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Synchronization for impulsive fuzzy
Cohen-Grossberg neural networks with time delays
under noise perturbation

Changzhao Li, Juan Zhang

Abstract—In this paper, we investigate a class of fuzzy Cohen-
Grossberg neural networks with time delays and impulsive effects.
By virtue of stochastic analysis, Halanay inequality for stochastic
differential equations, we find sufficient conditions for the global
exponential square-mean synchronization of the FCGNNs under
noise perturbation. In particular, the traditional assumption on the
differentiability of the time-varying delays is no longer needed.
Finally, a numerical example is given to show the effectiveness of
the results in this paper.

Keywords—Fuzzy Cohen-Grossberg neural networks(FCGNNSs),
Complete synchronization, Time delays, Impulsive, Noise perturba-
tion.

[. INTRODUCTION

N recent years, the well-known Cohen-Grossberg neural

networks [1] has been extensively studied due to their ex-
tensive applications in many fields such as pattern recognition,
computing associative memory, signal and image processing
and so on, see [2-5] for examples. In these applications,
stability of the model is prerequisite.

In reality, the uncertainty or vagueness is unavoidable. In
order to take vagueness into consideration, fuzzy theory is
considered as a suitable method. Fuzzy cellular neural network
(FCNN) was first introduced by Yang et al. in 1996 ([6]),
it combines fuzzy logic with traditional CNN. Studies have
shown the potential of FCNN in image producing and pattern
recognition. In such applications, it is very important to ensure
that the designed FCNN be stable. Some results on stability
have been derived for the FCNN (see [7-9] for more details).

In 1990, Pecora and Carrol [10] introduced a new concept-
synchronization of coupled chaotic systems to force the re-
sponse of the slave system to synchronize the master sys-
tem. The control and synchronization problems of chaot-
ic systems have been intensively investigated due to their
potential applications in various fields [11-16]. There are
several different master-slaver synchronization schemes which
have been described theoretically and observed experimentally.
These include complete synchronization (CS) [17], generalized
synchronization (GS) [18], lag synchronization (LS) [9,19,20],
anticipating synchronization (AS) [21], and so on.

Meantime, time delays occur so often in many processes,
even in almost every situation, that to ignore them is to ignore
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reality ([22]). On the other hand, many evolution processes are
characterized by the fact that at certain moments of time, they
experience a change of state abruptly, that is, in the form of
impulses. There are lots of results about synchronization of im-
pulsive delayed dynamic systems, one can see [7,9,12,23,24]
for more details.

Besides, noise is omnipresent in nature and in man-made
systems. And in the processes of applications, synchronizing
effect is influenced by noise unavoidably. Recently, the syn-
chronization of systems under noise perturbation has become a
field of great interests. In [25], by virtue of stochastic analysis,
Halanay inequality, complete synchronization is investigated
for impulsive delayed Cohen-Grossberg neural networks under
noise perturbation. In [26], based on the Lyapunov stability
theory, sufficient conditions on the exponential synchroniza-
tion are obtained for a class of stochastic perturbed chaotic
delayed neural networks with constant delay.

To the best of our knowledge, however, there are few results
for synchronization of impulsive fuzzy neural networks under
noise perturbation. So, in this paper, complete synchronization
of impulsive fuzzy Cohen-Grossberg neural networks with
delay under noise perturbation will be studied.

Motivated by the above discussion, in this paper we in-
vestigate a class of fuzzy Cohen-Grossberg neural networks
with time-varying delays and impulsive effects described by
the following system:

dt

= a;(zi(t)) | — Bi(zi(t)) + i:léijuj s
+ _/Z\1 aij fi(z;(t)) + /_/:\1 bij f(x;(t —75(1)))

