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Abstract—This paper considers the bent and hyper-bent properties
of a class of Boolean functions. For one case, we present a detailed
description for them to be hyper-bent functions, and give a necessary
condition for them to be bent functions for another case.
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I. INTRODUCTION

ENT function is a class of Boolean functions with even

variables and with the maximal distance to all affine
functions. In fact, the distance of an n-variable bent function
to any affine function equals 271 —23 1. Bent function was
introduction by Rothaus [9] in 1976, later in 2001 Youssef et
al [10] found a subclass of bent functions with even better
cryptographic properties, which was named as hyper-bent
functions. Thanks to their applications in cryptography, coding
theory and combinatorial design, many interests have been put
in bent and hyper-bent functions recently[2], [3], [4], [6], [7],
[8].

In this paper, we consider a class of Boolean functions

defined on o of the form:

2" —1

FO) (@) = Ty (a2 " D) 4 el (b2 ™50), (D)

where n = 2m, m = 2k (mod 4), k € {0,1}, a € Fan
and b € Fig. When m = 2 (mod 4), with the help of the
factorization of 2° +x+a~" and Kloosterman sums, this paper
characterizes the cases for f (5713 to be hyper-bent. Further more
, fora € Fz% , we list all the hyper-bent functions of the form
of fé'b) When m = 0 (mod 4), we give a necessary condition
for féfg to be bent.

The rest of paper is organized as follows. In Section II,
we give some notations and recall some basic knowledge
for this paper. Then we describe the hyper-bent properties of
fifb when m = 2 (mod 4) and study the bent properties of
firb) when m = 0 (mod 4) in Section III and Section IV
respectively. Finally, we conclude our work in Section V.

II. PRELIMINARIES

The sign function of Boolean function f is x(f) := (—=1)/.
Definition 1: A Boolean function f : Fon — Fy is called
a bent function, if Xj(w) = Zw€F2n(_1)f(x)+Tr;"(wm) =
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+2% (Vw € Fau), where Tr} is the absolute trace function
defined as Tr% (z) ==z + 22 + 2% + -+ 22" .
Hyper-bent function is an important subclass of bent functions
defined as

Definition 2: A bent function f : Fon — [Fy is called a
hyper-bent function, if, for any 7 satisfying (i,2" — 1) = 1,
f(x%) is also a bent function.

Charpin and Gong [4] gave the following property to
determine a hyper-bent function.

Proposition 1: Let n = 2m, « be a primitive element
of Fon and f be a Boolean function over Fa» satisfying
(0¥ z) = f(z) (Vo € Fan) and f(0) = 0. Let & be
a primitive 2™ + 1-th root in F3,. Then f is a hyper-bent
function if and only if the cardinality of the set {i|f(&%) =
1,0 <i<2m}is 2m—L

Kloosterman sum is a powerful tool to study the hyper-bent
properties of some classes of boolean functions.

Kloosterman sums on Fy» are defined as

1
K, (a) = x(Tri"(az + =), a € Fam.
Some properties of Kloosterman sums are given by the
following proposition.
Proposition 2: ([5],Theorem 3.4]) Let a € Fym. Then
Kp(a) € [L —20m+2)/2 1 4 2(m+2)/2] and 4 | K, (a).
Quintic Weil sums on Fom are

Qm(a):= > xX(Tr"(a(z” +2° +2))), a€Fym.
zE€Fym

And the value of @,,(a) is related to the factorization of the
polynomial P(z) = 2® +x +a~! [1].

When a € F5..,, m = 2mq, K,,(a) and @,,(a) have the
following properties

Proposition 3: (Lemma 3 [1]) If a € F5m,, m = 2my,

() 1—Kp(a) = (1— Ky, (a)?—2-2m.

