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Abstract—By using two new fixed point theorems for mixed
monotone operators, the positive solution of nonlinear fractional
differential equation boundary value problem is studied. Its
existence and uniqueness is proved, and an iterative scheme is
constructed to approximate it.
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I. INTRODUCTION

RACTIONAL differential equations are used in various

fields,see [1]-[7]. In recent decades, people depth study a
variety of boundary value problems for fractional differential
equations, and have achieved important results, see [8]-[13].

In particular, by using contraction map principle and some

Lipschitz-type conditions, Zhanbing Bai [9] investigated the
existence and uniqueness of positive solutions for a nonlocal
boundary value problem of fractional differential equation:

{ D§ u(t) + f(t,u(t) =0,0 <t <1, )
u(0) =0, fu(n) = u(1),

where 1 < a < 2,0 < ' < 1,0 < n < 1,Dg, is the
standard Riemann-Liouville fractional derivative of order o
and the function f is continuous on [0, 1] x [0, c0).

Inspired by the above literature, we study the existence and
uniqueness of positive solutions for the following problem:

{ D& u(t) + f(tut), u(t) + gt u) =0,0<t <1,
u(0) =0, fu(n) = u(1), o)

where 1 < a < 2,0 < B! < 1,0 < n < 1,Dg, is the
standard Riemann-Liouville fractional derivative of order o
and f:[0,1] x [0, +00) x [0, 400) — [0,+00) is continuous
and g : [0,1] x [0,400) — [0,400) is also continuous.

Reference [9] gived the Green function for the problem
(2), this paper gets good properties of the Green function.
By means of two new fixed point theorems for mixed
monotone operators, we obtain the existence and uniqueness
of positive solutions for the problem (2).

II. PRELIMINARIES AND PREVIOUS RESULTS

In this section, we present some definitions, lemmas and
basic results that will be used in the proofs of our main results.
Definition 1 [4] The integral

a _ L r N
Igy f(x) = F(a)/o (x—t)lwdt“ >0
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is called the Riemann-Liouville fractional integral of order «,
wherea > 0 and I'(a)denotes the gamma function.
Definition 2 [4] For a function f(z) given in the interval
[0, 00), the expression

o 1 d.,, [F ft
Do+f(1’):m(£) /0 (I_gia)_mdt»

is called the Riemann-Liouville fractional derivative of order
a, where n = [a] + 1, [a] denotes the integer part of number

Q.
Lemma 1 [9] Let y € C[0,1] and 1 < a < 2, the unique
solution of the fractional differential equation

{ Dg u(t)+y(t) =0,0<t <1, 3)
u(0) =0, Bu(n) = u(1),

u(t) :/0 G(t,s)y(s)ds, te]0,1]

where
ql'(a)G(t, s)
[6(1 — £)]°71 — 1o~ — 5)1 — g(t — )1,
0<s<t<1, s<m

[t(1—s)]* "t —q(t —s)*,
0<n<s<t<,

[t(l _ S)]afl _ [))tafl(n _ S)afl’
0<t<s<n<l;

[t(l - S)]a71>

0<t<s<1l,n<s.

(4)
where ¢ = 1 — fn® L. Here G(t,s) is called the Green
function of boundary value problem (2) and
G(t,s) > 0,Vt,s € (0,1).

Lemma 2 [9] Green function G(¢,s) in Lemma 1 has the
following property:

(1= )1 = 9)*7t = B —5)*7Y]
< gl (a)G(t, ) ()
<te7l(1—s)*7l v, s € (0,1)

Proof: Evidently, From(4), the right inequality holds. So, we
only need to prove the left inequality. Classifications are
discussed below:
If
0<s<t<1l,s<m,

then we have

0<t—s<t—ts=1t(l—s),
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and thus
(t _ s)a—l S ta—l(l _ S)a—l‘

Hence,

qI(a)G(t, 5)

— ta71(1 _ S)afl _ Btafl(n _ S)ozfl _ q(t _ S)afl

2 ta71(1 _ S)afl _ Btafl(n _ s)afl _ qt071(1 _ S)afl
=111 - q)(1—8)2"t = B(n — )71

when 0 <n <s<t <1,

gL ()Gt s)

— ta71(1 _ s)afl _ q(t _ 8)(171

> tl¥71(1 _ s)afl _ Bt(¥71(7] _ s)afl _ q(t _
> 2711~ g)(1 — )™~ B(n — 5)°~].

when 0 <t <s<n<land0<t<s<1,n < sitcan
be proved similarly that above inequality is also true. So, the
proof is complete.