+ A Tpg + Vi fi(25(0))
i= i=

+ _\n/1 dij fi (25 (t = 75(t))) + _\n/’1 Hijps |, t# tr,
ad

Z’Z(tk) = Z’Zzt;) + Izk(l’z(t;)), t = tg,

()
for i = 1,2,...,n; k = 1,2,..., where x;(t) is the ith
neuron state, «;(z;(t)) represents an amplification function,
Bi(x;(t)) is an appropriately behaved function, f; denote the
activation function, 7;(¢) is time delay of jth neuron and
corresponds to finite speed of axonal signal transmission at
time ¢, 6;; are elements of fuzzy feed-forward template, a;;, b;;
are elements of fuzzy feedback MIN template, c;;,d;; are
elements of fuzzy feedback MAX template, T;; and H;; are
elements of fuzzy feed-forward MIN template and fuzzy feed-
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forward MAX template, respectively. A and \/ denote the
fuzzy AND and fuzzy OR operation, respectively. p; and
I; denote input and bias of the ith neuron, respectively. ¢
is called impulsive moment and satisfies 0 < ¢} < t3 <
Jimy oot = 4005 ;(t;, ) denotes the left limit at ¢y;
L(e(t0) = (@ (t), Do @s(t0), - - Lo ()T,
Lk (z;(tr)) shows impulsive perturbation of the ith neuron
at tg.
Remark 1.1: In system (1), if Ij(z;(tx)) = 00 =
1,2,...,n;k =1,2,...), then system (1) turns to continuous

FCGNN
d.%'z(t)
1 = 0| - sl +]Zf”’“”“

+ N\ aifi(a; () + /\ bisfi (@t = (1))

j=1 j=1

+ A\ Twi + \) cisfi((1)
j=1 i=1

£V dfilaste =)+  Hon|

j=1 j=1

Throughout this paper, we assume that

(H1) «;(u) is a continuous function, 0 < «;(u) < @; (@; is a
constant.) and there exists L§* > 0 such that

|i(u) — i (v)] < Liffu — v

forall u,v e R, i =1,2,...,n.

(Hs) “i(“)ﬁi(it:fi(“)ﬁi(m > > 0, for all u,v € R, u #
v,1=1,2,...,n

(Hg) f; is bounded and Lipschitzian, that is, there exists

constants Mj,LJf. > 0 such that

fiw) = f;(v)

<Mj;, L] =s
f5 (w)] 31;13\ P

|, u#v,

i=1,2,....n

(H,) There exist constant A;;, > 0 such that | L, (u) — Lix (v)] <
Aiklu — o] for all u,v € R,i = 1,2,...,n,k =
1,2,....n

The initial value conditions of system 1 are given by
zi(s) = @i(s), s € [-7,0,i=1,2,...,n,

where p € PC([-,0], R").
Let

Zx lell = sup Jle(s)]-

G[—T,O

The response system with noise perturbation is defined as

follows:

dy(t) = {axyi(t)) [ i)+ 3 Gy + 1,

+ /n\ ai fi(y;(t) + 7\ big fi(y;(t = 75(t)))
+ /\ Tijpj + \/ CszJ(yJ( ))

f=
+ V dij f; yj(t*Tj(t)) + \/ Hijpj

j=1 j=1

() - mi(t))}dt

+ 3 oy ((t) — =(2).(t — (1)

—(t 7 (H)AW, (), £ # .

yz(tk) yz(tk ) + Ilk(yl(tk ))7 t = tg,
yi(s) = i(s), se[-7,0], i=1,2,...,n o
where o (t,u,v) = (¥ (t,u,v),...,0L(t,u,v)) : Ry x

R"™ x R* — R"™ is called the noise intensity matrix,
W = (Wy,...,W,)T € R" is a n-dimensional Brownian
motion defined on a complete probability space (92, F, P)
with a natural filtration {F;}i>0, y(t) — z(t) = (y1(t) —
21(t), - yn(t) — 2 ()T, y(t — 7(1) — 2t — 7(t)) =
(W (t—7(D) ~ 21 (t—7()),.. .yt — (D) —walt— ()7,
P € C’%O[[—T, 0], R™] denoted the family of all bounded Fjp-
measurable and C[[—, 0], R"]-valued random variables with
norm [|0|% = sup EllY)% = max sup{r;(t)}, and
s€[—7,0 J=12,...,ncR
E{-} stands for the mathematical expectation operator.

