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Stochastic Comparisons of Heterogeneous Samples
with Homogeneous Exponential Samples

Nitin Gupta and Rakesh Kumar Bajaj

Abstract—In the present communication, stochastic comparison
of a series (parallel) system having heterogeneous components with
random lifetimes and series (parallel) system having homogeneous
exponential components with random lifetimes has been studied.
Further, conditions under which such a comparison is possible has
been established.
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[. INTRODUCTION

N reliability theory and applied probability, order statistics

are used to study reliability properties of systems composed
of components. Let X7, ..., X, be independent non-negative
random variables representing the lifetimes of compoents with
their respective distribution functions as Fi(-),..., F,(+). The
k™ smallest of these n, X;’s , i = 1,...n be denoted by
Xk:n- A k-out of n system with n independent components
functions if and only if at least k& out of these n independent
components functions. The lifetime of (n — k + 1)-out of n
system is the same as that of X},.,,,i.e., the k" order statistic.
The lifetime of parallel (or 1-out of-n) and series (or n-out
of-n) system are same as that of largest-order statistic X,,.,
and the smallest order statistic X7.,.

Sample range and general sample spacings have been used
extensively when observations are independent and identically
distributed. On the other hand, in the non-iid case, few results
are found in the literature due to the complicated nature
of the expressions involved [Refer [1], [2]]. The stochastic
comparison of the order statistics and the spacings for non-
iid exponential random variables with the corresponding iid
exponential random variables were considered by [3], [4], [5],
[6], [7], [8],[9] and [10]. In addition, for further review on this
topic, one may refer [11].

Let us recall the following definitions which are standard
in the literature [see [13], [14] and [15]]. In rest of the
paper, increasing and decreasing terms will be used for non-
decreasing and non-increasing respectively.

Definition 1: Consider the random variable X (V)
with the probability density function f(-) (g(-)), distribu-
tion function F(-) (G(-)), survival function F(-) = 1 —
F() (G() = 1 — G(), failure rate function rx(z) =
£ (v - 23
Fx(z) = % (fy(x) = g((?)). We say that X is smaller
than Y in the

) and the reversed failure rate function
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(a) likelihood ratio (Ir) ordering (written as X <;. Y ) if

% increases in x € R.

(b) hazard rate (hr) ordering (X <, Y ) if ggz; increases in
zeR.

(c) reversed hazard rate (rh) ordering (X <,r. Y ) if gg;
increases in x € R.

(d) usual stochastic (st) ordering (X <, Y ) if F(r) <
G(x), for all x € R.

(e) convex (c) ordering (X <. Y ) if G"1F(z) convex in
x € R, where G~! denotes the right-continuous inverse.

(f) star (x) ordering (X <, Y ) if w increases in
z eR.

(g) dispersive (disp) ordering (X <gisp Y) if F7H(3) —
F~1(a) <G YB) — G71(a) whenever 0 < a < B < 1;
where F~! and G—! be the right continuous inverses of
F and G respectively.

In the next section, we investigate which series and parallel
system ages faster in star ordering on the basis of stochastic
comparison. Sufficient conditions under which such a compar-
ison is possible has also been derived.

II. WHICH SERIES AND PARALLEL SYSTEM AGES FASTER
IN STAR ORDERING?

The following lemma is being used for deriving the main
results of the paper:

Lemma 1: Let Z be a random variable with probability
density function h(z), survival function H(z) and the failure
rate function rg (x) = h(x)/H(z), = > 0. Then the function
Y(z) = —5- InH(z) is decreasing (increasing) in z, if the
failure rate function rg () is decreasing (increasing) in .

Proof: Tt is easy to see

oy b (@)
Y'(z) = 2 In H(x) + el (@)
Clearly,
. InH(x) h(x)
v < Ene -2 s @
For x > 0, consider the function ¢;(z) = —In H () and

¢2(x) = x. Then ¢} (z) = IZ((Z)) and ¢5(x) = 1. Applying the
Lagrange’s mean value theorem, for 0 < ¢ < z, we have
/

6u(@) GO _ MO L h)

p2(x)  $5(E)  H(E) (x)
where the last inequality hold since rp(z) is decreasing
(increasing) in x. Now the assertion follows using (1) and
2). |
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Definition 2: X is said to be in decreasing failure rate

(DFR) if the failure rate function rx (z) is decreasing function
of z.
The following result gives the condition under which a series
system with independently distributed components ages faster
than independently and identically distributed exponential
components in sense of star ordering:

Theorem 1: Let X;,...,X, be independent random vari-
ables with distribution functions Fi (-), ..., Fy,(+), respectively.
Let Yi1,...,Y, be a random sample of size n from an
exponential distribution with common hazard rate A. Then

Yl:n < Xl:n,

if Xy,...,X, has DFR.
Proof: Let Y7.,, and X7.,, has distribution functions G1.j,

and F.,, respectively. For = > 0,
Gl;"(x) = P(Yltn < x) = (1 — e—n)\z)

and

Fion(z) = P(X1 <) = <1HF >

In order to prove the theorem, it is sufficient to show that
(G;;Flz,,,(x)) /x is decreasing in & > 0 (ref definition 1(f)).
It may be noted that, for x > 0,

GI;FIR(I) = —%ln (H FZ(I)) .

