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Analytic Functions Defined By The Generalized
Integral Operator
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Abstract—We obtain several interesting subordination results for
a class of analytic functions defined by using a generalized integral
operator.
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[. INTRODUCTION

Let A be the class of analytic functions
JE) =24 anz" (1)
n=2

defined on the open unit disc U/ = {z :| z |< 1}. Let S denote
the subclass of A consisting of functions that are univalent
in Y. The Hadamard product of two functions f(z) = z +
S s anz™ and g(z) =z + > o, bp2™ in A is given by

(f *(])(Z) =2+ Zan by 2" 2

n=2

For complex parameters aq, ..., aq
B € C\Zy;2Zy = 0,-1,-2,...

and [(q,..., Bs
7] = 17"'75)’

we define the generalized hypergeometric function
qFS(ah sy O 617 R ﬁs,z) by
qu(ah Qag, ..., Oéq; 617 527 RN ﬂswz)

3 (@) (a2
_;(ﬂﬁn---(ﬁs)n n!
(¢ <s5+1;q,s € Ng=NU{0}; z€lU),

where A denotes the set of positive integers and () is the
Pochhammer symbol defined,

()1 = 1 ifk=0
"Tlaw+1) (@t k—1) ifkeN={12,,...}.
Corresponding to a function h(aq, ..., ag; 1, .-, Bs;2)

defined by

h(O{l, ey aq; ﬁlv ey /8972)
:zqu(alon?"'7O(q;/817ﬂ27"'7ﬂ5;z) (3)
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Dziok and Srivastava considered a linear operator

H(ai, ..., aq By -5 Bsi2) A— A
defined by Hadamard product (or convolution):
H(ay, ..., aq b1, ..., Bs;2) f(2)
= h(oa, ..., aq; 1, -, Bs; 2) % f(2)
The linear operator H(as, ..., ag; B1, ..., Os;2)f(2) in-

cludes (as its special cases) various other linear operators
which were introduced and studied by Hohlov [9], Carlson
and Shaffer [2], Ruscheweyh [13] and so on.

Corresponding to the function h(aq, ..., ag; Bi, ..., Bs; 2)
defined by 3), we define a function
hu,plat, ..., ag; B1, ..., Bs; 2) given by

o~ (n P,
-— h s eees Oy By ooy Bss

ZJFHZ::Q(N‘F:[)I)Z * #717(041 aq‘ﬂl 6 Z)

:h(ala"'705(1;/817"'755;2) (4)
Analogous to H(a, ..., ag; B1, ..., Bs;2), Selvaraj et al.

[14] considered a linear operator

Ghlai, ..., ag; B, ..., Bs;z) on A as follows:
gﬁ(ah sy Qg ﬁh ey ﬁézz)f(z)
:hu,p(alv ceey Qs ﬂl) ,6@,2)*,]0('2) (5)

(a;, B; € C\Zg;i =1, ...
peNyo={0,1,3,.. .}
For convenience, we write

gﬁ,q,s(al) = gﬁ(alv .- ) 5&2) (6)

It can be easily verified from the definition of (5) that
2(GhH ) (an) f(2))
= (p+1G: . (a)f(z) = pGhi (@) f(z) (D

G J =1 s #E L

’70511;51”"

’

and

’

Z(gﬁ,q,s(al)f(z))
= algﬁ,q,s(al + ].)f(Z) - (al - 1)gg,q,s(a1).f(z) (3)

we now define the most generalized subclass of .4 by using
the operator (5).
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Definition 1.1. For any non-zero complex number A, 0 < vy <
1 and k£ > 0, a function f € A is said to be in Z(ay,q,s :
k,~, ) if and only if it satisfies the condition

)‘gg,q,s(al + 1)f(2’) _ _
m{ Gaolafz) ”}

Agﬁ,q,s(al + 1)f(2’)

gﬁ,q, s(al)f(z)

The family Z(a1,q,s : k,7, ) is of special interest for it
contains many well-known as well as many new classes of
analytic univalent functions. For A = «; and for appropriate
choices of the parameters Z(oy,q,s : k,7v,\) reduces to
L(a,c; o, B)[5]. We note that the family S*(«) of starlike
function of order (0 < « < 1)[3], [6], the family
C(a) of convex function of order a (0 < a < 1)[3], [6],
k—UCV(a)[l]l, k — UST(a) and many other well known
subclasses of S (see also the work of Kanas and Srivastava
[10], Goodman [7], [8] and Rgnning [11], [12]) are the special
cases of Z(a1,q,s : k,7v,A).