Throughout this paper, we always make the following
assumption:

(Hs) Assume that o(t,u,v) satisfies the Lipschitz condition

and the linear growth condition, and there exist p;;, ¢;; >
0 such that

Z (pijui + @ijvy).  (3)

oi(t,u,v)ol (t,u,v)

The condition (Hjs) guarantees the global existence and
uniqueness of the solution of system (2)(see [27] for more
details).

Let e;(t) = y;(t) — x;(¢), then the error dynamical system
between the drive system (1) and the response system (2) is
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given as follows:

aes(t) = { = [0 00 - s (a1
(mmm (i) T
Feuli)] A i)~ A o fites0)

j=1

+ A bl =7 (0)

= A Buafi(eit =) + V eiafilas(0)
32%Mm»+vmmm< (t))
= Vit = 73]
%m@@%a@ﬁM[&%ﬁww>
+ A bufsait =) +

+ \/ dij f(x;(t

n

V cijfi(w;(t))

(0] - eiest)

+¥%(t e(t),e(t —7(1))dW;(t), t # t,
ei(te) = ei(ty) + Lik(yi(ty,)) — Lik(zi(ty)), t = ti,
ei(s) = ¢Z(S), se[-7,0], i=1,2,...,n @

where I; = Z Oijhy + 1i + /\ Tijps + \/ Hijpu,
j=
The orgamzatlon of the rest of this paper is as follows:

In Section 2, we introduce some notations and definitions,
and state some preliminary results needed in later sections.
In Section 3, we establish our main results by constructing a
proper Lyapunov functional. In section 4, we give an example
to illustrate our results.

Subsection text here.

Subsubsection text here.

II. PRELIMINARIES

In order to obtain our results, we need the following
definition:

Definition 2.1: The drive system (1) and the response sys-
tem (2) are said to be globally exponentially square-mean
synchronized if, for a suitably designed feedback controller,
there exist constant A > 0 such that for any ¢ > 0,

Elly(t) — 2()|* < Elly(0) — 2(0)[[Fe™™,

where e(t) is any solution of system (4) and the constant A is
defined as the exponential synchronization rate.

Before stating our main results, we need a few more
notations. Let C2(Ry x R"™ R,) denote the family of
all nonnegative functions V' (¢t,x) on R4y x R™ which are
continuously twice differentiable in x and once differentiable
in t. For SDE

dz = f(tax(t)7wt) + O’(t, I(t)7$t)dW(t)v (5)

where x; = x(t — s),s € [-7,0]. For each V € C12(Ry x
R", R, ) define an operator £ associated with system (5)

acting on V' by

LV (t,z) = Vi(t,x) + Va(t,z) f(t, 2, y)
+%tmce[aT(t,m,y)Vm(t,ar)a(t,x,y)],
where
IV (t,x IV (t,x IV (t,x
‘/t(t>x):%)vvm(tam):( 8(11 )77 6(1. ))7

Veoltir) = (i) .

The following lemmans aﬁre useful for the proof of our main
results of this paper.

Lemma 2.1: [12] For any i € {1,2,...,n}, suppose u and
v are two states of system (1). Then we have

N @iifiCug) = \ aisfi(v5)
-1 j=1

<3 e[ £5(uy) = £5(0))]

=1

= fj UJ)‘

Z!Bi]vaj uj)

1) =\ Bij f(v;)
j=1
Lemma 2.2: (Halanay inequality)[25] Assume that there
exist k1 > ko > 0,y(t) € Clto — 7, to] is nonnegative, and
DFy(t) < —kiy(t) + ka7(t),

sup {y(s)},7 > 0, then
t—7<s<t

where g(t) =

y(t) < glto)e M)t > 1o,
where A is unique solution of the equation
A= ki — ko

Lemma 2.3: [25] Assume that there exist k; > ko > 0,V €
01’2(R+ X RH,R+), and

LV (z,y) < —kiV(x) + kV (y),

then

EV(z(t)) < EV(2(0))e™,t >0,

where EV (x(t)) = sup EV(x(s)), A is unique solution of

t—7<s<t
the equation A = k; — koe?™, x(t) is any solution of system

%).

