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Abstract—Suppose ࡳሺࢂ, :ࢌ ሻ is a graph, a functionࡱ ׫ ࢂ ՜ ࡱ

ሼ૚, ૛, ૜, ڮ ,  labeling for-࢑ ሽ is called the total edge(vertex) irregular࢑
 .such that for each two edges are different having distinct weights ࡳ
The total edge(vertex) irregularity strength of ࡳ, denoted by 
 has a ࡳ positive integers such that ࢑ ሻ, is the smallestࡳሺ࢙࢚࢜ሻሺࡳሺ࢙ࢋ࢚
total edge(vertex) irregular ࢑-labelling. In this paper, we determined 
the total edge(vertex) irregularity strength of an amalgamation of two 
isomorphic cycles. The total edge irregularity strength and the total 
vertex irregularity strength of two isomorphic cycles on ࢔ vertices 
are ڿ ሺ૛࢔ ൅ ૛ሻ/૜ۀ and ڿ૛࢔/૜ۀ for ࢔ ൒  ૜, respectively. 
 

Keywords—Amalgamation of graphs, irregular labelling, 
irregularity strength.  

I. INTRODUCTION 
RAPHS labeling is a topic in graph theory are interesting 
to study. Object of study in graph labeling in general 

represented by vertices, edges, and subset of natural number, 
called label. Graphs labeling was first introduced by Sadlacek 
in 1964 [10], then Stewart in 1966 [11], and Kotzig and Rossa 
in 1970 [6].  

In many cases, the number of all labels associated with an 
element on a graph called a weight of the element. In the edge 
labeling, the weight of a vertex is defined as the sum of all the 
labels associated with that vertex. A type of labeling 
associated with this is irregular labeling.  

The irregular labeling was first introduced by Chartrand et 
al. in 1986. In formally, the irregular labeling defined as 
follows. Suppose ܩሺܸ,   ሻ is a graph. The functionܧ

 
՜ ܧ :݂  ሼ1, 2, 3, ڮ , ݇ሽ 

 
is called irregular ݇-labeling of ܩ, if every two different 
vertices, ݔ and ݑ in ܸ have distinct weights, that is  
 

෍ ݂ሺݕݔሻ
௬א௏

 ്  ෍ ݂ሺݒݑሻ.
௩א௏

 

 
The irregularity strength of ܩ, denoted by ݏሺܩሻ, is the 
smallest positive natural number ݇ such that ܩ have a irregular 
݇-labellings [3]. 

In 2007, Baca et al. introduced the other type of irregular 
labeling based on total labeling. For a ܩሺܸ,   ሻ, the functionܧ
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׫ ܸ :݂ ՜ ܧ  ሼ1, 2, 3, ڮ , ݇ሽ 
is called the vertex irregular total k-labeling of ܩ, if the 
weight of every vertices are distinct, i.e.  
 

݂ሺݔሻ  ൅ ෍ ݂ሺݕݔሻ
௬ א ௏

 

are distinct for every vertex א ݔ  ܸ. The total vertex 
irregularity strength or ܩ, denoted by ݏݒݐሺܩሻ, is the smallest 
positive natural number ݇ such that ܩ have a total vertex 
irregular ݇-labeling [1]. 

There are not many graphs of which their total vertex 
irregularity strengths are known. Baca et al. [1] have 
determined the total vertex irregularity strengths for some 
classes of graphs, namely cycles, stars, and prisms. Besides 
that, Wijaya et al. [12] have determined the total vertex 
irregularity strengths of a complete bipartite graph. 

Baca et al. [1] derived lower and upper bounds of the total 
vertex irregularity strength of any tree ܶ with no vertices of 
degree 2 as described in Theorem A. 