(1) if m; = 1 (mod 2), then Q,,(a) € {0, 2-2™/2 —4.
2m/2},

Proposition 4: [11] The Ramanujan-Nagell equation 2% —
D = 2"*2 has at most 4 solutions (x,7n), which are

(x,n) := (2°=3,1), (2"=1,k), 2"+1,k+1), (3-2°—1,2k+1),

where £ € N and D € N is odd.
With the help of the solutions of Ramanujan-Nagell
equation,
Lemma 1: If a € Fomi, m = 2my, my > 1, then K,,(a) #
—4.
Proof: By Propostion 3, if K,,(a) = —4,

(1= Ky, (a))? =2-2™ +5. )
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It is easy to check that when m; < 5, 2:2™14-5 is not a square.
By Propostion 4, (2) has at most 4 solutions (| (1— K, (a)) |
n), which are

(I (1= Km,(a)) [;m1—1) =

(28 —3,1), (2" —1,k), 2"+ 1,k+1), (3-2F - 1,2k +1),

where k € N. We can check all the 4 solutions can not satisfy
(2). For example, if (| (1 — Ky, (a)) |,m; —1) = (3-2F —
1,2k + 1), then

(3-2F —1)2

When k& = 1,2, (3-2F —1)% # 22#+142 L 5 When k > 3,
(3-2F — 1)% > 22k+1+2 L 5 Thus (3) has no integral solution,
therefore (2) has no integral solution either, which concludes
the proof. u

— 22k+1+2 45, (3)

1. THE HYPER-BENT PROPERTY OF f.') WHEN m = 2
(mod 4)

In the this section, we consider the Boolean function firb)
defined by (1), where n = 2m, m = 2 (mod 4), a € Fan
and b € Fig. As the cyclotomic coset of 2 module 2™ — 1
containing 2= is

2" —1 2" —
. 22 23 1.
5 5 5 5

Its size is 4, or 0(2"5_1) = 4, which means f is neither in

the class considered by Charpin and Gong [4] nor in the class
studied by Mesanager [6], [7]. ;

Let o be a primitive element of Fon, f = a%, ¢ =
a?" L U =< &>,V =<£ > Since 5|(2™ + 1), V is the
subgroup of U and #V = L;'l

For any ¢ € Fom, define

S = 3 X(T¥} (ag’®" "))

veV
= 3T (ag20)) = 37 x(Trf (ag > +500))
veV veV
= Z x(Tr (a€3)). (as €5 € V)
veV
From the definition of S;,
Sv‘, = Sz (mod 5)- (4)

To study the hyper-bent properties of f( , we define the
following character sum

Ar(a,b) = D x(fi) () (5)
uclU
Similar to the Froof of Proposition 9 in [1], the hyper-bent
properties of f.'; can be described as
Proposition 5. f;fb) is a hyper-bent function if and only if
Ay (a,b) = 1. '
Before our work on f,’; (r)

fi , Which is defined as

, let us consider a general case of

f(r k) Tr?(axr(gm,l)) +Tr411(b13k2n; ), (6)

where a, b is defined as above and k € N.

When £ = 0 (mod 5), f{gfék) = Tr}'(az"@" =) + Tr](b)
is a special case studied by Charpin and Gong in [4]. In this
paper we only consider the case of & Z 0 (mod 5).

Proposition 6: The hyper-bent properties of fé’r,;k) can be
represented by that of f (r) efficiently, where a € Fon, b € Fyg,
kE#0 (mod 5).

Proof: For b € Fjg, b can be written as b = wf, where
w3 =1,0<j<4. Thus

) = Trf(wplab ) =

It is easy to check,

2" -1

T (w(BFa™ = )F).

Tr} (bxk

Trl (w 222 e )

=Tr} (w:1742n571) = Tr}(w?a® = )

] (wz 5 )=

Then Tr‘ll(ba:’62 ) =Tri(b'x z ), where b € F,.

Hence the result stands |

A step further, f b has following proposition.

Proposition 7: Let f.") be defined as (1) and (r,5) = 1,
then f,'; (r)
hyper-bent one, where a = a 5‘ € Fan, a < Fom, b b
ba~+ 55 € Fig.