Also,

G;;Flzn(x) _ T
oz _n)\x n HFL

where H(z) = ([, Fi(z)) is the survival function of
the random variable Z. It may be noted that rgy(z) =
S rx, (). Clearly, if X1, Xo, ..., X, have DFR, then Z is
DFR. Hence, using Lemma 1, (G;}lFlm(z)) /x is decreasing

:——lnH( ),

n\x

in x> 0. ]
Corollary 1: Let Xy,...,X, be independent exponential
random variables with X; having failure rate \;, i =1,...,n.

Let Yi,...,Y, be a random sample of size n from an
exponential distribution with common hazard rate A. Then,
Yl:n S* Xl:n-

Proposition 1: Let X;,...,X, be independent random
variables with distribution functions Fy(-),..., F,(-), respec-
tively. Let Y7,...,Y, be a random sample of size n from
an exponential distribution with common hazard rate A. If
Xi,...,X, have DFR and

(a) Z" ( ) > nA, then Y7, n <dzsp X, ns
(b) ZZ 1 rl( ) < nA, then Y., <st X1.n-

Proof: (a) Under the hypothesis of the proposition, using
Theorem 1 we conclude that Y7.,, <, Xj.,. In order to prove
the result, it is sufficient to show

-1
Fi.,
lim C.'Vlzn 1: (:E)
x—0 xr
(see Theorem 4.B.3, page 215, of [14]).

>1

Consider
s Gl rLFl Tl( ) _ 1 = *
fim Fe T = i = TTR@)] [ form

Using L’Hospital Rule,

i [T B (5, i)
z—0 n)\H i—1 Fﬁ(x)
1 n
= iy 3 2 i)
>1,
since Y1, 7;(x) > nA. Hence the result. [ ]

Proof: (b) Under the hypothesis of the proposition, using
Theorem 1 we conclude that Y., <, Xi.,. [12] shows that if
Y <, X, then

G
Y <u X & lim 28 5
z—0+ F(x)
In order to p)rove the result, it is sufficient to show
. G1.n (2
lim, o+ 7Fl:n(£> > 1.
Consider
Gi.(2) 1 — e A
= lim ——f—————
e—0t Frp(z)  a—o+ 1 — [, Fi(z)
1— —nizx
= lim : form

Ta01- [T}Z: Fi(z) |6
Using L'Hospital Rule,

nie AT
= lim

z—0 (Hl 1 F( )) (Z?:l TZ(I))
nA
B hmz—>0 Z?:l i (x)
> 1,

as Y i, 7i(z) < nA. Hence the result. [ |
The following result gives the condition under which a parallel
system with independently distributed components ages faster
than independently and identically distributed exponential
components in sense of convex ordering:

Theorem 2: Let X4,..., X, be independent random vari-
ables with distribution functions Fi (-), ..., Fy, (), respectively.
Let Yi,...,Y, be a random sample of size n from an
exponential distribution with common hazard rate A\. Then

Yn:n SC X7L17L7

(i w))(nbl @)
-1, Fy™ (@)
Proof: Let Yn .n and X,,.,, has distribution functions G,,.,,

and F,,.,, respectively. For x > 0,

is decreasing in x.

Gnn(x) = P(Ynn < x) — (1 _ 6—)\1)”

and
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In order to prove the theorem, it is sufficient to show that

G, L F,,..(z) is concave function of x > 0 (ref definition 1(e)).
It may be noted that for z > 0,
1
_1 1 n n
GonFon(z) = Y In|1- Fi(x)
i=1

Also,

1
n n—1 n n
gnin (G Fam (2)) = 1A (H F,m (ﬂf)> - <H Fi(ﬂf)>
i=1 i=1
Differentiating G, }, Fy,..(x) with respect to z, we have

1 . r_ fnn(x)
(G Fnn(T)) Gnin(Gh Fron (2))

(i 7)) (T B (@)
A (1= I B ()

(e " OF™ (x

Now, if T ) ( S )
1-TT7, B (@)