Theorem A. Let ܶ be a tree with ݐ pendant vertices and no 
vertex of degree 2. Then, ቒ௧ାଵ

ଶ
ቓ ൑ ሺܶሻݏݒݐ ൑  .ݐ

Recently, Nurdin et al. [9] determined the total vertex 
irregularity strength for several types of trees containing 
vertices of degree 2, namely a subdivision of a star and a 
subdivision of a particular caterpillar. This paper also derived 
the total irregularity strength for a complete ݇ െ  .tree ݕݎܽ

Besides that, Baca et al. also introduced the total edge 
irregularity strength of graph. For a ܩሺܸ,   ሻ, the functionܧ

 
׫ ܸ :݂ ՜ ܧ  ሼ1, 2, 3, ڮ , ݇ሽ 

 
is called the edge irregular total k-labeling of ܩ, if the weight 
of every edges are distinct, i.e.  
 

݂ሺݔሻ  ൅  ݂ሺݕݔሻ  ൅  ݂ሺݕሻ 
 

are distinct for every vertex א ݔ  ܸ. The total edge 
irregularity strength of ܩ, denoted by ݏ݁ݐሺܩሻ, is the smallest 
positive natural number ݇ such that ܩ have a total edge 
irregular ݇-labelling [1]. 

They also derived a lower bound and an upper bound of the 
total edge irregularity strength for any graph. These bounds 
are mentioned in the following theorem. 

Theorem B. Let ܩ ൌ ሺܸ,  ܸ ሻ be a graph with a vertex setܧ
set ܧ, then ቒ|ா|ାଶ

ଷ
ቓ ൑ ሻܩሺݏ݁ݐ ൑  .|ܧ|

By investigating the maximum degree of any graphs, Baca 
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et al. proved the next theorem. 
Theorem C. Let ܩ ൌ ሺܸ,  ሻ be a graph with the maximumܧ

degree ∆, then 
i.  ݏ݁ݐ ሺܩሻ ൒ ቒ∆ାଵ

ଶ
ቓ, and 

ii. ݏ݁ݐሺܩሻ ൑ |ܧ| െ ∆, ݂݅ ∆൑ |ா|ିଵ
ଶ

. 
In 2007 Ivanco and Jendrol [4] gave a conjecture about the 

total edge irregularity strength, as follows. 
 
Conjecture. Let ܩ be a graph different from ܭହ, then     

ሻܩሺݏ݁ݐ ൌ ݔܽ݉ ቄቒ∆ାଵ
ଶ

ቓ , ቒ|ாሺீሻ|ାଶ
ଷ

ቓቅ.  
 
This conjecture is true for some graphs, i.e.:  cycles, paths, 

stars, wheels, and friendships [1], graphs of linear size [2],  
trees [4], complete graphs and complete bipartite graphs [5], 
and the corona of paths with paths, wheels, cycles, stars, gears, 
or friendships [8]. 

Some classes of graph have been determined its the total 
vertex irregularity strength and the total edge irregularity 
strength. Baca et al. have been determined the total vertex 
irregularity strength and the total edge irregularity strength of 
cycle [1]. But the total vertex irregularity strength and the total 
edge irregularity strength of an amalgamation of cycle not yet 
found. 

II.  AMALGAMATION OF A GRAPH  
The formal definition of an amalgamation is as follows. Let 

א ݑ be two graphs. Let ܪ and ܩ  ܸሺܩሻ and א ݒ  ܸሺܪሻ. Then 
the amalgamation of ܩሺܸ, ,ሺܸܪ ሻ withݑ  ሻ is the graphݒ
obtained by forming the disjoint union of ܩ and ܪ and then 
identifying ݑ and ݒ. It is denoted as ݈ܽ݉ܣሺܩ, ,ܪ ሺݑ,   .ሻሻ [7]ݒ

Amalgamation of isomorphic of ݉ cycles graph ܥ௡, 
denoted by ܥ௡,௠. In this paper we study about irregular 
labelling of ܥ௡

ଶ.  
Suppose the vertex set of ܥ௡

ଶ is 
 
ܸሺܥ௡

ଶሻ  ൌ  ൛ݔ௜,௝ห݅ ൌ  1, 2 and ݆ ൌ  1, 2, ڮ , ݊ െ 1ൟ ׫ ሼݔ௡ሽ, 
 

and the edge set of ܥ௡
ଶ is 

 
௡ܥሺܧ

ଶሻ ൌ ൛ݔ௜,௝ ݔ௜,௝ାଵ|݅ ൌ  1, 2 ܽ݊݀ ݆ ൌ  1, 2, ڮ , ݊ െ 2ൟ  
׫                   ൛ݔ௜,ଵݔ௡, ௡| ݅ ൌݔ ௜,௡ିଵݔ  1, 2ൟ. 