Proof: Notice that Va € Fan, a = a £, where a € Fom,
€ =a?" 1 is a primitive 2" + 1-th root of unity in Fa» and
0 <7 <2™. We have

() =

is a hyper-bent function if and only if f (T), is a

T} (az" ") + Tef (b2 5 )
= Ti{(a (ar2) ")) + Tri(ba™ 5 (a¥2) *5)
= fi,r,)b, (a™7x),
i 2m

where b = ba~+ 25 € Fie.
Thus f (Tb) is linearly equivalent to f ] (r) . that is to say, f yg

is a hyper-bent function if and only if f Y is a hyper-bent
one. - ]

By Proposition 7, if a = a 5’ and = « = , we have the
following results

o fa (1) » 1s linearly equivalent to f ) b

o f( is linearly equivalent to f( bg2i"

o fa @) ; is linearly equivalent to f bsi-
. f(g’b is linearly equivalent to fi, )b i

By Proposition 7 and Proposition 6, when a € Fon,k €
N, b € Fy4, the hyper-bent properties of f "% can be fully
represented by that of férb), where a € ]Fgm7 b € Fq6. Since
the hyper-bent properties of fé}g had been studied elaborately
in [1], in the following parts of this Section we only consider
the rest cases of 7.

A. The Case of r =5

1) The hyper-bent properties of f , where a € Fom:
Proposition 8: Let n = 2m and m = +2, +6 (mod 20),
If b € {0} J{B%i = 0,1,2,3,4}, then the Boolean function
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! «5517) is not a hyper-bent function. Further, if b € i\ {30 <
i <4}, f 15517) is a hyper-bent function if and only if

> x(Trf(av)) = 1.

veV
Proof: By (5),
As(a,b) = 3 x (£ ()
uwelU
= > T (™ )T (o)
uelU

Notice that U =< & >, V =< & > and U =
EVUEVUEVUEV JEW. Then,

AS(a, b) = (7)
33 T b ) (T (el )
i=0 veV

=3 T T (€ ) T (T ()2 1P D))
i=0 veV

®)

Since (€592~ € V and m = £2,46 (mod 20), (5(2™ —
1), #V) = (5,225) = 1. Then v — (£7)2" ~152" =1 s
a permutation of V. Hence,

b)=> > X(Tri(b('v)

= ))x(Tr} (av))

i=0veV
4
= x(Tri(ve" = ) x(Trf (av))).
=0 veV
n_1 m_ 1, @M —1)(2™+1) m_ moyq_
As§25 :(oz2 L = p2"-1 = g2TH-2 o

B2,
b) =) x(Tr(66%)) (D x(Trf(av)))
i=0

veV

4
= x(Ti®8)) (Y x(Trf(av)). (9
i=0 veV
By (9), when b = 0, A5(a,0) =5 > x(Tr}(av)), and thus

veV

As(a,0) # 1. By Proposition 3, ffg
function.

When b # 0, b can be represented as b = w/3’, where
w3 =1and 0 <j <4. Then

is not a hyper-bent

4 4 4
D x(M@im8Y) =Y x(Tri(wp™)) = > x(Tri(wps)).
1=0 1=0 1=0 (10)

Since w® = 1 and w?* = w, we have

Trd (B7) = Tri(w' 8%) = Trd (wB™).

Ifw=1, i x(Tri (B = z x(Tr(8%)). As [ satisfies
1=0
B+ +p2+p8+1 = 0 Trl(ﬁ) = 1,4 # 0. Then

4
S° x(Tr}(bB?)) = —3. Therefore,
i=0

As(a,b) = —BZ (Tr?(av)), b= 57,0 < j < 4.

veV

By Proposition 5, f (%)
w # 1, we have

Bi is not a hyper-bent function. When

Tri(wp) + Tr}(wp?) = Tri(w(B + 52))
=w(B+ B+ B>+ BY) +w?(B+ B+ B+ B)
=1.

