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Abstract—To date, theoretical studies concerning the Carbon 

Fiber Reinforced Polymer (CFRP) strengthening of RC beams with 
openings have been rather limited. In addition, various numerical 
analyses presented so far have effectively simulated the behaviour of 
solid beam strengthened by FRP material. In this paper, a two 
dimensional nonlinear finite element analysis is presented to validate 
against the laboratory test results of six RC beams. All beams had the 
same rectangular cross-section geometry and were loaded under four 
point bending. The crack pattern results of the finite element model 
show good agreement with the crack pattern of the experimental 
beams. The load midspan deflection curves of the finite element 
models exhibited a stiffer result compared to the experimental beams. 
The possible reason may be due to the perfect bond assumption used 
between the concrete and steel reinforcement. 
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I. INTRODUCTION 
PENINGS are usually found in floors due to staircase, 
elevators, ducts and pipes. Openings are provided 

through the floor beams to facilitate the passage of utility 
pipes and service ducts. These service ducts are to 
accommodate essential services such as conduits, power 
supply, water and drainage pipes, ventilation system, air-
conditioning and network system access or even for inspection 
purposes in beam structures. These arrangements of building 
services resulted in a significant reduction in headroom, 
minimize the storey height and results in major savings in 
material and construction cost especially in multi-storey 
buildings and tall building construction. [1]. 

However, the presence of opening in the web of a 
reinforced concrete beams resulted in many problems in the 
beam behavior including reduction in beam stiffness, 
excessive cracking and deflection and reduction in beam 
capacity. Furthermore, inclusion of openings leads to high 
stress concentration around the openings especially at the 
opening corners. The reduction of area in the total cross 
sectional dimension of a beam changes the simple beam 
behavior to a more complex one [2], [3]. 
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Strengthening of beams with openings primarily depends on 

the condition of building services either pre-planned or post-
planned. In the case of pre-planned, the sizes and locations of 
openings are known in advance during the design stage. Thus, 
sufficient strength and serviceability of beams with opening 
can be ensured before construction. Although no specific 
guidelines or standards are provided in any of the major codes, 
the design engineer can extract the necessary information and 
guidelines reported in the literatures [1]. To restore the 
original structural capacity of beam due to openings, the 
available literatures [4], [5] presented the role of diagonal bars 
as corner reinforcement and inclined reinforcement for 
strengthening around the opening [6]. Steel reinforcement 
provided at the upper and lower chords and diagonal 
reinforcement placed around the opening are considered as 
internal strengthening. 

For the case of post-planned, it involves drilling of openings 
in an existing structure. Problems may arise during the laying 
process of utility pipes and ducts. During the process, M&E 
engineers request to provide or re-locate the position of 
opening to simplify the arrangement of pipes and ducts which 
is not considered in the design. If openings are to be provided 
in existing beams especially in the shear zone, sufficient 
treatment and attention is needed to ensure the safety and 
serviceability of the structure. In general, shear failure of 
concrete structures is catastrophic due to the brittle nature and 
the fact of no advance warning prior to failure. Thus, in an 
existing beam, strengthening externally around the opening is 
crucial with the use of external reinforcing material, such as 
steel plates or by fiber reinforced polymer (FRP) materials. 

The application of FRP as external reinforcement to 
strengthen concrete beams has received much attention from 
the research community. The most common type of FRP in the 
concrete industry is made with carbon, aramid or glass fibers. 
The FRPs are usually in the form of sheets, strips, wraps or 
laminates. These materials were applied by bonding it to the 
external surfaces of the beams with various configurations and 
layouts. The use of FRPs to repair and rehabilitate damaged 
steel and concrete structures has become increasingly 
attractive due to its well-known good mechanical properties, 
particularly with its high strength to weight ratio and low 
weight. Numerous experimental studies have shown that 
externally bonded FRP laminates could significantly increase 
a member’s stiffness and load carrying capacity, enhance 
flexural and shear capacities, providing confinement and 
ductility to compression structural members and also controls 
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this study, rotated crack model is adopted based on the 
smeared crack approach. Poisson’s ratio for concrete was 
assumed to be 0.2. Fig. 3 shows the uniaxial stress strain law 
for concrete. 

 
Fig. 3 Uniaxial stress strain law for concrete 

 
The steel is represented by multi-linear law which consists 

of four lines as shown in Fig. 4. This law allows a linear 
modelling all four stages of steel behaviour: elastic state, yield 
plateau, hardening and fracture. The stress and strain of the 
steel reinforcement were measured in the experimental study. 
These values were used in the FEM model. A Poisson’s ratio 
of 0.3 was used for steel reinforcement. The bond between 
steel reinforcement and concrete was assumed as a perfect 
bond. A linear elastic orthotropic constitutive relation is 
assumed for the FRP composites. A rupture point on the stress 
strain relationship for the fiber direction defines the ultimate 
stress and strain of the FRP.  