We now state the definitions and lemmas which we need in
the sequel.

Definition 1.2. An analytic function g is said to be subordinate
to an analytic function f if g(z) = f(w(z)), z € U for some
analytic function w with | w(z) |<| z | and we write f(z) <
9(z)

Definition 1.3. A sequence {b,}>2; of complex numbers is
called a subordinating factor sequence if, whenever f(z) is
analytic, univalent and convex in U/, we have the subordination
given by

>k' —)\‘4—7 9)

Y bnanz" < f(z) (2 €U, a1 =1). (10)
n=1

Lemma 1.1[16]The sequence {b,}°; is a subordinating
factor sequence if and only if

Re{l—i—Zanz"} >0 (ze(U). (11)
n=1
Lemma 1.2 If
3 (A(l k)0 s + [(1 =) (12)
n=2

Y k>J<a1>7L,1)w<n> lan 1< (1—7)

where \I’(n) = (N + 1)13(&2)"71 s (O‘q)nfl 7

(’Il + .u')p(ﬂl)n e (ﬂs)n
then f(z) € Z(a1,q,s: k,v, A

Proof. It suffices to show that
/\gﬁ,q,s(al + 1)f(2’) - ‘7
Gl q,s(a1) f(2)
G s(ar +1)f(2)
R s q, s
{ Gh.q.s(a1) [ (2)

k

—)\} <1-—+.

We have
AGE o (on + 1) f(2)
gﬁ, q, s(al)f(z)

kl -

_me{ /\gﬁ,pq,s(al + l)f(Z) _ )\}
Gh.q,s(a1) f(2)
)‘gﬁ, q,s(al + 1)f(Z)
G, a5 (1) f(2)
1+E) > Mo+ D)oy ¥(n) |an [[ 2"}
B 1= (0)n1¥(n) | an || 2"
A1) -1y ¥(n) | an ||z "7
1= (@)a1¥(n) |an || 2"
(L+k) s Mo+ D)-n¥(n) |an ||z [""
- 130 s(a)n1¥(n) [an || 2 [
A1) -1y ¥(n) Jan ||z ["!
1= s (@)n1¥(n) | an || 2"
The last expression is bounded by 1 — ~ if

< (1+k:)‘ —A'

oo

> (m + k) (o1 4+ Dpy

n=2

F[(L =) = A1+ K] (cn)nfl)wn) lan < (1—7)

which completes the proof of the Lemma.
For convenience we shall henceforth denote

Enlan,q,s: kv, ) =
(M1 +k) (o1 4+ o1+ [1—7) = AL+ k)] (@1)n-1)¥(n)

Let Z*(a1,q,s8 : k,7,A) denote the class of functions
f(z) € A whose coefficients satisfy the conditions (12). We
note that Z7*(av, ¢, s : k,v,\) CZ(a1,q,s: k,v,N).

(13)

II. MAIN RESULTS
we begin with the following:
Theorem 2.1 Let the function f(z) defined by (1) be in the
class 7*(a1,q,s : k,7v,A) where 0 < v < 1; k > 0. Also let
C denote the familiar class of functions f(z) € A which are
univalent and convex in /. Then

52(0‘17%3 : ka’}/a)‘)
2[1 —’y—|—§2(a1,q,s : k:’}/v)\)

and (z€U; geC)

] (fxg)(z) <g(z) (14

_1 _ry—|—€2(0é17q,5 : k,’%)‘)
Re(f(2)) > Ex(ar,q,5 1 kv, )

52(a17Q7 S k777A)

2[1 _’y+§2(a17Qa3: ka’%/\)]
Proof. Let f(z) € T*(a1,q,s : k,7,A) and let g(z) = z +
Yoo 5 buz™ € C. Then

52(a17Qa5: k377)\)
2[1 77+£2(a17Q78 : kv’%/\)}

(15)

The constant is the best estimate.