x(Trj(wp?) =
x(Tr}(wpB)) = 0. Therefore,

Then x(Tr}(wph)) +
X(Tri(wB?)) +

0. Similarly,

As(a,b) = x(Tr}(av)),b=wf 0 < j <4,0° = Lw# L.

veV

By Proposition 5, the second part of this proposition follows.
|
In Proposition 8, we Cons1der the hyper-bent properties of
the Boolean function f 3 form = £2,46 (mod 20). The
proposition below discusses the hyper-bent properties of f (®)
for m = 10 (mod 20).
Proposition 9: Let n = 2m, m = 10 (mod 20), a € Fam,
b € Fig. then the Boolean function ffb) is not a hyper-bent
function.
Proof: Notice that As(a,b) =
2" 1 n 5i\2™ 1 5(2™ _
Ym0 Lver X(Tr3 (€75 )X (Trf (a(€7)2" ~107(" = 1)),
Since m = 10 (mod 20), 25|(2™ + 1) and
(5(2™ — 1), WT'H) = 5. Then v — "D js a 5
to 1 morphism from V to V? := {v°|v € V'}. Therefore,

5(a,b) _522 (Trd (b5

i=0 veV>s

TON(T (a(§7)?" M),

Hence, 5|As(a,b) and As(a,b) is not equal to 1, By

Proposition 5, fa:r’b is not a hyper-bent function. u
By Proposition 8,
D x(Tri(av)) = > x(Trf (av®" 7).

veV veV

Notice that > x(Tr}(av)) = Sp in [1]. By Proposition 15

veV
in [1],

> x(Trf(av))

veV

- %[17Km(a)+2Qm(a)}- (1D

Further, By Proposition 16 and 18 in [1], we have the
following results.

Proposition 10: Let n = 2m, m = £2,4+6 (mod 20),
m > 6and b € Fi\{5%|0 < i < 4}, then ffb) is a hyper-bent
function if and only if one of the assertions (1) and (2) holds.

(1) Qm(a) =0, K\p(a) = —4.

2) Qm(a) =2™, Kpp(a) =2-2™ — 4.
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2) The hyper-bent properties of ffb) where a € Fan: In
this part, we always assume n = 2m, m = 2my, m; € N.

Lemma 2: Letb € Fig, v € {z € Fon : 2° = 1,2 # 1} =<
aQS;I >, then

4
4 AN 17 b5 7& 1
S n(Tv(n) = (Y Wi

Proof: Firstly, if b5 = 1,
4
Z (Tr] (07Y)) ZX Tri (y
i=0

= 1 + 4x(Tr{(7)) = -3
Secondly, if b° # 1,

4 4 4
S OX(Tri(by) = D> x(Tri*y™) =Y x(Tr}(b°)).
i=0 i=0 i=0
Since Vb € Fig, b= wiqi, 0<j <2, 0<i<4, we have

Z x(Tri(b)) =1+ Z (Tri(b

beF 16 beFg
2 4
=1+ Z Z x(Trf (Wi
7=011=0
4 4 4
=14 ) x(Tri(y)) + D x(Tri(wy)) + Y x(Tri(w®y))
i=0 i=0 i=0

— 1+ (=3) + 23 x((Triwy)).

Notice  that S x(Tri(b)) = 0, hence
beF16

Z?:o x(Tr}(by")) = 1, and the conclusion stands. |

Theorem 1: If a = d'¢', a° € Fym, the hyper-bent

properties of fésb) can be described as follows:
(1) when m = 10 (mod 20), f(") is not hyper-bent.

(2) when m = +2, 46 (mod 20), £.") is hyper-bent if and
only if 821‘ =1.
Proof: To the character sum of f((;b)

Ad'€',b) = 30 x(fE (W)

uelU

= 3 (T (@ g™ (T (bu )
uelU
4
=303 (M@ € () )N (T (b(eT) 7))
j=0veV
4
= D0 D XTI (T (a g T DT,
j=0veV
o (12)
If m = 10 (mod 20), then
(5, #V) = 5. By (12, A(a¢.b) =

53 00 Du evs X(Tr (06755 )X (Thf (a' €15 =1y,

whereV5—{v5\ueV}vl—>v5(2 "“Disabtol

morphism from V to V5 . Thus A(a'€%,b) # 1, and f( b i
not a hyper-bent function.

