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The Study of Relative Efficiency in Growth Curve
Model
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Abstract—In this paper, some relative efficiency have been
discussed, including the LSE estimate with respect to BLUE in curve
model. Four new kinds of relative efficiency have defined, and their
upper bounds have been discussed.
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I. INTRODUCTION
CONSIDERING the general growth model

Y =XBZ +e
E(e)=0 @

Cov(€)=V ®%

Among them,Y is the nxqg random observation matrix; e is
the nxq random error matrix, X ,z,, is the design matrix that

we are known, and r(X)=m,r(z)=k ,B isthe pxk regression
parameter matrix that we are unknown, V and X are positive
definite matrices with the size gxq and nxn -order
respectively. ® expresses product of matrix Kronecker.
& expresses a column vector of the € straightened by column.
In the model of (1), there are two more common kinds in the

B estimator class [1], [2]: One is the best linear unbiased
estimator (BLUE), recorded as:

-1

B =(X'Z X )Xz iz (2v iz

and

-1

Cov(B')=(zvz) ®(x'zX)
Another is the least squares estimation (LSE), recorded as:
B=(XX)"Xvz'(zviz')"

and
Cov(B)=(22)"2vZ'(2Z)" ®(XX) " X'T*X (XX) ™.

Refer to Gauss-Markov theorem: Cov(B*) < cOv(é) .
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It is often used B instead of B"when n is too large orV,X is
not clear, thus creating a difference. To measure the size of
difference, some relative efficiency has been studied of the LSE
estimate with respect to BLUE [3]. This paper has defined four
new relative efficiencies, and has given their upper bound:

AP [Cov(é)—Cov(B*)}

e,(B/8")= _'k/u’[P AR, —(RAR )ZJ

w

S

€ (é/B*) = [tr[Cov(é)Cov*(B*)T}

ThereW =Z'X ,A=V®X , p, zw(ww)’lw',,ll(A) is the
i-th order characteristic roots for matrix A from small to large .

I1.UPPER BOUND OF ¢, (8/B")

Mark: a=4(V) az-2

Whenq22k, ali:(\/a7i_ aq,iﬂ)zy i:l,2,...’k

2 -
Whenq<2k, allz{(\/;i—m) i=12--,9-k

0 i=q-k+1 k
Whenn>2m, a, =(\/E— /bqu)z, i=12---,g-m
2 -
Whenn<2m,a2i:{(\/a_\lbqi+l) ':1,2,'“,q—m )
0

i=g-m+1---,m
Lemma 1. Assume A=diag(s,,5,) , &>+>8,>0 ,
A, >0,where U isan nx p -column matrix. Then:

p
min tr (U AU):iZ:l:l, (A)S;;

[
min tr(UAU ) = ZAH,M(A)(S ;

1
i=1

p-i+l?

= P _
maxtr(UAU) ™ =3 4, .., (A)3,}

i=1
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p m
AU =St -1 A (ATM'ZMA™
maxtr(UAU) =34 (A)a - 4] 2A( )
<Y A(A7)A(MEM) ©
Lemma 2: Assume g =A,[U AU - (U'AU )’1] , there =
t t < //LI —i+
Uy =X(XX)" X', A=diag(b,b,) , then Y, <>y, 21: (A4 Zbl '
i=1 i=1
1<t<k.[5] Obtained by Lemma 4 [9]: Assume g(x)=x", p>1, then
Lemma 3: Assume A, B is the nxn -order non-negative
k k k m m
definite matrix, then Zﬂ,l (AB)< Ziu (A)Z,ll (B).[6] Zﬂllp(xrz—lx)z an o ©6)
i=1 i=1 i=1 i=1 i=1
L 4: A = - m
emma SSUME X = (X, X0+ X ) 5 Y = (V1 ¥ouoo1 V) @€ 34 p[ X'3X ( } Zblpmpwl )
two vectors in the space of R™. Andx, >---2x,, y,>-->vy,. | =L
is a interval in R, X,X, X, ¥, Yy Y, €l , and By the same token:
t t
x <>y, 1<t<m .If g(x)is the monotony but not drop )
i=1 i=1 . R z D(Z'V 12) z k+| i (8)
convex function, then Z¢ z¢ . This is Advantages ) = .
= = L "z37'(22) a’s;”, 9)
Theorem. [6] le [ ( } le e
Theorem 1:

Insert (6)-(9) into:

o)< [ (] 8- 8 e -one ]

<P

3
=

" ' n-1 -1\ r -1
Proof: Assume X =MAN , MM =1_, NN=NN'=1_, > A[(22) 2vz!(z2') @ (XX ) XX (XX)

where A:diag(\/Fl,...,\/a),obtained by Lemma 1: _(zv 1z')®(x'zx)’1}

AP zvz’(zz’)’l]ii," [Oxx) " x2x (x%) "]

=1

P[(zvlz)}i P[ X) }

i=1

p p
L { J 7(aq—k+1bn—m+1J
Sk i+l m i+l Siri

T
N

il, (X=X )71 = i,a, (NAM'Z"MAN )71
= 2 @ -

-1
A(AMZ'MA) 2> 40 (MEM)

:Mr -MX

<M3

1l
[N

I
I

3

N
N

Obtained by Poincare Theorem [7], [8]:
The theorem 1 has been proved.