(fx9)(z) =

62(051’%3: kv’Yv)‘) <Z+§:a b Z">.
2[1— 7+ &alar, g8 kv, M) e S
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Thus, by Definition (1.3), the assertion of the theorem will
hold if the sequence
{ 62(051 q,S: k7’77)‘) a }OO
2[1 _7+§2(a17q75: ka’Yv)\)] " n=1
is a subordinating factor sequence, with a; = 1. In view of
Lemma (1.1), this will be true if and only if (z € U)

kv, A
%e{1+22 Ealan, g8t k7, ) anz"} -
n=1 1—’Y+£2(061,q, k)7’y7)\):|
(16)
Now
Saar, q,s: kv, A o }
Re< 1+ -
{ 1=+ &an, g, k N ;
&lan,q,8: kv, \)
= Re< 1+ .
{ 1—vy+&(ar, g, 50 kv, A)
1
a1, 4, k7 a)\ anz"
1—v+&(a1,q,8: kv, A z::& 1,4,8: Ky, A) }
>1-— { §2(CK17Q78 : k,’%/\) ,',.7
1—7v+&(a1,q,8: k,7v,\)
1
a1,4, k, R anr
1*7+§2(a1,q,3, D) 2_2252 1,4¢,S ¥, A }
Since &, (a1,q, s : k,v,\) is an increasing function of n (n >
2)
_{ Glongs: k)
1=+ &(ar,q,8: kv, A)
1
a1, 4, k7 7)\ anr"
1=+ &(ar,q,8: kv, A) Zf? 1,4,8 ¥, A) }
52(a1,q7s: k_‘%,\)
>1-— .
1—v+&(ar g, 50 kv, A)
L—vy
B r > 0.
1 *’7+§2(a1,q73 . ]{;7%/\)

Thus (16) holds true in Y. This proves the inequality (14).
The inequality (15) follows by taking the convex function
g(z) = 155 = 2+ >_,_, 2" in (14). To prove the sharpness
§2(1,¢,5: k7,A)
2[1—v+§2(0¢1 1q,8: Ky, \)

I*(alqus : kar%)‘) given by
L—v 2

Jolz) =2 &a(an,q,s: k,v,/\)z
Thus from (14), we have
&(ar,q,8: kv, \)
2[1 — v+ &(ar,q,8: kv, A)
It can be easily verified that

of the constant 5 we consider fy(z) €

(1<~ <1).

Tho(z) < . an

: 1

mln{Re< 62(04176175 kv’Y?)\) fO(Z)>}:77
2[1 — v+ &(arq,s: kv, M) 2
&2(a1,9,5: kY, )

2 1—w+§z(a1,q,s=km>\)]
possible. This completes the proof of the Theorem.

is best

This shows that the constant

Let A\ = 3 and for the appropriate choice of u,p, q, s, we
have the following:
Corollary 2.1.[4] Let f(z) be defined by (1) be in the class
L*(a,c, k,v) and satisfy the condition

o~ (L E)(aa)n
,;2 ( (51)7171

[(1—7) — a1 (1 +K)](@1)n-1 B
+ (B1)n-1 ) lan < (1—7),

then for z e U; g € C,

0—2(a17ﬁ1 k77)
2[1 =+ oz(on, B k,7)]

(f x9)(2) = g(2), (18)

and 1 + o Bk, )
— 7 T o2(Q1, P1 R,y
Re(f(z)) > — 19
(£(2)) oa(at, Bk, ) 1)
where [ ]
1+k)(a1)n+ |(1=y)—a1 (14+E) [ (a1)n—1
oa(ar, B k) = (14+k)(c1)n+| (A=) —a1(1+k) | (a1) .

(B1)n—1
0'2(051, ﬂl k:7 ’Y)

2[1 -7+ 0—2((11751 k'>7)]
Corollary 2.2. Let the function f(z) be defined by (1) be

starlike of order « in ¢/ and satisfy the condition
Yoo s(n—a) | a, |<1—a, then

The constant is the best estimate.

L)) <9le)  (eUigel), Qo)
and
Re(f(2)) > —3212;‘, (z € U). @1

Corollary 2.3.[15] Let the function f(z) be defined by (1) be
starlike in ¢/ and satisfy the condition > -, n | a,, |< 1, then

S0 <o) (ethgee) @)

and
Re(f()) >~

Corollary 2.4.Let the function f(z) be defined by (1) be
convex in U and satisfy the condition fo:Q n? | a, <1,
then

(z el). (23)

S0 <9e)  (elhigel) @Y
and 5
Re(f(z)) > 7 (zelU). (25)
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