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  Abstract—The Improved Generalized Diversity Index (IGDI) 

has been proposed as a tool that can be used to identify areas that 
have high conservation value and measure the ecological condition of 
an area. IGDI is based on the species relative abundances. This paper 
is concerned with particular attention is given to comparisons 
involving the MacArthur model of species abundances. The 
properties and performance of various species indices were assessed. 
Both IGDI and species richness increased with sampling area 
according to a power function. IGDI were also found to be acceptable 
ecological indicators of conditions and consistently outperformed 
coefficient of conservatism indices. 
 

Keywords—Statistical ecology, MacArthur model, Functional 
Diversity.  

I. INTRODUCTION 
ANY  indices have been  proposed for measuring 
diversity    of large communities. Among those which 

incorporate the heterogeneity (dissimilarity) of species 
abundances, essentially two indices have become widely 
accepted, Shannon [20] index and Simpson [22]  index. 
Arguments for the use of other forms, especially indices of 
Hill's [4] family have appeared. Good [3] proposed a general 
class of diversity index defined for non-negative integer values 
which included as special cases of both Shannon’s index and  
Simpson’s index. Ecological components can also be defined 
for any of these indices. 

Suppose a population consists of s species with πi being the 
abundance of species i, i=1,2,…,s, where the total number of 
individuals within a community is N , and 

iN  is the number of 

individuals belong to a species i , such that ;10 ≤≤ iπ 1=∑ iπ . 

In practice, when the abundance data are available, the relative 
abundance can be estimated by using the maximum likelihood 
estimator nnp iii /ˆ ==π .   
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Within this framework, Shamia [19] further generalize 

Good’s diversity index satisfying the two properties due to 
Pielou [16], (p.7) and allowing  to taking values in the real 
plane ℜ ,  namely: 
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P1: for fixed  s, the index increases as the relative 
abundances become more equal. 

 
P2: for equal relative abundance, the index is an increasing 

function of  s  and should be maximum. 
 
Clearly not all ),( βα  are suitable choices of diversity. For 

example ( ) 10,1 ≡H  and so is not a useful index, ( ) sH ≡0,0  
measures species richness but does not give information about 
species abundances (πi) consequently, they do not satisfy both 
properties (P1) and (P2) together. For more details see Shamia 
[19] and Baczkowski et al. [1]-[2]. 

So, it is sufficient to display the essential features of IGDI 
for real arbitrary α and β for which satisfies the above two 
requirement properties of a diversity index and determining an 
acceptable regions of ( )βα,*N , which based on the third key 
desirable property of a diversity index proposed by Routledge 
[18], (p.505) is   

 
P3: the diversity index should equal s in the equiprobable 

case. In addition, it is a continuous function. 
 
Numerous measures of biodiversity are in use, satisfying 

different advantageous mathematical properties. Thus, in this 
paper we deal with transformation of ),( βαH  and verifying 
whither such transformation satisfies the requirement 
properties descriptive above.  

We will do that, by comparing the performance of underline 
index in two different cases which are equiprobable model, 
and broken-stick model. 

This paper is organized as follows. In section II, we will 
give the theoretical developments of the Improved 
Generalized Diversity Index (IGID). Section III discussed how 
IGDI behaves as a diversity measure with respect to species 
richness and evenness components. Section IV and Section V 
represent additional properties and performance of such index. 

II.  THEORETICAL DEVELOPMENTS 

      An improved generalized diversity index, IGDI, ( )βα,*N , 
is expressed mathematically as follows. 
 

Statistical Properties and Performance of  
Ecological Indices Based On Relative 

Abundances 
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High index scores indicate both high species richness and 

more equal distribution of individuals among species. In fact, 
such transformations express the data in terms of number of 
species and thus are more easily interpreted. The value of a 
traditional heterogeneity index with equal probabilities can be 
considered a richness measure. This is because these indices 
are monotone increasing functions of the number of species  s. 

To examine the behaviour of ( )βα,*N , we suppose ),( βαH  
to be a continuous function of s. If β ≠0, then ( )βα,EqH  has a 

tarring point at )1/( αβ −= es  for equiprobable case. It follows 
that ( )βα ,EqH , satisfies (P2), being a monotonic increasing 

function of s for all s≥1, provided α≤1 and β≥0, but excluding 
the case where ( )βα , , equals (0,0) and (1,0). If α≥1 and β≤0, 
but excluding the case where ( )βα , = (1,0), then ( )βα ,EqH  a 

monotonic decreasing function of s for all s≥1, so that suitable 
"inverse" of ( )βα,EqH  would satisfy (P2).  

The transformation ( )0,* αN  gives the class of diversity index 

[ ] )1(1 αα
α π

−∑= iN   for some positive integer values of 0>α  

as Hill [3] index.  
MacArthur [10] denoted '

1
HeN =  where H ′  is equivalent 

to ( )1,1H  generalized diversity index. Peet [15] recommends 
( ) 1

* 1,1 NN ≡  as the best type-I heterogeneity measure for 
communities with rare species because the units (number of 
species) are more clearly understandable to ecologists. 
Routledge [18] suggested that any index of ( )1,1*N  form 
measuring the diversity of large communities should be a 
continuous function of the abundances  πi .  

In this paper, we used the transformation of ( )βα,H  with 
base (e) logs, since it is more common and more convenient, 
see Magurran [11]. In fact, ( )βα,*N  gives the same combined 
acceptable region as for ( )βα,H , particularly for the 
equiprobable  and  broken-stick models due to MacArthur [9].  