 

 
Fig. 4 Multi-linear stress strain law for reinforcement 

 

B. FRP/Concrete Interface  
A bond slip model developed by Lu et al. [16]  shown in 

Fig. 5 is adopted. This bond slip model is considered as an 
accurate bond slip model that can be incorporated into finite 
element analysis [17]-[20]. The mechanical behaviour of the 
FRP/concrete interface is modeled as a relationship between 
the local shear stress, τ  and relative displacement, s between 
the CFRP laminate and the concrete. The τ –s relationship is 
given by [17] 

 
τ = τmaxඥݏ/ݏo       if s ൑  o                                                                            (1)ݏ

 

τ = τmax exp[-α (s / ݏo -1)]   if s ൒  o                                                      (2)ݏ
 
The maximum bond strength τmax and the corresponding slip 

 o are governed by the tensile strength of the concrete ft and aݏ
width ratio parameter βw as follows: 

 
τmax =    1.5βwft                                                                                                      (3) 

 
 o  = 0.0195βwft                                                                                                    (4)ݏ      

 
The parameter βw is defined in terms of the CFRP laminate 

width bf and the width of the beam bc as follows: 
 

βw =ට2.25 – bf/bc

1.25 + bf/bc
                                                                                                  (5) 

 
The area under the τ –s curve indicates the interfacial 

fracture energy Gf which corresponds to the energy per unit 
bond area required for complete debonding; which is 
calculated as follows: 

 
Gf = 0.308β2

wඥ݂t                                                                                                 (6) 
 
The difference in relative displacement between the 

concrete and CFRP laminate represents the slip at the 
interface. The interface elements are considered to act only in 
the directions parallel to the main fiber reinforcements. 

 

 
Fig. 5 Bond slip model 
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C. Geometrical Modeling 
To represent the concrete, SBETA material model for two 

dimensional plane stress elements was used. The tensile 
behaviour of concrete is modelled by nonlinear fracture 
mechanics combined with the crack band method, in which 
the smeared crack concept is adopted. The steel reinforcement, 
stirrups and CFRP laminates were modelled by a single 
straight line in a discrete manner by bar reinforcement 
elements. Full bond is assumed between the steel 
reinforcement and the surrounding concrete. The bond slip 
relation of CFRP and concrete was defined in bond for 
reinforcement material and assigned in the properties of 
discrete reinforcement bar of CFRP.  

D. Nonlinear Solution 
In this study, a displacement-controlled incremental loading 

method was adopted with an iterative solution procedure 
based on the Newton-Raphson method was employed.  

IV. NUMERICAL RESULTS AND DISCUSSION 
The results presented in the following sections are given in 

terms of load versus mid-span deflection curve relationships 
and crack patterns.  

A. Load Deflection Curves 
The load deflection curves obtained for control beams, un-

strengthened and strengthened beams with large square 
openings in shear region are illustrated in Fig. 6. 

Fig. 6a depicts the load deflection curves of control beams, 
B1 and B2 from experiments and FEM analysis. The control 
beams were solid beams without any openings. Similar trend 
of load deflection curves was observed between FEM and 
experimental results for the control beam. The FEM analysis 
predicts the beam to be stiffer and stronger. The possible cause 
for the difference in stiffness between the control beam in the 
experiment and the finite element analysis is due to the 
assumed perfect bond between concrete and steel 
reinforcement.  

For the un-strengthened beams with large square openings 
in shear region at distance 0.5d and d away from the support, 
B3 and B4 which are shown in Fig. 6b, the results of both 
FEM models are close to identical, both demonstrated a stiffer 
trend than the experimental results. After the cracks started to 
appear, the perfect bond models increasingly overestimate the 
stiffness of the beam. Similar as in the control beams, the 
possible reason may be due to the assumed perfect bond 
condition between concrete and steel reinforcement. 

The load deflection curves of the strengthened beams with 
CFRP fully wrapped around the large square openings in shear 
region at distance 0.5d and d away from the support, B5 and 
B6 are illustrated in Fig. 6c. After incorporating the bond slip 
model which defined in the discrete reinforcement properties 
of CFRP, almost similar trend was obtained between both 
FEM models compared to their respective experimental 
results. At early stage before initial crack, it was observed that 
the stiffness of beam B6 in finite element model are closely 
matching to the stiffness of experimental beam. Likewise, the 
second point of cracking at 1 mm deflection, a slight drop was 

observed in all FEM and experimental curves. In the range of 
yielding of reinforcement to failure, the load deflection curves 
of both FEM models were comparable with the load deflection 
curves of both experimental results. 

 

 
Fig. 6 Load deflection curves of beams, obtained by experiment and 

finite element method 

B. Crack Patterns 
Fig. 7 shows a comparison between principal strain 

obtained from the finite element analysis and crack patterns 
obtained from the experiments for the control beam B1; un-
strengthened beam with large square openings in shear region 
at distance d from the support, B4 and strengthened beam with 
CFRP fully wrapped around the large square openings in shear 
region at distance d from the support, B6. The cracks obtained 
in the experiments and in the simulations are similar. This 
indicates that the model can predict the mechanisms of 
fracture in the beams. 
 

(a) Control beams 

(b) Un-strengthened beams 

(c) Strengthened beams 
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Fig. 7 Comparison between principal strain from FEM analysis and crack pattern from experiments 

 
V. CONCLUSION 

In this study, a two dimensional nonlinear finite element 
analysis was conducted to validate the results of the 
experimental beams. It is shown that the simulation is capable 
of predicting the crack pattern and load deflection relationship 
of beams. The predicted crack pattern in FEM shows good 
agreement with the crack pattern of the experimental beams. 
Meanwhile, the load midspan deflection curves of the finite 
element models exhibited a stiffer result compared to the 
experimental beams. The possible reason may be due to the 
perfect bond assumption used between the concrete and steel 
reinforcement.  
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