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 
Abstract—In this paper the influence of errors of function 

derivatives in initial time which have been obtained by experiment 
(uncontrollable inaccuracy) to the results of inverse problem solution 
was investigated. It was shown that these errors distort the inverse 
problem solution as a rule near the beginning of interval where the 
solutions are analyzed. Several methods for removing the influence 
of uncontrollable inaccuracy have been suggested. 
 

Keywords—Inverse problems, uncontrollable inaccuracy, 
filtration. 

I. INTRODUCTION 

HE inaccuracy is inevitable in experimental measuring of 
physical values. It consists of inaccuracy of measuring 

instruments, noise value and inaccuracy of visual means. The 
value of this inaccuracy can be evaluated by technical 
indicators of measuring instruments. They do not exceed 5-10 
percent as a rule. 

The experimental measuring is chosen as initial data for the 
following calculations with the use of mathematical models in 
many practical important problems. For example, the inverse 
problems for evolution process as [1], [2], the control 
problems with the use of experimental data as [3], [4] belong 
to this class.  

Let us consider the certain dynamic system the motion of 
which is described by  
 

ZBXAX  ,                                                                     (1) 
 
with initial conditions 
 

0)0( XX  ,                                                                          (2) 
 

where )(tZ  is the vector-function of external loads, )(tX  is 

the vector-function of state variables, A  is the matrix of 
system, B  is the matrix of control. The vector-function )(tZ  

is given in direct problems. The matrices A  and B  are also 
given. The vector-function )(tX  is an unknown function. The 

initial conditions (2) 0X  have been given. The solution of 
system (1) can be presented in the form 
 

),()( 0XZFtX                                                         (3) 
 
If we consider the inverse problems, for example, when the 
vector-function )(tZ  is searched, then we use the vector-
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function )(tX , values 0
jx  (components of vector 0X , nj ,1 ) 

and matrixes A , B  as initial data. If we have all components 

)(tx j  of vector-function )(tX  then we have the all values 

)0(0
jj xx  . But as a rule in practices we can't measuring all 

functions )(tx j
. One or two components of vector-function 

)(tX  are measured usually, for example, )(1 tx  only. Then it 

is necessary to have the values )0(,..),0(),0( )1(
111

nxxx   for 

the search of vector-function )(tZ  But the inaccuracy of 

)0(,..),0(),0( )1(
111

nxxx   can’t be evaluated in principle as the 

function )(1 tx  was obtained by experimental way with errors. 

This inaccuracy equals infinity in general case. It leads to 
approximate solution will be equal zero. The indicated 
inaccuracy was called the uncontrollable inaccuracy as [5], 
[6]. 

II. THE STATEMENT OF A PROBLEM  

As an example let us consider the inverse problem of 
unbalance evaluation of deformable rotor characteristics 
which has two supports as [5], [7]. The physical significance 
of symbols and parameters in equations will not be 
interpreted. The main purpose is simply to preserve the 
structure of expressions. 

The rotor motion is described by the system of ordinary 
differential equations of 18th order as [5], [7]: 
 

)()( 22 tzPtm  ; 
 

)()()( 21
1

1 tzhMTtT z    ; 
 

)()()( 12
1

1 tzhMTtT z    ; 
 

31 )( MtT  ; 
 

)( 211
11

 MPblcbm AAAAAA    ;                                 (4) 
 

)( 121
22 MPblcbm AAAAA    ; 

 

)( 211
11

 MPalcbm BBBBBB    ; 
 

)( 121
22

 MPalcbm BBBBBB    ; 
 
where 

  ~~
211 ccP  ,  ~~

311 ccM  ,   
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mgccP   ~~
212 ,   ~~

322 ccM  , 
 

0
~   , 0

~   , 0
~   , 0

~   ,  
 

)(10 AB bal   , )(10 AB bal   , )(10 ABl   ,  
 

)(10 BAl   , 1
1 )(  bal , 

 

baccccbbbbTTmmmccc BBAABBAA
z

BA ,,,,,,,,,,,,,,,,, 21212121
11321 - 

const. 
The unknown unbalance characteristics are 

 

),(cos)(),(sin)( 2
2

2
1    rmtzrmtz uu  

 

)()( 13 tzhtz  . 
 