III. MAIN RESULTS 
In this section will be determined the total vertex 

irregularity strength and the total edge irregularity strength of 
an amalgamation of two isomorphic cycles. The total vertex 
irregularity strength of an amalgamation of two isomorphic 
cycles, denoted by ݏݒݐሺܥ௡

ଶሻ, is 
 

௡ܥሺݏݒݐ
ଶሻ  ൌ  ඄

2݊
3 ඈ , 

 
and the total edge irregularity strength of an amalgamation of 
two isomorphic cycles, denoted by ݏ݁ݐሺܥ௡

ଶሻ, is 

 

௡ܥሺݏ݁ݐ
ଶሻ  ൌ  ඄

2݊ ൅ 2
3 ඈ 

for ݊ ൒  3.  
The proof of two equations above, in Appendix A and 

Appendix B, respectively. 

APPENDIX A. PROOF THAT ݏݒݐሺܥ௡
ଶሻ  ൌ  ቒଶ௡

ଷ
ቓ 

Since ܥ௡
ଶ have 2ሺ݊ െ 1ሻ vertices of degree two, the largest 

weight of the vertex at least 2݊.. Since the weight of all 
vertices is the number of three positive integer number, the 
largest label used is at least ቒଶ௡

ଷ
ቓ.  

Therefore, ݏݒݐሺܥ௡
ଶሻ  ൒ ቒଶ௡

ଷ
ቓ.  

Next step, we will show that ݏݒݐሺܥ௡
ଶሻ  ൑ ቒଶ௡

ଷ
ቓ.  Will be 

construction a total labeling ߣ on ܥ௡
ଶ as follows: 

for ݆ ൌ  1, 2, ڮ , ݊ െ 1, 
ଵ,௝൯ݔ൫ߣ ൌ 1 

ଶݒ൫ߣ
௝൯

ൌ ൞
1 for ݆ ൌ 1, 2, ڮ , ݊ െ ඄

2݊
3

ඈ െ 1

 ඄
2݊
3

ඈ ൅ ݆ ൅ 1 െ ݊ for others,
 

௡ሻݔሺߣ ൌ  ቒଶ௡
ଷ

ቓ,     
ଵ,ଵ൯ݔ௡ݔ൫ߣ ൌ 1, 
for ݆ ൌ 1, 2, ڮ , ݊ െ 2, 

ଵ,௝ାଵ൯ݔଵ,௝ݔ൫ߣ ൌ ቒ௝ାଵ
ଶ

ቓ,  

௡൯ݔଵ,௡ିଵݔ൫ߣ ൌ ቒ௡
ଶ
ቓ,  

for ݆ ൌ 1, 2, ڮ , ݊ െ ቒଶ௡
ଷ

ቓ െ 1, 

ଶ,௝ାଵ൯ݔଶ,௝ݔ൫ߣ ൌ ቒ௡ା௝
ଶ

ቓ,  

and for ݆ ൌ  ݊ െ ቒଶ௡
ଷ

ቓ , ݊ െ ቒଶ௡
ଷ

ቓ ൅ 1, ڮ , ݊ െ 2, the total 
labeling ߣ divides in to 4 cases as follows: 