If m = £2,£6 (mod 20), then (5, #V) = 1. By (12) and
),
X(Try (a €'v))

(a'€b Z > x(Tri(657))

j=0veV
4
= (O u(mis)) (O x(Trf(d (€72 1)),
7=0 veV

n_ "
whereﬂ:a251,§251

then by (4),

= (3. Since 5 = 2 (mod 5),

e

A@'€,b) = (O X(Tri(v8))) (3 (T (a ()" v))

0 veV

.
Il

= (D x(Tri(b57)))Sai.

-

<
Il
o

By Lemma 2,

v Sv‘,, b5 1
A(aﬁ,b):{ T35, bsﬁl_

5 " i (5)
If° =1, 3| A(a &,b). Thus fa’gi,b
function.
If b° # 1, then f , is @ hyper-bent function if and only
if Sg, =1. | ]

is not a hyper-bent

B. The Case of r = 2

When b = 0, the hyper-bent propriety of f( 0 has been
studied by Canteaut et al in [2]. We consider the case of b # 0.

Proposition 11: Let a € Fam, b € Fi4, we have

(1) if b = 1, then As(a,b) = Sp — 2(S1 + S2) = 25y —
Ag(a, 0)

(2)if b € {B+82, 8+53, B2+8%, B2+ 581}, then Ay(a,b) =
So.

(3)if b= or B4, then Ay(a,b) = —Sy — 25,.

(4)if b= % or B3, then Ay(a,b) = —Sy — 25;.

(5)if b=1+p8 or 1+ B4, then Ay(a,b) = —Sy + 255.
6)if b=1+4p% or 1+ 3, then Ay(a,b) = —Sy + 251.
(7) if b= B + 54, then Ag(a, b) = So + 252 — 25’1

(8) if b= 52 + 53, then Ag(a, b) = SO - 2S2 + 2S1

Proof: Similar to proof of Proposition 13 in [1] the results
hold. ]
Corollary 1: Let a € Fom, b € F}, we have
@) ff) holds the same hyper-bent propertyies as f 1b2
(2) if b satisfies (b+1)(b* +b+1) = 0, then £°) holds the
same hyper-bent properties as fa‘b) .
Proof: (1) By Proposition 11 and Proposition 13 in [1],

A2(a7 b) = Al(a7 b2)

Hence f, ) ' is a hyper-bent function if and only if f, ) b2 1S
) Slmﬂarly, if b satisfying (b+ 1)(b* + b+ 1) = 0, then,

AQ((I, b) = A1 ((17 b)

Thus f 522 holds the same hyper-bent properties as f élb) . n
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C. The General Case of r

Theorem 2: Let n = 2m, m = 2 (mod 4), a € Fom and
b € Fig. If (r, 2) > 1, then fgb) is not a hyper-bent
function. Further, if (r, 25H) =1, then

() If » = 0 (mod 5), then f
hyper-bent properties.

(2) If r = £1 (mod 5), then f<7b and fig has the same
hyper-bent properties.

(3) If r = £2 (mod 5), then f( and ffb) has the same
hyper-bent properties. ’

Proof: Notice that

ZZXTrl 51

and ffb) has the same

TN (a() D))

=0 veV
4
= 303 (I (b )X (T (g ).
i=0veV
Let 4 = (2" — D #7) = (1 558, then Ar(a,8) =

431 X(TrH (b5 )) X, ey (T} (as”<2”-1 2"-0)),

where V¢ = {vdjv € V}. If d = (r, ) > 1, d|A a,b)

and A, (a,b) # 1. Hence, fa , is not a hyper bent function.
When d = (r, 25:1) = 1,

4
ZX T‘IA bfl
=0

If r=0 (mod 5),

4
= ST 5%) 3 AT (a7 )