KL:’!L <c Xn:n- u

Corollary 2: Let X1, Xo,...,X, be independent and iden-
tically distributed random variables with distribution functions
Fl() = F2() — Fn() = F() Let Yl, YQ, ..., Y, be a
random sample of size n from an exponential distribution with
common hazard rate A\. Then

is decreasing in z, then

Yn:n SC Xn:n7
if X1,...,X,, has DFR. .
(S, (@) (H;;l B (z>)

1
-1, B (=)
fore the result follows from Theorem 2. [ ]

Proof: Since

= nrx(x), there-

III. CONCLUSION

Stochastic comparison of a series and parallel systems
having heterogeneous components with random lifetimes and
series and parallel systems having homogeneous exponential
components with random lifetimes has been studied. We find
the conditions under which a series system with independently
distributed components ages faster than independently and
identically distributed exponential components in sense of
star ordering. Further, we also find conditions under which
a parallel system with independently distributed components
ages faster than independently and identically distributed ex-
ponential components in sense of convex ordering.

REFERENCES

[1] N. Balakrishnan and C.R. Rao, Handbook of Statistics 16 - Order
Statistics: Theory and Methods, Elsevier, New York, 1998a.

[2] N. Balakrishnan and C.R. Rao Handbook of Statistics 17 - Order
Statistics: Applications, Elsevier, New York, 1998b.

[3] P. Pledger and F. Proschan, Comparison of Order Statistics and of spac-
ings from Heterogenous distributions, in : J.S. Rustagi (Ed.), Optimizing
Methods in Statistics, Academic Press, New York, 1971.

[4] S.C. Kochar and J. Rojo, Some new results on stochastic comparisons
of spacings from heterogeneous exponential distributions, Journal of
Multivariate Analysis 57, 69-83, 1996.

[5] S.C. Kochar and M. Xu, Stochastic comparisons of parallel systems
when components have proportional hazard rates, Probability in the
Engineering and Informational Sciences 21, 597-609, 2007.

[6] B. Khaledi and S.C. Kochar, Sample range some stochastic comparisons
results, Calcutta Statistical Association Bulletin 50, 283-291, 2000.

[7]1 C. Genest, S.C. Kochar and M. Xu, On the range of heterogeneous
samples, Journal of Multivariate Analysis, 100, 1587-1592, 2009.

[8] P. Zhao and X. Li Stochastic order of sample range from heterogeneous
exponential random variables, Probability in the Engineering and Infor-
mational Sciences 23, 17-29, 2009.

[9]1 T. Mao and T. Hu, Equivalent characterizations on orderings of order
statistics and sample ranges, Probability in the Engineering and Infor-
mational Sciences, 24, 245-262, 2010.

[10] M. Xu and N. Balakrishnan, On the convolution of heterogeneous
Bernoulli random variables, Journal of Applied Probability, 48 (3), 877-
884, 2011.

[11] S.C. Kochar and M. Xu, Stochastic comparisons of spacings from
heterogeneous samples, In: Advances in Directional and Linear Statistics
(Eds., M. Wells and A. Sengupta), 113-129, Springer, New York, 2011a.

[12] S.C. Kochar and M. Xu, Some unified results on comparing linear
combinations of independent gamma random variables, Technical Report,
Illinois State University, Normal, Illinois, 2011b.

[13] R.E. Barlow and F. Proschan, Statistical Theory of Reliability and Life
Testing, To Begin With, Silver Spring, Maryland, 1981.

[14] M. Shaked and J.G. Shanthikumar, Stochastic Orders and Their Appli-
cations, Springer, New York, 2007.

[15] A. Miiller and D. Stoyan, Comparison Methods for Stochastic Models
and Risks, Wiley Series in Probability and Statistics. John Wiley & Sons
Ltd., Chichester, 2002.

Nitin Gupta Nitin Gupta received his MSc in 2002 and MPhill in 2003 from
Panjab University, Chandigarh, India and PhD (Statistics) in 2009 from the
Indian Institute of Technology, Kanpur, India. He is working as Lecturer in
the Department of Mathematics, JUIT, Waknaghat since 2009. His research
interests include decision theory, reliability theory and applied probability.

Rakesh Kumar Bajaj Rakesh Kumar Bajaj received his BSc degree with
honours in Mathematics from Banaras Hindu University, Varanasi, India and
the MSc from the Indian Institute of Technology, Kanpur, India in 2000 and
2002, respectively. He received his PhD(Mathematics) from Jaypee University
of Information Technology (JUIT), Waknaghat, Solan, INDIA in 2009. He
is working as Assistant Professor in the Department of Mathematics, JUIT,
Waknaghat since 2003. His interests include fuzzy statistics, information
measures, pattern recognition, fuzzy clustering.

1026



