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Some New Subclasses of Nonsingular H-matrices
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Abstract—In this paper, we obtain some new subclasses of non-
singular H-matrices by using « diagonally dominant matrix.
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I. INTRODUCTION

LET A (a’ij)an, c Cnxn, M (A)

laiil, i 4, .
m 1 1,2, n.
“ { —|aij|77//J7 T

(mij;), where

Then we call M (A) is the comparison matrix of A. Suppose
A is an n by n matrix over the field of real numbers. If A
can be expressed in the form A ol — B where B is a
nonnegative matrix and o > p (B) the spectral radius of B,
then A is called a nonsingular M-matrix. This class of matrices
has been much studied (1.

If M (A) is nonsingular M-matrix, then A is called a
nonsingular H-matrix. If

jaiil > Y laigly i 1,2,
J#
then we say A is strictly diagonally dominant. If there exist
positive number x1, 2, - - - £, such that

’EL|CILL‘>ZIJ‘(L,J|7 i 1,2,---,n
J#

then we say A is generalized strictly diagonally dominant[?].

A matrix A be a nonsingular H-matrix is equivalent to that
A be a generalized strictly diagonally dominant matrix [,

H-matrices have important applications, for instance, in
iterative methods of numerical analysis, in the analysis of
dynamical systems, in economics, and in mathematical pro-
gramming. But how to determine whether an n by n complex
matrix is a nonsingular H-matrix is not easy in practice. In
this paper, we will give some new subclasses of nonsingular
H-matrices.

II. MAIN RESULTS

We will use the following notations:
Ri() Xlagl, SiC ) X lazl,
j#i i

ie(n) {1,2,---,n},
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g {Z €<n>\ |6Lij| > aR; (A)—l—(l—a)SL (A)},
¢ o<n>\ 9,

Bo {ie<n>|aR; (A)+(1—a)S;(A)>0}.

Definition [l Let A (a;;) € C"*". If there exists o €
0,1, |ai| > aR; + (1 — «)S;(i € N) holds, then we call A
is « diagonally dominant and denote A € Dy(«). If all the
inequations are strict, we denote A € D(«).

Lemma 14 Let A (a;;) € C"*". If A€ D(a), then A
is a nonsingular H-matrix.

Lemma 2 Let A (a;;) € C™". If for o € 0,1,
lai;] > aR; + (1 — «)S; holds, and for ¢ which satisfies
la;;]  aR;+(1—a)S; there exists a non-zero elements chain
iy s Aigigs - - -y Qi / 0 such thatj eJ {j eN ‘ ‘CL“‘ >
aR; + (1 —a)S;} / ©, then A is a nonsingular H-matrix.

Theorem 1. Let A (ay),,,, € C**" fora € 0,1, if

« 1—« .
|ai;| > ;Zmijw + TZ\%\%A ie ¢ (D
‘A b

laiil > & < > laiglezi+ > |aij|>
jENe

JENG ji

11—« .
+ Solaslyi+ D laul] i€ 5 @

It \jeng JENG j#i

where 0 < z; < 1, 0 < y; <1, i € (n). Then A is a
nonsingular H-matrix.
Proof: Let

ziyi |ai] — yie 3 laijl oy — (1 — ) D [aji| yjz
i i 3)
via Y laijlzy + (1 —a) 3 |ajil yjzi ’
i iFi

i

e §.
From (1) we know that 0 < b; < +o00. Let

;} |ai;| 2 ; laji| y;
JFt JF1
¢ b= ,fi bi=—— 4)
S Y el T Y agil
JENY JENgZ
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when Y ai;| 0, > laj| 0, we denote ¢; oo, f;

JENZ JENT S
00, accorzding to the hy[z)othesis of this paper, we have ¢; > bis  yilawlwi  yia (1+) ; laij|
0, fi > 0. 7Y
’ +(1—a)(1+0 a x;
We denote ( )( )JEL| jil Yz
e lie Sl 1}, § i€ Sy 1}
. . > Yio Z laij| ;
There must exits a small enough positive number ¢, such . o
that JE
J/i
0 . . ,
S N S P 1
) 1—x;}, ) 11—y (1-a) laji|y; +¢ laji| | z;
ieNa\Nu{ if ieNg\Na { Z}} ; ;g\;a

We choose positive diagonal matrix

diag (d1,ds, - - ,dy,) >gia Y ayle 4@ (1-a)

je 1
and ] /Z
dzag (817827 Ty en) 3
where
x; 1€ ¢ Yi i€ ¢
di e & e yi i€ ¢ o ey + D lasilyi+ > lagil (v +e)
rite i€ g\ ¢ yite i€ 5\ § | je @ jeNg JENg\Ng
In the follows, we just need to prove that (bij) i/
is a strictly a diagonally dominant matrix.
For Vi € ¢, according to (3) we have R ( )+ (1—a)Si( ).
Case three: 0, 0. As the same
lagjl ziyi  (1+b;) ( ]leazﬂﬂfﬂ/z JEZQ el / gezz s
proof of case two, we can obtain
lbis] > Ri ( )*Ci ()
l—« ilyixi |-
+ a);la]"‘yﬂ" ) Case four: Y |ai| / 0, Z laji| / 0 according to (4)
JENg
There will be four cases: we have:
Case one: jEZNg ;] ]EZN“ laji| 0, according to(l)we < oe Z lai;| < bi Z |as; |
have: o ’ JENZ J#
b.:: Nag s > vsa a;qi|lx: + 1—« aqily: - xs
i vilaale >y ;‘ alai )%f:‘ silys S (140 Y laijley > laijla; +¢ > ail.
J#i i JENg
a Z 1bij| + (1 — ) Z 1bil From the above inequation and the inequation (6), we have
jEN? j€N? b” yz|a”|l’1 Oé(l-’-b,)yl Z \aij|xj
J#i
+(1—a)(1+b)z, aii| Y
aRi( )+ (1-0a)Si( ). (=o)L tboai 2 Jajily;
Case two: Y |ajj] 0, > lajl / 0, in this case,
jENg JENg
la;;| 0 for any j € §. according to (4) we have: > ay; z#: laijl@; + e _Ezl\;n |ai;]
J#i JENg