) D (T (ag7 " D)),

veV
. (13)
5 = (3%, we have

i=0 veV
=D X(Tr}(68") > x(Trf (av)).
i=0 veV

Then A,(a,b) = As(a,b). Therefore, férg and ffb) has the
same hyper-bent properties.
If r =1 (mod 5), then

4
D)=y x(Tri(e* =
1=0

By Proposition 10 in [1], A.(a,b) = Ai(a,b). Hence, fgb)
and f (1) has the same hyper-bent properties.
Ifr=2 (mod 5), then

N Y XM (g D)),

veV

Zx Tr (e ™)) S x(Tr} (ag " D))
veV
= ZX(Tr%(bﬁgi))S%
=0

4 4
= > X(Tri(b8°))Sei = > x(Tr}(b3*))Si.
i=0 i=0
By Lemma 1 in [1],

Ar(a,b) =x(Tr}(b))So + (x(Tr}(bB)) + x(Tr1(b8*))) S
+ (X(Tr{ (58%)) + x(Tr1(b5%)))Sa. (14)

Hence, A.(a,b) = As(a,
hyper-bent properties.
If » =3 (mod 5),

A(a,b) =Y x(Tri(

D) 3 (T (ag¥ " D))

veV

4
X(Tr{(05%))S3; = Y X(Tri{(b8"))S:;
=0

|
-
o M%
o

0

From Lemma 1 in [1],

Ar(a,b) =x(Tr7(0))So + (x(Tri(b5)) + x(Tr{ (b5"))) S

+ (X(Tr} (08%)) + x(Tr1 (65%))) Sz (15)

Hence, A,(a,b) = As(a,b). From (14) and (15), we have
Asz(a,b) = As(a,b). Thus, fé,rg and ffg have the same
hyper-bent properties.

Similarly, if » = 4 (mod 5), then A,(a,b) = Ay(a,b) =

Aq(a,b). Thus, fgb) and f(g}b) have the same hyper-bent
properties.
Above all, the results stand. [ |

From the above discussion, we have the following results
on /).

Proposition 12: Let a € Fom and (r, QmT“) =1, then

(1) If $[1 — Kp(a) + 2Qm(a)] = 1, then the following
Boolean functions

@ £, b e Fi\{fi]i = 0,1,2,3,4}, r =0 (mod 5).

) ), r#0 (mod 5), b* +b+1=0.

are hyper-bent functions.

) If —=1[3(1 — K,n(a)) — 4Q,,(a)] = 1, then the Boolean
function ff’l) (r #20 (mod 5)) is a hyper-bent function.

Proof: By Theorem 2, (11), Proposition 8 and Proposition
16 in [1], this proposition follows. |

With Proposition 12, we can generalize Theorem 3 in [1]
to the following theorem.

Theorem 3: Let n = 2m, m = 2my, m; = 1 (mod 2),
my > 3 and (r, 2m5+1) = 1, If one of two assertions (1) and
(2) holds,

() p(z) =2 +z+at
—4.

(2) p(z) = 2° +  + a~! is irreducible over Fam. The
quadratic form q(z) = Tr7*(z(az? + az?® + a®z)) over Fam
is even. K,,(a) =2-2™ — 4.

Then the Boolean functions

(a) fé’b, beFi\{B]i =0,1,2,3,4}, r =0 (mod 5).

) 7). r#0 (mod 5), b* +b+1=0.

are hyper—bent functions.

Proof: By Proposition 16 and Theorem 3 in [1] and
Proposition 12, this theorem follows. ]

By Proposition 16 , Proposition 12 and Theorem 2 in [1],
W(e )have the following results for the hyper-bent properties of
faTb :

Theorem 4: Let n = 2m, m = 2my, m; = 1 (mod 2),
my > 3, (T,LSH) 1 and » # 0 (mod 5), then f(1 is
a hyper-bent function if and only if the following assertions
holds.

over Fam is (1)(2)? and K., (a) =

b). fé’}f and ff,)) has the same
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(D) plx) =2 +x+a?