III. MAIN RESULT

Our main result of this paper is as follows:
Theorem 3.1: Assume that (H,) — (Hs) hold, furthermore,
suppose that
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(i) k1 > ko, where

]{51 = _1’{1111 {2"” + 251' - QL?(E + NL)
—Z [@'L;”aiﬂ + [biz| + leis] + dij))
j=1
+a; LY (|ajil + |cjil) + 2pji] }7
b = gﬁgn{zl [, L (jal + ) + 2451] },
iz
Ni = N laijIM; + N [bi | M;
j=1 j=1

+\/ e 1M + \/ |dij | M;

j=1 j=1
(i1) Ap < ePA=AT where A = . max {(1—&—)%) AL =

tr —tk_1,k = 1,...,n,tg = Od < @ < A A is the
unique solution of the following equation A = k; —koe”
Then system (1) and system (2) is globally exponentially

square-mean synchronized.
Proof: Let V(e(t)) = 3 > e?(t). Then, by (4), we obtain

£v () = Y- es] = [t )0

i=1

— (i) i(i(0)] + (m(yf(t)) - cw(xf(t)))fi

+ai (yi(t {Z\la”fj y;(t /\ aij fi (x5 (t

+ /}1 bis £y (¢ = 75(1))) — /}1 bij f(x;(t = 3(1))
+ \/ i £5(0; (1) — \Tl/lcijfj<xj(t>>

+ \/ld”f] y;(t — 75 \j/ dij £ (a; (t j(t)))}
ottt o )[/n\ e

j=1

\/ cijfi(z;(t

3

/\ bij fi(x;(t

P\ oyt~ m(0)] - Eiei(”}

Jj=1

+%trace[UT(t e(t),e(t —7(t))o(t,e(t),e(t —

IN

S e =)+ 150+ Nl
+a: [ (i + les )L les (1)

320l + W) e (6 = 7560 —eiem}

IN

IN

+1t [
5 tracelo

+a: [ Y (laij| + lei ) L2

+ 3 (Ibig] + dig)) L] =

T(te(t),e(t — 7(1))o(t, e(t), e(t — 7(1)))]

n

S {l- e Lo Mo

i=

d S0+ ()

- 2
Jj=1

2(25—7']

j=1

+me et - w))}

n

Z[—’Yi—6i+L?(fi+Ni)

i=

+

+

P33 (U

1

i (ailé‘t(‘aij‘ + 1bij| + leiz| + |dijl)
2

j=1

a; L] (|aji| + |cji])

Al el o, e
J(Ibjil + |dsa)

—] 2 4 qy)el (t—i(t)

i=1 j=1

< —]ﬁV(t) + kQV(t)

Since k; > ko, by Lemma 2.3, it follows that

EV(t) < EV(t;)e %) 1 € [ty tria).

Because of

EV(ty)

hence,

<
i=1

EV(t)) < A EV(t

k) Lk (yi(ty) —

EZ (ei(t

(L+Xiw)? o,
EZ #e%(tk)

Lin(zi(t;)))?

D) < AMEV(0)e M,

T(t)))}hen for t € [tl,tz),

EV(t) < MEV(0)e =7,

Repeating the above process, when t € [tx, tk+1),

EV(t) < Ay AyEV(0)e k7
< euAtl . GHAtkW(O)e_M
_ Eiv(())e/z(tkftg)ef)\t
< EV(0)e~ w1,
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Then

Ele®)|* =

(Ze )) < ol e 0.

Therefore, system (1) and system (2) is globally exponentially
square-mean synchronized.

This completes the proof. |

From Theorem 3.1, we can easily obtain the following result
about the continuous FCGNN described in Remark 1.1.

Corollary 3.1: Assume that (H,)— (Hs) hold, furthermore,
suppose that the condition (¢) in Theorem 3.1 is true, then
the system described in Remark 1.1 is globally exponentially
square-mean synchronized.