ଶ,௝ାଵ൯ݔଶ,௝ݔ൫ߣ .1 ൌ  ቒଶ௡
ଷ

ቓ for ݊ ൌ   ,ሺ3ሻ݀݋݉ 0

ଶ,௝ାଵ൯ݔଶ,௝ݔ൫ߣ .2 ൌ  ቒଶ௡
ଷ

ቓ  
for ݆ ൌ ݊ െ ݐ ൅ ܽ, ݊ െ ݐ ൅ ܽ ൅ 1, ڮ , ݊ െ 2, where ܽ is 
a positive even natural number, 

ଶ,௝ାଵ൯ݔଶ,௝ݔ൫ߣ .3 ൌ  ቒଶ௡
ଷ

ቓ െ 1  

for ݆ ൌ ݊ െ ቒଶ௡
ଷ

ቓ ൅ ܽ, ݊ െ  ቒଶ௡
ଷ

ቓ ൅ ܽ ൅ 1, ڮ , ݊ െ 2, 
where ܽ is a positive odd natural number, 

ଶ,௝ାଵ൯ݔଶ,௝ݔ൫ߣ .4 ൌ  ቒଶ௡
ଷ

ቓ െ 1 for ݊ ൌ   ,ሺ3ሻ݀݋݉ 2
and for edges ݔ௡ݔଶ,ଵ and ݔଶ,௡ିଵݔ௡, will be defined 
ଶ,ଵ൯ݔ௡ݔ൫ߣ ൌ ቒ௡

ଶ
ቓ and ߣ൫ݔଶ,௡ିଵݔ௡൯ ൌ  ቒଶ௡

ଷ
ቓ. 

 
By definition of ߣ. Suppose ݐ ൌ ቒଶ௡

ଷ
ቓ, we can show that the 

weight of all vertices of ܥ௡
ଶ are 

ଵ,ଵ൯ݔ൫ݐݓ .1 ൌ 3, 
2. for 2 ൑ ݆ ൑ ݊ െ 1  
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ଵ,௝൯ݔ൫ݐݓ ൌ 1 ൅ ඄
݆
2ඈ ൅ ඄