(2) The quadratic form q(z) =
over Fom is even.

(3) Kim(a) = 4(2—2m).

If a € F,z, the hyper-bent properties of ftfr,f is

Theorem 5: Let n = 2m, m = 2my, m; =1 (mod 2) and
my > 3. If n # 12,28, any Boolean function in

is irreducible over Fom.
Tr" (z(az* + ax? + o))

{f \a S ]F2 m ,b S ]Fl()'} (16)
is not a hyper-bent function. Further, if n = 612, all
the hyper-bent functions in (16) are Tri?(az" —V) +

'Iﬁ(bxﬂz%), where r # 0 (mod 5), (r, ) = 1, (a+
N(a*4+a>+1) =0and b = B0 = 1,2,3,4. If n = 28,
all the hyper-bent functions in (16) are Tr?®(az"2""~1)) 4
Tr‘ll(bx&fl), where r # 0 (mod 5), (r,222) = 1, (a +
D(a"+a®+a®+a*4+a®+a?+1) =0and b = 3%, = 1, 2 3, 4.

Proof: Notice that a € F, . By Theorem 2, if f; b) is a

hyper-bent function, (r, 2 +1) 1.
2™ 41
5

Suppose (r, ) = 1. we first prove that f") is not a
hyper-bent function when = 0 (mod 5). By Theorem 2,
f irb) is a hyper-bent function if and only if f isb) is a hyper-bent
function. If b = 0,

As(a,0) = 3 X(T (@u®®" 1)) = 5 3~ x(Tr] (av
uelU veV
Hence, 5|A5(a,0) and As(a,0) # 1. Therefore, f 0 is not a
hyper-bent function. Then f, (ETS is not a hyper-bent function.
When b # 0, by Theorem 3, f(ifb)
and only if f (1) , (b +b' +1 =0) is a hyper-bent function. By
Theorem 5 in [1] ja b O+ +

function. Hence, fé‘b is not a hyper-bent function when r = 0
(mod 5). ' ’
Now we discuss the case r = £1 (mod 5) and (r, 2m'*'l) =

1. By Theorem 2, f; , is a hyper-bent function if and only if

is a hyper-bent function if

1 =10) is not a hyper-bent

f é , is a hyper-bent function. By Theorem 5 in [1], there are
only two cases. The first case is n = 12, where a and b satisfy

(a+1)(a®+a*+1)=0,b=pF"i=1,23,4.
The second case is n = 28, where a and b satisfy
(a+1)(a7

When r = 42 (mod 5) and (r, & 5+ ) = 1, we have similar
results.
Above all, this theorem follows. [ ]

+aS+a®+at4ad+a*+1) =0,b= 3% i =1,2,3,4.

IV. THE BENT PROPERTY OF férb) WHEN m = 0 (mod 4)

In this section we consider the bent properties of fyg s
where m =0 (mod 4), a € Fon, b € Fyg. ’

Proposition 13: Let a = a'¢* € F5n, b€ Fig, a e Fom,

0 <k<2" m=0 (mod4), m = 2m;. One necessary

condition for f(r) to be a bent function is: (r,2™ + 1) = 1,

€ Fam \ Famy, b5 #1, Xy (0) =2 and Ko (a ) = —4.

Proof: Notice that Vo € F}., x = yu, where y € F3..,

u €U =< a? ' > Since m =0 (mod 4), 5| 2™ — 1.

).

271 m 2m 1
Thus v 5 = (u?"TH)™=

spectrum of fi,?