In the sequel, we present some basic concepts in ordered
Banach spaces for completeness and a fixed point theorem
which will be used later.

Suppose (E, ||-]|) is a real Banach space which is partially
ordered by acone P C E,ie.z <yifandonlyify—x € P.
If x < y and x # y, then we denote x < y. We denote the zero
element of E by 6. Recall that a non-empty closed convex set
P C FE is a cone if it satisfies ()xr € P,A > 0 = \z € P,
(i)re P,—x e P=x=4.

Putting P = {z € P|z is an interior point of P}, a
cone P is said to be solid if P is non-empty. Moreover, P is
called normal if there exists a constant N > 0 such that, for
all z,y € E,0 <z <y implies ||z|| < N||y|[; in this case N
is called the normality constant of P. We say that an operator
A: E — F is increasing if x <y implies Az < Ay.

For all z,y € E, the notation = ~ y means that there exist
A > 0 and g > 0 such that Az < y < pz. Clearly ~ is an
equivalence relation. Given w > 6 (i.e. w > 0 and w # 0),
we denote the set P, = {x € E|x ~ w} by P,. It is easy to
see that P, C P for w € P.

Definition 3 [14] A : P x P — P is said to be a mixed
monotone operator if A(z,y) is increasing in = and decreasing
in gy, ie., u,v;(i = 1,2) € P, u3 < ug, vy > vy imply
A(uy,v1) < A(ug,vs).Element © € P is called a fixed point
of Aif A(z,z) = =x.

Definition 4 [15] An operator A : P — P is said to be sub-
homogeneous if it is satisfies

s)ufl

A(tz) > tA(z), Vt e (0,1), z € P. (6)

Definition 5 [15] Let D = P and 3 be a real number with
0 < 8 < 1. An operator A : D — D is said to be §-concave
if it satisfies

A(tz) > tP A(z), vt € (0,1), z € D. (7)

Lemma 3 (Theorem 2.1 in [14]) Let w > 6, § € (0,1).
A: P x P — P is a mixed monotone operator and satifies

A(ta,t™y) > t°A(x,y), Vte(0,1), z,yeP.  (8)

B : P — P is an increasing sub-homogeneous operator.
Assume that
(i) there is wy € P, such that A(wg,wy) € P, and
Bwgy € Py;

(ii) there exists a constant dg > 0 such that
A(z,y) > 6oBz,Vx,y € P.
Then:

(1) A: Py x Py — Pand B: P, — Py;
(2) there exist ug,vg € P, and v € (0, 1) such that

rvg < ug < vg, ug < A(ug,vo)+Bug < A(vg, ug)+Bvg < vg.

(3) the operator equation A(z,x) + Bz = x has a unique
solution z* in P,;

(4) for any initial values xg, yg € P, ,constructing successively
the sequences

T = A(zn—lvyn—l) + an—17

Yn :A(yn—lvzn—l)+Byn—17 n=12,..

we have z,, — z* and y,, — z* as n — oo.
Lemma 4 (Theorem 2.4 in [14]) Letw > 6, 8 € (0,1). A :
P x P — P is a mixed monotone operator and satisfies

A(tz,t™'y) > tA(z,y), Vte(0,1), z,yeP. (9)

B : P — P is an increasing [3-concave operator. Assume that
(i) there is wy € P, such that A(wg,wy) € P, and
Bwo S Pw;

(ii) there exists a constant dg > 0 such that
A(z,y) < 6oBz,Vx,y € P.
Then:

()A:P,x P, — Pand B: P, = P,;
(2) there exist ug,vg € P, and v € (0, 1) such that

g < up < o, ug < A(uo, vo)+Bug < A(vo, uo)+Bug < vg.

(3) the operator equation A(z,x) + Bx = x has a unique
solution z* in P,;

(4) for any initial values xg, yg € P, ,constructing successively
the sequences

Tn = A(in—lvyn—l) + an—l7

Yn :A(yn—lvwn—l)+Byn—17 n= 1727-'-

we have x,, — z* and y,, — =¥ as n — oo.

Remark 1 (i) If we take B = # in Lemma 3, then the
corresponding conclusion is still true (Corollary 2.2 in
[14]);Gi) If we take A = 6 in Lemma 4, then the
corresponding conclusion is also true (Corollary 2.7 in [16]).

III. MAIN RESULTS

In this section, we apply Lemma 3 and Lemma 4 to
investigate the problem (2), and we obtain some new results
on the existence and uniqueness of positive solutions.