݆ ൅ 1
2 ඈ, 

ଶ,ଵ൯ݔ൫ݐݓ .3 ൌ 1 ൅ ቒ௡
ଶ
ቓ ൅ ቒ௡ାଵ

ଶ
ቓ, 

4. for 2 ൑ ݆ ൑ ݊ െ ቒଶ௡
ଷ

ቓ െ 1,  

ଶ,௝൯ݔ൫ݐݓ ൌ 1 ൅ ඄
݊ ൅ ݆ െ 1

2
ඈ ൅ ඄

݊ ൅ ݆
2

ඈ, 

ଶ,௡ି௧൯ݔ൫ݐݓ .5 ൌ  ቒଶ௡
ଷ

ቓ ൅ 1 ൅ ቒଶ௡ି௧ିଵ
ଶ

ቓ, ݊ ؠ 0,  ,ሺ3ሻ݀݋݉ 1

ଶ,௡ି௧൯ݔ൫ݐݓ .6 ൌ  ቒଶ௡
ଷ

ቓ ൅ ቒଶ௡ି௧ିଵ
ଶ

ቓ with ݊ ؠ  ,ሺ3ሻ݀݋݉ 2

7. for ݊ െ  ቒଶ௡
ଷ

ቓ ൅ 1 ൑ ݆ ൑ ݊ െ 2,  

ଶ,௝൯ݔ൫ݐݓ ൌ 3 ቒଶ௡
ଷ

ቓ ൅ ݆ െ ݊ ൅ 1, with ݊ ؠ  ,ሺ3ሻ݀݋݉ 0

8. for ݊ െ  ቒଶ௡
ଷ

ቓ ൅ 1 ൑ ݆ ൑ ݊ െ 2,  

ଶ,௝൯ݔ൫ݐݓ ൌ 3 ቒଶ௡
ଷ

ቓ ൅ ݆ െ ݊, with ݊ ؠ  ,ሺ3ሻ݀݋݉ 1

9. for ݊ െ  ቒଶ௡
ଷ

ቓ ൅ 1 ൑ ݆ ൑ ݊ െ 2,  

ଶ,௝൯ݔ൫ݐݓ ൌ 3 ቒଶ௡
ଷ

ቓ ൅ ݆ െ ݊ െ 1, with ݊ ؠ  ,ሺ3ሻ݀݋݉ 2

ଶ,௡ିଵ൯ݔ൫ݐݓ .10 ൌ 3 ቒଶ௡
ଷ

ቓ with ݊ ؠ  ,ሺ3ሻ݀݋݉ 0

ଶ,௡ିଵ൯ݔ൫ݐݓ .11 ൌ 3 ቒଶ௡
ଷ

ቓ െ 1 with ݊ ؠ 1,  ,ሺ3ሻ݀݋݉ 2

௡ሻݔሺݐݓ .12 ൌ 2 ቒଶ௡
ଷ

ቓ ൅ 1 ൅ ቒ௡
ଶ
ቓ. 

By definition of weight of vertices, we showed that the 
weights of all vertices are distinct.  

Next step, we will show that  

:ߣ ܸ ׫ ܧ ՜ ൜1,2,3, ڮ , ඄
2݊
3

ඈൠ. 

By definition of ߣ, we can showed that: 
 

1. For 1 ൑ ݆ ൑ ݊ െ ଵ,௝൯ݔ൫ߣ ,1 ൌ 1 ൏ ቒଶ௡
ଷ

ቓ. 

2. For 1 ൑ ݆ ൑ ݊ െ ଶ,௝൯ݔ൫ߣ ,1 ൌ 1 ൏ ቒଶ௡
ଷ

ቓ. 

3. For ݊ െ ቒଶ௡
ଷ

ቓ ൑ ݆ ൑ ݊ െ ଶ,௝൯ݔ൫ߣ ,1 ൏ ቒଶ௡
ଷ

ቓ. 

௡ሻݔሺߣ .4 ൌ ቒଶ௡
ଷ

ቓ. 

ଵ,ଵ൯ݔ௡ݔ൫ߣ .5 ൌ 1 ൏ ቒଶ௡
ଷ

ቓ. 

6. For 1 ൑ ݆ ൑ ݊ െ ଵ,௝ାଵ൯ݔଵ,௝ݔ൫ߣ ,2 ൏ ቒଶ௡
ଷ

ቓ. 

௡൯ݔଵ,௡ିଵݔ൫ߣ .7 ൌ ቒ௡
ଶ
ቓ ൏ ቒଶ௡

ଷ
ቓ. 

8. For 1 ൑ ݆ ൑ ݊ െ ቒଶ௡
ଷ

ቓ െ ଶ,௝ାଵ൯ݔଶ,௝ݔ൫ߣ ,1 ൏ ቒଶ௡
ଷ

ቓ. 

9. For ݊ െ ቒଶ௡
ଷ

ቓ ൑ ݆ ൑ ݊ െ ଶ,௝ାଵ൯ݔଶ,௝ݔ൫ߣ ,2 ൌ ቒଶ௡
ଷ

ቓ. 

10. For ݊ െ ቒଶ௡
ଷ

ቓ ൑ ݆ ൑ ݊ െ 2, ݊ ؠ  ሺ3ሻ, and݀݋݉ 1

݊ െ ቒଶ௡
ଷ

ቓ ൅ ܽ ൑ ݆ ൑ ݊ െ 2 where ܽ is a nonnegative 
even natural number, 

ଶ,௝ାଵ൯ݔଶ,௝ݔ൫ߣ ൌ ඄
2݊
3 ඈ. 

11. For ݊ െ ቒଶ௡
ଷ

ቓ ൑ ݆ ൑ ݊ െ 2, ݊ ؠ  ሺ3ሻ, and݀݋݉ 1

݊ െ ቒଶ௡
ଷ

ቓ ൅ ܽ ൑ ݆ ൑ ݊ െ 2 where ܽ is a positive odd 
natural number, 

ଶ,௝ାଵ൯ݔଶ,௝ݔ൫ߣ ൌ ඄
2݊
3 ඈ െ 1 ൏ ඄

2݊
3 ඈ. 