The total characteristics of unbalance can be obtained by 
the use of these functions: 
 

)(,
)(

)(
,)(

2

1

1

3212
1

2
1 z

z
tgarc

tz

tz
hrzzmu    , 

 

where um is mass of unbalance, h  is arm of unbalance,   is 

angle of unbalance in plane of correction. 
Let us suppose that only functions )(),( tt BA    (the 

vibration of rotor supports BA,  in horizontal direction) were 

obtained from experiment. 
The equations for determination of functions 

)(),(),( 321 tztztz  have a form (the inverse problem): 
 

)3,2,1(),()()(
0

 itudzt ii

t

 ,                                (5) 

 
or  

)(tuzA ii                                                                            (6) 
 

where )(tui  are the known functions obtained from 

experiment, A  is a linear integral operator. For example, the 
function )(2 tu  has the form: 
 

 























t

A
j

A
j

j Nttu
0

4

1

1
2 )()()(  



















 



 )()()( 5

4

1

1 tNdNt A
A

B
j

B
j

j    

3
9

2
8765 )( tNtNtNNtN B

B   ,                          (7) 
 
where 
 

),(),( 2322123121 bccc
m

Naccc
m

N BA 





  

,)( 1123132 c
l

mb
accc

m
N A 


  

 

,)( 2123232 c
l

ma
bccc

m
N B 


  

 

,,,, 234134223123 cNcNcNcN BABA   
 

),(),( 2321523115 bccc
m

Naccc
m

N BA 





  

 

)],0()()0()([ 232123116 BA bcccaccc
m

N   


  

 




 )0()()0()([ 232123117 AA caccaccc
m

N    

)]0()()0()( 23222321 BB cbcccbcc    , 
 

])0()0()0()0([
1

231322128 mgccccN BABA 


   , 

 

)]0()0([
1

23139 BA cc
b

N    . 

 
It is assumed that the errors of values  
 

BABABABA   ,,,,,,, 112233  
 
have appeared when values of 
 

)0(),0(),0(),0(),0(),0(),0(),0( BABABABA    
 

are measured. 
We will determine the influence of errors upon the solution 

of inverse problem (5). The right part of (1) represents the 
output of system (4) - )(),( tt BA   initiated by unknown 

action )(2 tz  only. In right part of (5) were excluded all the 

external actions and initial conditions. The uncontrollable 
inaccuracy in initial conditions leads to appearance of the 
supplementary terms )(tyii  in the expression for )(2 tu , 

where )(1 ty  is the solution of homogeneous system (4) 

)0)(),(),(( 321 tztztz with nonzero initial conditions, i  - 

const. 
Using (4) we obtain the linear expression with regard to 

)(),( tt BA   : 
 

 )3(
23

)4(
24101112

)3(
13

)4(
14 ABAAAAA  

 

)(2202122 tzBBB    ,                                       (8) 
 

where  ,ik  are constant. 
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Let us consider two functions )(),( tt BA    which satisfy (8) 

identically when 0)(2 tz  for 0t  and which satisfy the 

zero initial conditions: 
 

0)0()0()0()0()0(  ABABA   , 
 

0)0()0()0(  BAB  .                                                  (9) 

 

 Let the functions )(
~

),(
~

tt BA   coincide with functions 

)(),( tt BA    when 0t  and satisfy the initial conditions: 
 

,)0(~,)0(
~

,)0(
~

,)0(
~ 123

AAAAAAAA     
 

BBBBBBBB   )0(~,)0(
~

,)0(
~

,)0(
~ 123  . 

 

The function )(~
2 tz  in (8) will differ from zero when 

)(
~

),(
~

tt BA   are substituted into (8). So, it is possible to 

reduce the investigation of influence of uncontrollable 
inaccuracy to the analysis of function )(~

2 tz . 

The coincidence of )(),( tt BA    and )(
~

),(
~

tt BA    when 

0t  leads to 
 

)()()(
~

),()()(
~

tttttt BBAA     ; 
 

where )(t is the asymmetric single step-function as [8]: 
 








 .0,1

;0,0
)(

t

t
t  

 

By substitution of )(
~

),(
~

tt BA   into (8) by 0t  we get 
 

  )]()(2)([ 23)4(
14 ttt AAA   

  )(~])()([ 12
2)3(

13 ttt AAA   

 ])([])([ 1
10

1
11 AAAAA ttt    

  )]()(2)([ 23)4(
24 ttt BBB   

  )(])()([ 22
2)3(

23 ttt BBB    

  ])([])([ 12
20

1
21 BBBBB ttt  

)()()()(~
210012 tztcctdtdtz    , when 0t , 

 

where ,2
24

2
141 BAd    

 

,22 2
23

3
24

2
13

3
140 BBAAd    

 
1

2021
1

10110 BBAAc    
 

AAc   20101 , 

)(t  is the asymmetric impulse-function as [8]. 

It is evident that uncontrollable inaccuracy leads to essential 
change the solution of (5). 

Let us consider the influence of uncontrollable inaccuracy 
on solution of inverse problem of astrodynamics as [2]. 

The solution of this problem satisfies the integral equation 
of kind (5) with right part: 
 

  t
dtG

rd
dttrGtu koj

t

jkkjjk

))0((
)()())(()(

0
0

1




  

G

r koj ))0((


 ,                                                                          (10) 

 

where
3

0000

1

1
)()()]()([)(





  trtrtrtrmt jikji

n

ji
i

ijk


 , G  is 

the gravitation constant. 
The uncontrollable inaccuracy is defined by term  

dtG

rd koj ))0((


 in this problem. 