e< fiee Z laji| < biZ|aji|yj F(1—a) <Z lajily; + ¢ Z |aﬂ>

jeNg J#i

S (b)Y lagily; > D lajilyj +e Y lajil. (©)

i i jENg > ay; Z |aij| x5 + Z (2; +¢) |ag|
With (5), (6) and the hypothesis of the paper, we have: jeNg [ JNg JENG\Ng
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+; (1 - a) Z laji| y; + Z (yj +¢) lajil
jeNg [N JENG\Ng > (yite)a| Y layla;+ Z laij|
JENE «
2
OB ( )+ (1-a)Si( ). g
For any ¢« € §, from the choice of ¢ and the positive
diagonal matrices D and E, we know that 0 < d;,e; < 1, for

2 +(1-a) Z|aji\yj+ Z |ajil

any 1 € 5.
Caseone: € &N ¢ JeNe .
T Yy JENT je gz
J/i

|bii]  law] = « |aij| x5 + |ai;]
2 Z >t al D lagley+ D lagl(@+e)+ Y layl

JENYT %
jeNg jENg\Na jeNa
j /z JENT JENZ\Ng JENG
+(1 _a) Z |aji|yj + Z ‘aJZ| Yj +5 Z |ajz|
JENS € NG\Ng jeNz
+(1-a) Z lajily; + Z lajil ' iri
JjeNt je ¢
i R () +(1—a)Si( ).
Case three: i ¢  &,i € y» as the same proof of case two,
we can obtain
>al D0 lagle+ D gl Case four i € ©.id 2 from () we b
jelmNe je o ase four: i ¢ i ¢ ¢, from (2) we have
7/ (3 + ) laa] ( +2)
0=a) | Y daly+ D al 2 @ite)a| Y layle;+ 30 ay|
jE(n)\Ng je ¢ JeNt jE %
j /i J/i
aR, ( )+ (1—-a)Si( ).
Case two: i€ ¢,i¢ o, if a / 1, from (2) we have +(1-a) Z\aﬂ\% Z laji| | (z; +e¢)
JENY q o
JE 2
(yi + ) |ail J/i
Since
zWite)a| X laglzi+ X aijl
Jent je s
i gy Witeel 3 el 20 ayl | >ali(),
7 JeN je 8
J/i
+A—a) | > lauly;+ 2 lagil
Jeny Jj€ 3
J/i
A=) | > lajilyi+ Y lagl | (@i+e)
Hence jENe ) o
! J€ 2
j/i

1bii]  (yi +€)aiil
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>(1—-a)Si( ),
we have

il (yi +€) las| (i +€)

>yite)al X lagley+ >0 lagl
JENY JjE 3%
i/

+(1-a) Z|ajvt\yj+ Z laji| | (zi+e)
JeNt jE 8
J/i

>aR( )+ 1—a)S; ().

We see that for any ¢ € (n), we have |b;| > aR;( )+
(1—a)S;( ). According to Lemma 1, we know that matrix
B is a nonsingular H-matrix, so matrix A is a nonsingular
H-matrix.

Let A (aij),, € C™™ 0 <z, ¥ <1, i € (n) satisfy
the equation (2), we denote

. o 11—«
Ko qi€<n>|laa| > = Z |aij| =; + o Z lajily;
J#i J#
Theorem 2 Let A (ayj),,, € C™*", for a € 0,1, if
0<z; <1, 0<y; <1, i€ (n) satisfy the inequations (2)
and

|ai;| > QZIaum + 17_0[2|aji|1/;‘7 ie ¥ ®
Vi Vi Gz

and K, / 0, for any iy € (< n > \K,), there exists
a nonzero elements chain a;y;, @;, i, - -~ @i, _,i, / 0 such that
ix € K,, then A is a nonsingular H-matrix.

Proof: we structure two positive diagonal matrices: D
diag (x1,%2,- -+, 2,) and diag (y1,Y2, ", Yn), and
notes B (b;;) KEAD. So for any i €< n >, we have

Obviously, K, can be note
K, {ie<n>||by|>aR;(B)+(1—a)S:(B)},

for any ig € K,, we have b;;,b;,i, -+ bi,_,i, / O such that
i € K, . So according to Lemma 2, we know that matrix
B is a nonsingular H-matrix, so matrix A is a nonsingular
H-matrix.

From Theorem 2, we can get the following corollary.

Corollary Let A (ay),,,,, € C™*™ be irreducible, for
ae(0,1),if0<z; <1, 0<y <1, i€ (n) satisfy the
inequations (2) and (8), T / 0, where

~ ~

1EV

i€v

or  yilaglz / Ci(A)}a
1€V 1€V

iy lagley,  Co(A) @y lagly;,
J#i e
then A is a nonsingular H-matrix.

R: (A)
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