12. For ݊ െ ቒଶ௡
ଷ

ቓ ൑ ݆ ൑ ݊ െ 2, ݊ ؠ  ሺ3ሻ݀݋݉ 2

ଶ,௝ାଵ൯ݔଶ,௝ݔ൫ߣ  ൌ ቒଶ௡
ଷ

ቓ െ 1 ൏ ቒଶ௡
ଷ

ቓ. 

ଶ,ଵ൯ݔ௡ݔ൫ߣ .13 ൌ ቒ௡
ଶ
ቓ ൏ ቒଶ௡

ଷ
ቓ. 

ଶ,௡൯ݔଶ,௡ିଵݔ൫ߣ .14 ൌ ቒଶ௡
ଷ

ቓ. 
 
Therefore, we find that 

:ߣ ܸ ׫ ܧ ՜ ൜1,2,3, ڮ , ඄
2݊
3

ඈൠ. 

So that, ݏݒݐሺܥ௡
ଶሻ  ൑ ቒଶ௡

ଷ
ቓ. 

APPENDIX B. PROOF THAT ݏ݁ݐሺܥ௡
ଶሻ  ൌ  ቒଶ௡ାଶ

ଷ
ቓ 

Since ܥ௡
ଶ have 2݊ edges, the largest weight of the vertex at 

least 2݊ ൅ 2. Since the weight of all edges is the number of 
three positive integer number, the largest label used is at least 
ቒଶ௡ାଶ

ଷ
ቓ. Therefore, ݏ݁ݐሺܥ௡

ଶሻ  ൒  ቒଶ௡ାଶ
ଷ

ቓ.  

Next step, we will show that ݏ݁ݐሺܥ௡
ଶሻ  ൑  ቒଶ௡ାଶ

ଷ
ቓ. will be 

construction a total labelling ߛ on ܥ௡
ଶ as follows: 