ﬂ‘m—i+1(M 'z_lM) ﬂ‘m |+1( ) I:)n_ m+i (3)
Il UPPER BOUND OF ¢, (B/8")
Insert (3) into (2):
Mark: a=4(V),a2--2a20;
S A(XT )2 3 b, @ B =4(2) b 22D, 20
i=1 i=1
Then Lemma5: P,,; =P, ®F; . [10]
n Lemma 6: Assume P, = X (XX)' X', = =diag(b,---,b,) ,
Z |: X "X (X X )71j| " ( ) min(m nfm)g (bl )
. @ =A[PIR-(RIP)]. thend ol < 30 A7 (p21).
=>4 [(N AMMAN) " N/AM 'SMAN (NAMMAN ) * | = =
? ﬂ—l(b -b,_1),i=12,-,min(m,n—m) , there X is an
=> 4(NA'M'EMA™N) _
=y nxm -column matrix of full rank . [11]
m . min(m,n—m)
=2 4 (AMEMAT) Theorem 2: ¢, (B/B") < Z [Pa (p=1).

N
N

Obtained by Lemma 3:
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Proof: Becausew =7'® X . So [12]: oK 2 4 INET "Y'
) > #[((zz)) vz (zz)) @ (xx')* x'2x (X X))
ez(é/B*): }HD[PWAZPW —(PWAPW)ZJ ((valzr)l®( X'TX ) )’1}
i=1
m,k
= P[pzvzpzcapxzsz—PZVPZVPZ(PZZPX)Z] 3 P[( tavzi(zzytzviz)e

= L
N
[N

m,

—

/LP[PZVZ ®(R.P, (P3P, )2)} (XX’)*1 XX (X’(T1 X'z x|

i=!
YL [(22')’l vz'(zz) vz’ |®
i=1

Obtained by Lemma 5:

ez(é/B*):m'kﬂ,,pPszcamk "[P 2P, —(P,5P,) }

i=1 =1

'M3 _

p[ XX (X)X EX ]

Obtained by Lemma 7:
Obtained by Lemma 6:

min(m,n—m) i/iflp |:(ZZ')_1 ZVZ/(ZZ ZV 1Z } 281
ez(é/B*)S Z ﬂzpaz" (p=1)- mi:l ]
AT XEX (X X)X E X < >a

“ m,k
To sum up: e, (B/B") < afal; .

i=1

Mark: a=4(V) 8 22

_ ¢ V.UPPER BOUND OF ¢, (B/B"
Whenq > 2k, aﬁ_(a aqﬂ) aa ,i=12,---k 4(/ )
A Mark: ai=/1.(V)1al> >a,>0;
(a-2)°
i —i+1 H —
When q < 2k a, = a saa, .., =12k b =4(3).b =2 >0;
—i+: 2
1 i=q-k+1-k When > 2. al:(ai—am) R
2 ! 4'aiaq—i+1
Whennz2m, a, = (b_b"”l)/ ,i=12,---,m 2
: 4bibn7i+1 (ai _aq—Hl) H _1 2 k
(b b )z Wheng<2k, a, = 4aa, ., =12,
Whenn<2m'a2i= | n_Hl%blbn i+l i=1,2,n.lm 1 I_q k+11"'1k
2
1 i=n-m+1---,m Whenn2m, a, :(bi—bn,iﬂ)%)b Ji=12.-m
Lemma 7: If Y =X B.+& , Cov(e)=0’T>0 it
_ * ry-1 1y et S _ -1 (bi_bnfn )2 1=
r(x)=ms<n , B =(XZTIX) XETY , B=(XX) XY , Whenn<2m.a, - o, ., 1=L2em
E(S):O , then ijlp[(xx)—lxyzx(xx)—l(x/zﬂx)A] 1 i=n-m+1---,m
i=1
giaz"i .[13] Lemma 9: Assume y, = 4[U'AUU'A"U |, where U is an
nxp -column matrix, and UU =1, , A=diag(b,-,b,) .

Lemma 8: Assume A,i=12 is the mrank negative definite
b>--2h >0, thenzﬂ<Zai,t_ k. [15]

i=1

square matrix, D,,i =12 isthe n rank negative definite square
matrix, then 4 (A®D)=4(A)®4(D,) . 4(AA) o iia
<4 (A)A(A), i=12-m.[14] Theorem 4: eA(B/B)ﬁkp(ga;‘j |
“ m,k
Theorem 3: ¢,(B/B") <) afa}
i=1
m,k

Proof: e (B/B")=) 4’ [COV(é)CO"A(B*)}

i=1
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Proof:

B

(8/8") = con(B)cor (8] |

- (tr[((ZZ')’l 2vz'(22') @ (XX)*)-
((zv*z')®(xx))}p)
- (tr[(zzj’1 2vz'(zz')* (zv 2@, Di

(10)

A

B

1
—kP [tr[(ZZ’)_l vz'(zz')" (ZV*lZ')H
By thinking the following:
(22 2vz'(z2') (2v72))] =

S [(zz

=1

Vizvz'(zz') (v *12')]

Because V >0 , there is N which is satisfied that

NN=NN'=1,V=NAN', A =diag (b, -,

Uu=m ’(MM’)’%, Uu =1,, then it is believed that:

Al(zz) vz (zz)) (2v2))]
-2

[(ZNN 7'y ZNANZ/(ZNNZ') (ZNAZ') ]

AL (MM MVM (MM ) (M AW ]
=4 (U'AUU'ATU) =

Obtained by the Lemma 9:2#i giazl ,1<t<m. Assume

i=1 i=1

p(x)=x", p>1,there

(11)

Ms
o

T

I
N

Insert (11) into (10): e4(é/B*) [Zamj The Theorem
4 has been proved.
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