 Let us consider the motion of celestial bodies in projection 
to coordinate axis with number k : 
 

)()()()]()([
))0(( 3

0000

1

1
2

2

tftrtrtrtrm
dtG

rd
jkjikji

n

ji
i

i
koj 










(11) 

 

Let the functions 1,1,))(( 0  njtr kj


 satisfy the expression 

(11) for 0t  and satisfy the zero initial conditions: 

0
))0((

),1,1(0))0(( 0 
dt

rd
nkr koj

kj


  by accurate defined 

function )(tf jk . 

 Let the real functions 1,1,))(
~

( 0  nktr kj


 coincide with 

functions 1,1,))(( 0  nktr kj


 for 0t  and satisfy the initial 

condition: 
 

1,1,
))0(

~
(

,))0(
~

( 1
0  nk

dt

rd
r jk

koj
jkkj


  

 

where 1, jkjk   are the errors of initial conditions. Then 

)())(())(
~

( 00 ttrtr kjkj  


,  

 









  )())0(()(

)()
~

(
2

2

trt
dt

rd

dt

d

dtG

rd
koj

kojkoj 




 

)())0(
~

()(
))0(

~
()(

2

2

trt
dt

rd

dt

rd
koj

kojkoj
  




. 
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Substituting the functions 1,1,))(
~

( 0  nktr kj
  and its second 

derivative into (11), we get  
 







 

G

t

G

t

Gdt

rd jkjkoj )()()(
2

2 


 

)()()()(
3

0000

1

1
tftrtrrr jkjikji

n

ji
i









, 

 

)()()()(
~ 11 tGtGtftf jkjjkjk 




   .                       (12) 

 
This statement remains true for nonlinear problems but the 

character of influence can be more complicated. 

III. THE FILTRATION OF INITIAL DATA 

As has been shown above the uncontrollable inaccuracy 
distorts the unknown solution in the beginning of interval 

],0[ T  where the solution is studied as a rule. 

The exclusion of some interval ],0[   (   is the small value) 

from solution where it do not true is the single way to remove 
the influence of this inaccuracy for problems kind inverse 
problem of astrodynamics. Moreover, where it is possible, it is 
necessary to set the initial condition for the solution of inverse 
problem to correspond the state of rest. Then the all items 
which determine uncontrollable inaccuracy ought to be set 
equal to zero according to physical sense. 

The following method of influence removal of 
uncontrollable inaccuracy on result of inverse problem 
solution is suggested: the items which determine the 
uncontrollable values of initial conditions are excluded from 
function )(tu jk  in (5) by means of the special filtration as [6]. 

The components of 3
3

2
210 ,,, tatataa  kind ( 3210 ,,, aaaa  

are constants) are excluded from function )(2 tu  in problem of 

unbalance identification (components of taa 10,  kind 

correspondingly from the function )(tu jk  in inverse problem 

of astrodynamics) because the errors of very these terms 
cannot be evaluated. The functions )(tu jk , )(2 tu  are defined 

on interval ],0[ T  and 0)0( jku , 0)0(2 u . These functions 

are continued on interval ]0,[ T  by odd way. Here we used 

the properties of Legander’s polynomials as [8]. Let us define 
the values of 3210 ,,, aaaa  from expressions 
 

3322311200
~

2

5
,~

2

3
,~

2

3~,~
2

1~ aaaaaaaaaa  ,  

 

where 3210
~,~,~,~ aaaa  are the coefficients of Fourier for 

Legander’s polynomials: 
 





T

T
jk dttu

T
a )(

2

1~
0 , 




T

T
jk dttut

T
a )(

2

3~
21 , 





T

T
jk dttuTt

T
a )()3(

4

5~ 22
32 , 

 





T

T
jk dttuTtt

T
a )()35(

4

7~ 23
43 . 

 

Then the filtered function )(tu f
jk  is substituted into right-hand 

side of integral equation of inverse problem of astrodynamics 
instead of )(tu jk : 

 

taatutu jk
f
jk 10)()(  . 

 

The following function )(2 tu f  is used for problem of 

unbalance definition into right-hand side of (5): 
 

3
3

2
21022 )()( tatataatutu f  . 

 
The test of numerical computations demonstrates the ample 

efficiency of suggested method. 

IV. CONCLUSION 

The negative influence of errors of function derivatives 
which have been measured by experiment (uncontrollable 
inaccuracy) to the result of inverse problem solution was 
considered. It was shown that this inaccuracy distorts 
qualitatively the inverse problem solution in the beginning of 
examined interval of time as a rule. Several methods of 
influence removal of uncontrollable inaccuracy were 
suggested. In particular the method of special filtration of 
inverse problem initial data was described. 
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