 
ଵ,௝൯ݔ൫ߛ ൌ  ቒ௝

ଶ
ቓ  for ݆ ൌ 1, 2, 3, ڮ , ݊ െ 1,  

ଶ,௝൯ݔ൫ߛ ൌ ଶ,௡ି௝൯ݔ൫ߛ ൌ ቒ௡ିଵ
ଶ

ቓ ൅ ݆  

for ݆ ൌ  1, 2, 3, ڮ , ቒଶ௡ାଶ
ଷ

ቓ െ ቒ௡ିଵ
ଶ

ቓ, 

ଶ,௝൯ݔ൫ߛ ൌ ቒଶ௡ାଶ
ଷ

ቓ   

for ݆ ൌ  ቒଶ௡ାଶ
ଷ

ቓ ൅ 1 െ ቒ௡ିଵ
ଶ

ቓ , ڮ , ݊ െ ቒଶ௡ାଶ
ଷ

ቓ ൅ ቒ௡ିଵ
ଶ

ቓ ൅ 1, 
௡ሻݔሺߛ ൌ2, 
ଵ,ଵ൯ݔ௡ݔ൫ߛ ൌ ଵ,ଶ൯ݔଵ,ଵݔ൫ߛ ൌ 1, 
ଵ,௝ାଵ൯ݔଵ,௝ݔ൫ߛ ൌ 3 ൅ ݆ െ ቒ௝

ଶ
ቓ െ ቒ௝ାଵ

ଶ
ቓ  

for ݆ ൌ  2,3, ڮ , ݊ െ 2, 

௡൯ݔଵ,௡ିଵݔ൫ߛ ൌ ଶ,ଵ൯ݔ௡ିଵݔ൫ߛ ൌ ݊ െ ඄
݊ െ 1

2 ඈ, 

ଶ,௡ିଵ൯ݔ௡ݔ൫ߛ ൌ ݊ ൅ 1 െ ඄
݊ െ 1

2 ඈ, 

ଶݒ൫ߛ
௝൯ ൌ

ە
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
݊ۓ ൅ 2 ൅ 2݆ െ 2 ඄

݊ െ 1
2 ඈ െ 2݆

        for ݆ ൌ 1,2, ڮ , ඄
2݊ ൅ 2

3
ඈ െ ඄

݊ െ 1
2 ඈ െ 1

݊ ൅ 3 ൅ ݆ െ ඄
݊ െ 1

2 ඈ െ ඄
2݊ ൅ 2

3 ඈ

     for ݆ ൌ ඄
2݊ ൅ 2

3
ඈ െ ඄

݊ െ 1
2 ඈ

݊ ൅ ݆ െ 2 ඄
݊ െ 1

2
ඈ

for others

 

ଶ,௡ି௝ିଵ൯ݔଶ,௡ିଵݔ൫ߛ ൌ ݊ ൅ 3 െ 2 ቒ௡ିଵ
ଶ

ቓ  

for ݆ ൌ  1, 2, 3, ڮ , ቒଶ௡ାଶ
ଷ

ቓ െ ቒ௡ିଵ
ଶ

ቓ െ 1. 
By definition of ߛ, we found that the weight of all edges of 

௡ܥ
ଶ are: 
ଵ,ଶ൯ݔଵ,ଵݔ൫ݐݓ .1 ൌ 3. 
ଵ,ଵ൯ݔ௡ݔ൫ݐݓ .2 ൌ 4. 
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3. For 2 ൑ ݆ ൑ ݊ െ 2,  
ଵ,௝ାଵ൯ݔଵ,௝ݔ൫ݐݓ ൌ 3 ൅ ݆. 

௡൯ݔଵ,௡ିଵݔ൫ݐݓ .4 ൌ 2 ൅ ݊. 
ଶ,ଵ൯ݔ௡ݔ൫ݐݓ .5 ൌ 3 ൅ ݊. 
ଶ,௡ିଶ൯ݔ௡ݔ൫ݐݓ .6 ൌ 4 ൅ ݊. 
7. For 1 ൑ ݆ ൑ ቒଶ௡ାଶ

ଷ
ቓ െ ቒ௡ିଵ

ଶ
ቓ,  

ଶ,௝ାଵ൯ݔଶ,௝ݔ൫ݐݓ ൌ 2݆ ൅ 3 ൅ ݊. 
8. For ቒଶ௡ାଶ

ଷ
ቓ െ ቒ௡ିଵ

ଶ
ቓ ൅ 1 ൑ ݆ ൑ ݊ െ ቒଶ௡ାଶ

ଷ
ቓ ൅ ቒ௡ିଵ

ଶ
ቓ െ 1, 

ଶ,௝ାଵ൯ݔଶ,௝ݔ൫ݐݓ ൌ 2 ቒଶ௡ାଶ
ଷ

ቓ ൅ ݊ ൅ ݆ െ 2 ቒ௡ିଵ
ଶ

ቓ. 

9. for 1 ൑ ݆ ൑ ቒଶ௡ାଶ
ଷ

ቓ െ ቒ௡ିଵ
ଶ

ቓ െ 1,  
ଶ,௝ାଵ൯ݔଶ,௝ݔ൫ݐݓ ൌ 2݆ ൅ 4 ൅ ݊. 

By definition of weight of edges, we showed that the 
weights of all edges are distinct.  

Next step, we will show that  
 

:ߛ ܸ ׫ ܧ ՜ ൜1,2,3, ڮ , ඄
2݊ ൅ 2

3
ඈൠ. 

 
By definition of ߣ, we can showed that: 
1. For 1 ൑ ݆ ൑ ݊ െ ଵ,௝൯ݔ൫ߛ ,1 ൌ ቒ௝

ଶ
ቓ ൑ ቒଶ௡ାଶ

ଷ
ቓ. 

