numerical results presented by the Figs. 2-3, show that 

positives values of chirality, lead to an increase in the real part 
of the resonant frequency and a reduction in the imaginary 
part, which lead to a considerable reduction in half power 
bandwidth according to an increase in the thickness of the 

chiral layer, and inversely for the case of negative value of 
chirality. These obtained characteristics are required in the 
design of cavities, oscillators and filters for hyper-frequency 
application, according to their required properties. 

 

 

 
Fig. 2 Normalized resonant frequency, a=1.5cm, b=1cm, εr=7 (a) real 

part (b) imaginary part (c) Half-power bandwidth 
 
On the other hand, for small thickness, the half power 

bandwidth remains slightly sensitive to the effect of the 
magneto-electric element. This result can also be verified by 
the asymptotic formula. Whereas for the same value of 
chirality, but for different values of permittivity, the increase 
of the real part of the resonant frequency and the diminution 
of imaginary part, lead to a diminution in the half power 
bandwidth and an increase of the quality factor. 

And for the case of εx=εz=2.35, and the one: εx=εz=7, our 
notices remain the same as the case of negative chirality, 
which means for εx=εz=2.35, the real part of the resonant 
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frequency increase and the imaginary part decrease to much 
compared to other cases. Consequently, for resonators 
implemented on chiral it is very imperative to use relatively 
small permittivity constant for the advantages stated in the 
literatures [6]. 

 

 

 

 
Fig. 3 Normalized resonant frequency, a=1.5cm, b=1cm, εr=2.35 (a) 

real part (b) imaginary part (c) Half-power bandwidth 
 
We notice that in the chiral substrate, an increase in the real 

part of the resonant frequency (case of the positive magneto-
electric element). The same is for the imaginary part (case of 
the negative magneto-electric element) whereas for the case of 
isotropic substrate, to obtain such values of frequencies, one 
has to use miniature structure. 

 

 

 

 
Fig. 4 Normalized resonant frequency, a=1.5cm, b=1cm, εr=2.35 (a) 

real part (b) imaginary part (c) Half-power bandwidth 
 
The Fig. 4, show a notable effect of the axial anisotropy of 

the permeability upon the real resonant frequency, as shown 
by the asymptotic formula. Whereas for the imaginary part 
and the half power bandwidth, we notice that this effect is 
slightly similar to the effect of the uniaxial anisotropy of the 
permittivity. We can use this effect in the case of a test for 
diminution or increase of the resonant frequency without 
changing the imaginary part or the half power bandwidth. 
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Fig. 5 Normalized resonant frequency, a=1.5cm, b=1cm, εr=2.35 (a) 

real part (b) imaginary part (c) Half-power bandwidth 
 
The Fig. 5, show the extreme effects of the constitutive 

parameters such as: chirality magnetic uniaxial anisotropy. 
We can use these advantageous properties in the resonators 
design where the use of permittivity affects directly the real 
frequency and slightly the imaginary part (in the same way for 
increase as for decrease). But the chiral substrate reverse this 
way of effect, an increase of one complex part incites the 
diminution of the other part, which offers a wide interval for 
the resonant frequency. 

VI. CONCLUSION 
According to the literature, the positive uniaxial anisotropy 

introduces a slight increase in the half-power bandwidth, 
while this latter is subject to a slight diminution for negative 
uniaxial anisotropy. Whereas in our case the structure is 
implemented in a chiral substrate, the results show that the 
effect of the constitutive parameters (chirality, permeability) is 
very apparent on the half-power bandwidth and the resonant 
frequency, according to the choice of the chirality element: the 
positive case presents a diminution of the real part of the 
resonant frequency and an increase of the imaginary part. The 
inverse is obtained for the negative case of chirality. The 
advantage of the uniaxial anisotropy of the permeability is on 
the widening of the half-power bandwidth which can be very 
important for a radiating cavity application; the inverse is 
obtained for the case of cavity built for filter use.  

The introduction of the chiral as substrate leads to various 
applications. Its main effect is the ability of structure 
miniaturization, which makes easy electronics components 
integration.  
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