= 1. Now, consider the Walsh
at 0, which is

L (0= D7 XUD@) =143 > X ww)

x€Fon uwel yeFs,

=1+ > > (T} (a(yu)" " ~D)x(Tr} (b(yu

)5T)

uel yeFs,,
(oM _ —1
=1+ > x(Trf(au®" 1) > x(Tri(by 5 ) (D
uelU yEFm

4
F.. can be written as .. = |J 8°V, where V = {z° |
i=0
z€Fsm}, fEFs\V.
If (r(2™ —1),2™ + 1) = 1, by (17),

Xf(ﬂ (0)
4
L+ 7 X (T €bur@ D) ST 5y (T (b(wph) 5 )
uelU =0 veV
4

=1+ Z (Tr? (0 u) Z Z )((Tlril(bﬂi2 571))

uelU =0 veV

4

—1+Z (Tri( au )ZZ (Tri (7))

uelU veV =0

L2 1 i

=1+ —»ffnlaz))Agjgggfggg;x(1¥1(bvl>% (18)

(r(2m—1),2"+1) = 1, u+ *u"@" =1 is a permutation in
U, ¥ x(Tf(au?" 1) =1 - Kp(a). y= 875 #1isa
uelU

5-th primitive root of unity in Fon . If f, (r) b is a bent function,

2m —1

%50 (0) = 1+ (Ko a) -1)(

By Lemma 2,
4 .
() if 35 x(Tri(by")) =
i=0
1)(Kp(a') —1) = =5(2™ + 1). Since K,,(a) is an integer,
however (21,2 4 1) = 1, Neither of the two equations

—3, then K,(a’) = § or 3(2™ —

stands, thus f () b is not a bent function.

() if z x(Tr¥(by%)) = 1, which means K,,(a) = —4,
i=0
)?fug (0) = 2™, or (2™ — 1)(Kyu(a) — 1) = 5(2™ + 1),
)?fm (0) = —2™. Since (27"5—_1,2m + 1) = 1, the last group
a,b

of equations can not stand. By Lemma 1, if a € Fymi, then

Kon(a') # —4.

4
=)D x(Tri(hy)) = £27.
1=0

864
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If (r(2™ —1),2" +1) =d > 1. Since 5 | 2™ — 1, 5 { d.
By (17),
X =

4

1+ 3 (@ (a9 S 3 (T b(op)

uclU =0 veV

4
=14+d Z (Tr} (au )T ZX(TT%(Z)’YI))
i=0

u' eUd

)

m

4
2m 1 ;
=1+ dh=—— Y x(Tri (b)),
i=0

where U? = {u? | u € U}, u = u"@" "V isad to 1
morphism from U to U?, h =Y/ cypa X(Tr} (au)). If f b s
a bent function,

4
o 2m —1 i m
Xy (0) = 1+dh(T)ZX(Trz1l(b’Y ) = +2™.

' i=0

By Lemma 2,

(D) if Z x(Tr](by?)) = —3, then 3dh = —5 or 3dh(2™

1) = 5(2m +1).

(2) if Z x(Tri(by")) =1, then dh =5 or dh(2™—1)

—5(2™ + 1)
Notice that d > 1, 5¢d, 312m 4+ 1, (2™ —1,2" 4+ 1) =
all of the above equations can not stand.

Above all, the results follow. [ ]

V. CONCLUSION

This paper considers the bent and hyper-bent prog)emes
of the Boolean functions f( ") of the form f

TP (az™@" =) + Tr (ba” 571), where n = 2m, m = 2k
(mod 4), k € {0,1}, a € Fa» and b € F15. When m = 2
(mod 4), we give a detailed description of the hyper-bent
properties of f érb) , and prove that the hyper-bent properties of
f yb) can be characterized by that of I (r) ,/» Where a = a¢e

Fon, a € Fom, b, bV =ba—+ 5 € IFlG We also prove that
f(grb) is not a hyper-bent functlon unless n = 12 or n = 28
when a € F,» . Further, we give all the hyper-bent functions
for n = 12 or n = 28. When m = 0 (mod 4), we give a
necessary condition for j;rb) to be a bent function. To those

strict restrictions, it seems fgb) can not be bent. In fact with
the help of computer, we have checked all of the functions
which satisfy Proposition 13 for m = 4,8, and find that none
of them is bent. Thus we guess when m = 0 (mod 4), fig
can not be bent.
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