2. For 1 ൑ ݆ ൑ ቒଶ௡ାଶ
ଷ

ቓ െ ቒ௡ିଵ
ଶ

ቓ,  

ଶ,௝൯ݔ൫ߛ ൌ ଶ,௡ି௝൯ݔ൫ߛ ൌ ඄
݊ െ 1

2 ඈ ൅ ݆ ൑ ඄
2݊ ൅ 2

3 ඈ. 

௡ሻݔሺߛ .3 ൌ 2 ൏ ቒଶ௡ାଶ
ଷ

ቓ. 

ଵ,ଵ൯ݔ௡ݔ൫ߛ .4 ൌ ଵ,ଶ൯ݔଵ,ଵݔ൫ߛ ൌ 1 ൏ ቒଶ௡ାଶ
ଷ

ቓ. 
5. For 2 ൑ ݆ ൑ ݊ െ 2,  

ଵ,௝ାଵ൯ݔଵ,௝ݔ൫ߛ ൌ 3 ൅ ݆ െ ඄
݆
2ඈ െ ඄

݆ ൅ 1
2 ඈ ൑ ඄

2݊ ൅ 2
3 ඈ. 

௡൯ݔଵ,௡ିଵݔ൫ߛ .6 ൌ ଶ,ଵ൯ݔ௡ݔ൫ߛ ൌ ݊ െ ቒ௡ିଵ
ଶ

ቓ ൑ ቒଶ௡ାଶ
ଷ

ቓ. 

ଶ,௡ିଵ൯ݔ௡ݔ൫ߛ .7 ൌ ݊ ൅ 1 െ ቒ௡ିଵ
ଶ

ቓ ൑ ቒଶ௡ାଶ
ଷ

ቓ. 

8. For 1൑ ݆ ൑ ቒଶ௡ାଶ
ଷ

ቓ െ ቒ௡ିଵ
ଶ

ቓ െ 1,  

ଶ,௝ାଵ൯ݔଶ,௝ݔ൫ߛ ൌ ݊ ൅ 2 െ 2 ඄
݊ െ 1

2 ඈ ൑ ඄
2݊ ൅ 2

3 ඈ. 

9. For ݆ ൌ ቒଶ௡ାଶ
ଷ

ቓ െ ቒ௡ିଵ
ଶ

ቓ,  

ଶ,௝ାଵ൯ݔଶ,௝ݔ൫ߛ ൌ ݊ ൅ 3 ൅ ݆ െ ඄
݊ െ 1

2 ඈ െ ඄
2݊ ൅ 2

3 ඈ

൑ ඄
2݊ ൅ 2

3
ඈ. 

10. For ቒଶ௡ାଶ
ଷ

ቓ െ ቒ௡ିଵ
ଶ

ቓ ൅ 1 ൑ ݆ ൑ ݊ െ ቒଶ௡ାଶ
ଷ

ቓ ൅ ቒ௡ିଵ
ଶ

ቓ െ 1,  

ଶ,௝ାଵ൯ݔଶ,௝ݔ൫ߛ ൌ ݊ ൅ ݆ െ 2 ඄
݊ െ 1

2 ඈ ൑ ඄
2݊ ൅ 2

3 ඈ. 

11. For 1 ൑ ݆ ൑ ቒଶ௡ାଶ
ଷ

ቓ െ ቒ௡ିଵ
ଶ

ቓ െ 1,  

ଶ,௡ି௝ିଵ൯ݔଶ,௡ି௝ݔ൫ߛ ൌ ݊ ൅ 3 െ 2 ඄
݊ െ 1

2 ඈ ൑ ඄
2݊ ൅ 2

3 ඈ. 

Therefore, we find that 

:ߛ ܸ ׫ ܧ ՜ ൜1,2,3, ڮ , ඄
2݊ ൅ 2

3 ඈൠ. 

So that, ݏ݁ݐሺܥ௡
ଶሻ ൑ ቒଶ௡ାଶ

ଷ
ቓ. 
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