In this paper, we will work in the Banach space
C10,1] = {x : [0,1] — R is continuous} with the standard
norm ||z|| = sup{|z(¢)| : ¢t € [0,1]}. Notice that this space
can be endowed with a partial order given by
z,y € C[0,1], z <y< x(t) <y(t) for t € [0,1].

Let P = {z € C[0,1]|z(¢t) > 0,t € [0,1]} be the standard
cone. Evidently, P is a normal cone in C]0,1] and the
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normality constant is 1.
Theorem 1 Assume that

(Al f [0,1] x [0,400) X [0,400) — [0,400) is
continuous and ¢ : [0,1] x [0,400) — [0,4+00) is also
continuous;

(A2) f(t,u,v) is increasing in u € [0,+o0) for fixed
t € [0,1] and v € [0,+00),decreasing in v € [0,+o00) for
fixed ¢t € [0,1] and u € [0,+00),and g(¢,w) is increasing in
u € [0, 400) for fixed ¢ € [0, 1];

(A3) g(t,0) # 0 and g(t, pu) > pg(t,u),vt € [0, 1],

€ (0,1),u € [0,00),and there exists a constant 5 € (0,1)
such that

F(t Au, A M0) = AP f(t,u, ), YA € (0,1), u,v € [0,00);

(A4) there exists a constant o > 0 such that f(¢,u,v) >
dog(t,u)t € [0,1],u,v > 0.

Then:

(a) there exist ug,vg € P, and v € (0,1) such that rv, <

ug < vg and

uo ) < f Gt s [f(s uo(s),vo(s)) + g(s,up(s))]ds,
2 fo 877}0( )’ U(S)) +g(87v0(5))}d57
where w(t) = t‘“l(l —t), t €10,1] and G(t,s) is given as
in (4);
(b)The problem (2) has a unique positive solution ux in P,;
(c) for any z9,y9 € P,.constructing successively the
sequences

wn(t)zznfl(?u s)f(s Zn1(5), yn1(s))ds
+f0 (s,2n—1(s))ds, n=1,2,---,

Yn(t) = f G(t S)f(s Yn—1(8), Tn-1(s))ds
+f0 9(8yYn—1(s))ds, n=1,2,---

We have x,,(t) = u ( ) and y,, (t) = u*(t)as n — oo.
Proof: To begin with, from Lemma 1, the problem (2) has an
integral formulation given by

u(t) :/0 G(t, s)[f(s,u(s),

where is given as in (4).
Define two operators A: P x P — E andB : P — E by

A fo (s,u(s),v(s))ds,
fo ( ))ds.

It is easy to prove that is the solution of the problem (2) if
and only if v = A(u,u) + Bu. From (Al), we know that
A:PxP— FE andB : P — E. In the sequel we check that
A, B satisfy all assumptions of Lemma 3.

Firstly, we prove that A is a mixed monotone operator. In
fact, for u;,v;(i = 1,2) € P with uy > ug, v; < vg, wWe
know that ui(t) > ua(t), v1(t) < wva(t),t € [0,1], and by
(A2) and Lemmal,

A(ul, 1)1

u(s)) + g(s, u(s))]ds,

@ (1, )£ (s,u1(5), 01 (5))ds
o G(t, S)f( u2(3)7U2(3))d3 :
= A(u27v2)(t)
That is,A(uy,v1) > A(ug, va).
Further, it follows from (A2) and Lemma 1 that B is

increasing. Next we show that A satisfies the condition
(8).For any A € (0,1) and u,v € P, from (A3) we know that

A(Au, A\ fo (s, Au(s), \"tv(s))ds
>\ fo f(s,u(s),v(s))ds
= M A(u, v)( )

That is A(Au, \™*v) > M A(u,v), for A € (0,1) and u, v €
P.So, the operator A satisfies (8).Also, for any p € (0,1) and
u € P, from (A3) we have

B(uu)(t) = f, G(t S) (s, pru(s))ds
> ,ufo g(s,u(s))ds ?
= pBu(t )
That is B(pu) > pBu, for p € (0,1) and uw € P. So the
operator B is a sub-homogeneous operator. Now we show that
A(w,w) € P, and Bw € P, where w(t) = t*"1,t €[0,1].
By (Al), (A2) and Lemma 2,

L(l wlfﬂ'danfﬂ”ﬂﬂ&&UM
< ql( )A(w,w)(
=ql'(a fl G(t,s)f(s,w(s),w(s))ds ’
<wmf%1 )’f@me