Remark 3.1: For our model (1), the time delays 7;(¢) can
be constants 7;;, then system (1) turns to be system (1) in
[23]. By Theorem 3.1, we can obtain the similar results about
system (1) in [23]. Meantime, if the amplification function
a;(z;(t)) = 1, behaved function f;(z;(t)) = B;x;(t) where j;
are constants, we can have some special cases for our model,
and they have been studied by many papers.

Remark 3.2: In Theorem 3.1, the traditional assumption on
the differentiability of the time-varying delays is no longer
needed. Therefore, our results are more general and easy to
be verified.

Remark 3.3: In this paper, the amplification function and
the activation function are required to be bounded, which
is a strict condition, to make fuzzy Cohen-Grossberg neural
networks synchronized. Therefore, the synchronization of im-
pulsive fuzzy Cohen-Grossberg neural networks without the
boundedness condition of the two functions remains to be
further research.

IV. AN EXAMPLE

In this section, an example is given to demonstrate the
results yielded above.

Example 4.1: Consider the following two-dimensional im-
pulsive fuzzy Cohen-Grossberg neural networks with time-
varying delays (i = 1,2):

d xX; (t)

T = e 0) = Bt + 35 A + 1
+ /2\ ai; fi(@;(t)) + /2\ bij fi(x;(t —7;(t)))
+ /7\ Tijps + V cijfi(z;(t))
+ \/ dij [ (2;(t — 75(1))) + V Hijus |, t # tr,
xi(ty) = (t )—&—kosln(:pl(t ), t—tk,
(6)
where a;(z;) = T+ 1+x2,51($1( ) =1. 4$1( ), Ba(x2(t)) =
16I2() f]( ) = tdnh{l}’ aijl = 18 aijp = —0]. az1 =

—2, o9 = 04, b11 = —1.7, b12 = —0.6, b21 = 05, b22 =
—2.57 C11 = 027 Cig = 06, Co1 = 02, Co2 = 04, d11 =
0.3, d12 = 02, dgl = 05, dgz = 02, 5ij = Ti]‘ = Hij =

My = 1, 11 = 1,.[2 = —0.5, Tl(t) = TQ(t) = %.

The response system with noise perturbation is defined as
follows

dww=@mxw M%D+Z@M+I

+R%MWW+A%MMFUW)
+ /_\ TZJMJ + \_/ Czyf] ?/7( ))
+V%L%@ﬂﬂm ©V Hyp

=1

yi(t) — xi(t)) }dtJr[i( — emui(D—i(0))

=1

Jj=

+ei(
2
Z (1 — e w =)= (=7 ()]q

Wj(t)7 t# ty,
=1
yi(te) = yz(t;)+kobln(yz( $)) =t
yi(s) = i(s), s€[-7,0], i=1,2.
@)
where €1 = 1,65 = 3.
By simply calculation, 7 < oy(2;) < 8,M; = Lf =

1,L? = 0.5,’71 = 9.1,’}/2 = 10.4,7’ = 1a/\ik = ko,pi]’ =
¢i; = 4,4, = 1,2,k = 1,2,.... Then condition (i) is
satisfied in Theorem 3.1. So there exists A € (0, 1) such that
X = k1 — koe?™. Choose j = % and as A, > %;ko) +1,
condition (47) is satisfied in Theorem 3.1. Therefore, system
(6) and (7) are globally exponentially square-mean synchro-

nized.

V. CONCLUSION

This paper considers the global exponential square-mean
synchronization of the FCGNNs, which is one of the most
popular and typical network models. To the best of our
knowledge, there are few results for synchronization of im-
pulsive fuzzy neural networks under noise perturbation. Some
sufficient conditions are obtained about the global exponential
square-mean synchronization of the FCGNNs under noise
perturbation. In particular, the traditional assumption on the
differentiability of the time-varying delays is no longer needed.
However, there are also some work worth further studying,
such as the impulsive effects on the FCGNNSs.
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