From (A2) and (A4), we have
£(5,1,0) > f(5,0,1) = dog(s,0) > 0.
Since ¢g(t,0) £ 0, we get

1 1 1
/ f(s,1,0)ds > / f(s,0,1)ds > 60/ g(s,0)ds > 0,
0 0 0
and in consequence,

Iy = q&a) fol 1— ) ' f(s,1,0)ds > 0
la )(173)0‘ '£(s,0,1)ds
— )" f(5,0,1)ds > 0

qF(a) fO
qF(a) fO

< A(w,w)(t) < liw(t),t € [0,1]; and hence we
w

€ P,,.Similarly,

So lgw(f)
have A(w,

)

@) f (1 —aq)(1— )"~ B(n— )" "g(s.0)ds

qF(a)Bviv(t)

ql'(a) Jo G(t, )f(&w(s),w(s))ds ’
t) Jo (

w(t) fy (1=5)""g(s, 1)ds

from ¢(¢t,0) # 0, we easily prove Bw € P,.Hence the
condition (i) of Lemma 3 is satisfied.

In the following, we show that the condition (ii) of
Lemma 3 is also satisfied. For u,v € P and any ¢ € [0, 1] by
(Ad),

IN A E

Au =G (s, u(s), v(s))ds
>%k g@u@ws :
= 6QBU( )

Then we get A(u,v) > doBu, u,v € P.
Finally, an application of Lemma 3 implies: there exist
ug, vy € P, and v € (0,1) such that

rvg < ug < Vo,
ug < A(U(),U()) + Bug < A(U(),U()) + Bvg < vg.
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the operator equation A(u,«)+ Bu = u has a unique solution
u* inP, ; for any initial values x¢,yo € P,, constructing
successively the sequences

T = A(In—hyn—l) + BIn—la
Yn = A(yn—lv xn—l) + Byn—h

We have z,, — u* and y,, — u* as n — oo.That is, there
exist ug, vy € P, and v € (0, 1) such thatrv, < ug < vo and

) < Jy Gt,8)[f(s,u0(s), v0(s)) + g(s, uo(s))ds,
> Jo G(t,9)[f(s,v0(s),u0(s)) + g(s,v0(s))]ds,
The problem (2) has a unique positive solution ©* in P,;
for any initial values xzg,yo € P,, constructing successively
the sequences

n=12,.."

fo (s, '”nfl(s)wnfl(s))ds
+f0 (8,Tn-1(5),Yn—1(s))ds, n=1,2,---
fo (s ynfl(s),xn,l(s))ds

+f0 ($,Yn—1(s))ds, n=1,2,---

We have xn(t) —u ( ) and y,, (t) — u*(t)as n — oco.
Theorem 2 Assume that (A1), (A2) and

(A5) f(t, u,A\"tv) > Af(t,u,v), Vi e 0,1, €
(0,1),u,v € [0,00),and there exists a constant 8 € (0,1)
such that

g(t, pu) = pPg(t,u), V€ [0,1],u € (0,1), u € [0,00);

(A6) f(t,0,1) #£ 0 for ¢ € [0,1] and there exists a constant
Jo > 0 such that

[t u,v) < dog(t,u),t € [0,1],u,0 > 0.

Then:
(a) there exist ug,vg € P, and v € (0,1) such that rv, <
ug < vg and

t) < fy G(t,9)[f(s,u0(s), vo(s)) + g(s, uo(s))]ds,

t) > [y G(t,s)[f(s,v0(s), uo(s)) + g(s,v0(s))]ds,
where w(t) = t*71(1 —t), t € [0,1] and G(t, s) is given as
in (3);

(b)The problem (1) has a unique positive solution u* in P,;
(c) for any z9,y0 € P,.constructing successively the
sequences

fUl f(s,2n-1(8), yn—1(s))ds

+fo g(svmn—1(8))ds, n=12---,

yn(t) = f G(t S)f(s Yn1(5), 2n_1(s))ds
+fo ($,Yn—1(s))ds, n=1,2,---

We have x,(t) — u ( ) and y, (t) — u*(t)as n — oo.
Proof: Consider two operators A, B defined in the proof of
Theorem 1. Similarly, from (Al), (A2), we obtain that A :
P x P — E is a mixed monotone operator and B : P — F
is increasing. From (AS5), we have

A(Qu, A7) > AA(u,v), A € (0,1), u,v € P
B(pu) > pPBu,p € (0,1),u € p.
From (A2) and (A6), we have
9(s,0) > 5 f(5,0,1),

f(s,1,0) >f(s 0,1), s€]0,1].

)

Since f(¢,0,1) # 0,we get

fo (s,1,0 d5>fO
fo slds>f0

and in consequence,

qF(a) fo (1—5)"""f(s,1,0)ds
_q)(l_s)u 1 ﬁ(n—

501)d5>0

(5,0)ds > + fo f(s,0,1)ds > 0,

> s o [ $)* " f(s,0,1)ds

>0,
1 a—
@y Jo (1=5)""g(s,1)ds
1 a—
2 qr%u) fO [(liq)(lis) ! 75(”]7
> 0.

s)a_l]g(s,())ds

So, we can easily prove that A(w,w) € P, and Bw € P,,.
For u,v € P, and any ¢ € [0, 1] by (A6),

A, 0)(8) = Jy G(t, ) f(s,u(s), v(s))ds
< o fo G(t,8)g(s,u(s))ds .
= (5oBu(t)

Then we get A(u,v) < doBu, u,v € P.
Finally, an application of Lemma 4 implies: there exist
ug, vy € P, and y € (0,1) such that

rvg < ug < Vg,
ug < A(ug,v9) + Bug < A(vg, ug) + Bug < vp.

the operator equation A(u, u)+ Bu = u has a unique solution
u* inP, ; for any initial values xg,y9 € P,, constructing

successively the sequences

Tp = A(Inflvynfl) + anflv
Yn = A(ynfla ‘Tnfl) + Bynflv

We have z,, — u* and y,, — u* as n — oo.That is, there
exist ug, vg € P, and v € (0, 1) such that rv, < up < vy and
1
) < Jo G(t,5)[f(s,u0(s),vo(s)) + g(s, uo(s))]ds,
) = [y G(t,5)[f(s,v0(s), uo(s)) + g(s,v0(s))]ds,
The problem (2) has a unique positive solution u* in P,;

for any initial values zg,yo € P,, constructing successively
the sequences

n=12.."

fo (8, 2n-1(8), Yn—1(s))ds

+fo f(Swn 1()% 1(s))ds, n=1.2---
fo (8:Yn—1(8), Tp—1(s))ds

+f0 g(s“yn,l( ))ds7 n=12---

We have xn(t) — u*(t) and y,(t) — u*(t)as n — oo.

From Remark 1 and similar to the proofs of Theorems 1-2,
we can prove the following conclusions.
Corollary 1 Let g = 0.Assume that f satisfies the conditions
of Theorem 1 and f(¢,0,1) # 0.
Then:
(i) there exist ug,v9 € P, and v € (0,1) such that rv, <
ug < vg and

t<f G(t,s)f
t>f0Gts

(s,up(s),vo(s))ds,
s, v0(8),up(s))ds,
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where w(t) = t*~1(1 —1t), t € [0,1] and G(¢,s) is given as

in (3);

(i1))The problem

{ Dg u(t) + f(tu(t),u(t) =0, 0<t<1l, 1<a<2,
w(0) =0,  Bu(n) = u(1),

has a unique positive solution u* in P,;
(iii) for any zo,yo € Py,constructing successively the
sequences

zn(t) = fql G(t, )£ (8, Tn-1(8), Yn_1(s))ds, n=1,2,---,
yn(t) = Jo G(t,8)f(5,Yn—1(8), Tn_1(s))ds, n=1,2,---

We have x,(t) — u*(t) and y, () — u*(t)as n — oo.
Corollary 2 Let f = 0.Assume that g satisfies the conditions
of Theorem 2 and g¢(t,0) # 0,for ¢ € [0, 1].

Then:

(i) there exist ug,v9 € P, and v € (0,1) such that rv, <
ug < vg and

uo(t) < [if G(t, 5)g(s, uo(s))ds,
vo(t) = [y G(t,8)g(s,vo(s))ds,

where w(t) = t*71(1 —¢t), t € [0,1] and G(t, s) is given as
in (4);
(i1)The problem

{ Dg u(t) +g(t,u(t)) =0, 0<t<l1, 1<a<2,
u(0) =0, Bu(n) =u(l),
has a unique positive solution u* in P,;

(i) for any xg,yo € Py.constructing successively the
sequences

xn(t) = fl G(t,s)g(s,zpn-1(s))ds, n=1,2,---,
Yn(t) = [y G(t,5)g(s,yn—1(s))ds, n=1,2,---

We have x,,(t) — u*(t) and y,,(t) — u*(t)as n — oo.
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