The central role of the exponential quantity gives the 
measure a privileged place as a measure of complex and 
diversity in all of the sciences. Since a suitable transformation 
of ( )0,* ≤βαN , such as inverse or others, would not be required 
to satisfy the properties. It does not need to be borrowed from 
information theory but arise naturally from this formalism of 
number equivalents.  

The improved index ( )βα,*N  satisfies the  properties P1, P2 
and P3 for a finite region R1⊂{0<α≤1,β>0} and infinite region 
R2⊂{α≥1,β≤0}. Relaxing the monotonicity requirement from 
holding for all 2≥s . Region (R1) is the closed region bounded 
by the lines 1=α  along x-axis and 0>β  along y-axis and an 
upper boundary linking the curve line )0,0(),( =βα  and 

)693.1,1(),( =βα . This upper boundary of region (R1) is given 
by )1(4 ααβ −=  for α≤0.3267 and 

ααβ 7726.209416.05.06931.01534.0 +++=  for  
α>0.3267. 

In practice, most values of s encountered would lie between 
2 and, typically, 200 species. The regions R1, for rare species 
and R2, for common species could be extended if we relaxed 
the restriction that the inequality holds for all 2≥s , see Fig. 1. 

 

 
Fig. 1 Acceptable Regions (R1) and  (R2)  for ( )βα,*N  

III. INTERPRETATION OF THE IMPROVED DIVERSITY 
MEASURE  

Furthermore, an interpretation of diversity measures with 
respect to species evenness (equitability) and richness 
components could be discussed for different values of ( )βα,  
according to the above optimal acceptable regions R1 and R2. 

For this reason, the ratio between the ( )βα,*N  values for 
equiprobable model and broken-stick model may be 
constructed. To assess the extent to which ( )βα,*N   is 
sensitive to evenness define the ratio, 

 
( )
( )βα

βα
,
,
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J =                                          (3) 

 
where  J  is an equitability measure and for fixed s. See 
Sheldon [21]. 

Sensitivity to evenness is indicated by the J-ratio. If  1≅J  
for some ( )βα ,  and given s, then ( )βα,*N   is not a good 
discriminator between the two models. Accordingly, small 
values of  J  in acceptable regions indicate optimal choices of 
( )βα, . In practice, of course, the estimated ( )βα,ˆ *N  would be 
evaluated from the data. 
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Fig. 2 and Fig. 3 show contours of  J  are plotted for the 
cases s=10 and s=100 respectively.   
 

 

Fig. 2  J-ratio between ( )βα,*N  for broken- stick model and 
equiprobable model for s=10 

 

 
Fig. 3  J-ratio between ( )βα,*N  for broken stick model and 

equiprobable model for s=100 
 
      It can be seen from these figures that the region with J <1 
extends beyond the acceptable regions of   Fig. 1  and the 
optimal regions are 

i. 0<α≤1 and  β  small positive in the rare species region 
(R1). 

ii. α>1 and  β  is small negative in the common species 
region (R2).  

As α→1 the index ( )βα,*N  is continuous along β→0. If the 
behaviour of ( )βα,*N  is considered as a function of β, then it 
is found that the modified index has an asymptote at α=1 for 

β≠0. This is not a problem because the acceptable regions are 
not adjoining except along the line β=0 for α >0. 

In general, the optimal values of α and β are affected by 
the change of equitability values as s increases. In fact, J 
decreases as s increases within acceptable region for fixed 
values of α and β. This is illustrated in  Table  I  which gives J 
for Shannon’s and Simpson’s indices for various values of  s. 

 
TABLE  I 

THE  J-VALUES FOR SHANNON’S AND SIMPSON’S INDICES 

),( βαJ  Species number 
s=10 s=25 s=50 s=100 

Shannon 0.717 0.689 0.670 0.663 
Simpson 0.586 0.549 0.524 0.513 

 
The effect of two different values of  s  for a broken-stick 

model on the improved generalized diversity index is 
considered. Define RBs as the ratio of ( )βα,*

BsN  with different 
numbers of species, as examples. 
 

( )
( )10;,

50;,
*

*

=
=

=
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Bs

Bs
Bs βα
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                            (4)   
 

Good choices of (α,β) would give large values of RBs within 
the acceptable regions, since these would differentiate best 
between the two models for s=50 and s=10, see Fig. 4.  

 

Fig. 4 R-ratio between ( )βα,*N  for broken-stick model for 50 and 10 
species within the acceptable regions 

 
Within the acceptable regions large values of RBs result if 

α≈1, β>0 and α≈1, β<0 in the acceptable regions. The richness 
and evenness components have been discussed separately 
above. In practice these criteria will interact. In region (R1) the 
two criteria are optimized by different values of ( )βα, . The 
preferred choice of ( )βα,  will depend upon which concept is 
to be regarded as most important in a particular application. 
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Such behaviour of J-ratio  and R-ratio could be obtained by 
IGID contours with respect to the species number s. 

IV. FURTHER PROPERTIES OF ( )βα,*N  
 

In this section, we will examine whither an improved 
generalized diversity index is satisfying another desirable 
properties due to Marshall and Olkin [12] and Rutledge [18].  

A.  Concavity of ( )βα,*N  
It is straightforward to prove that ),(* βαN  satisfies the 

monotony "concavity" property (P4) for ),( βα  in the same 
acceptable region (R1∪R2), while the reciprocal power )1/(1 α−  
means there is no need for an "inverting" transformation for 

),(* βαN . It follows that [ ]ββα )ln(/),( sH  for given s  increases 
as the si 'π  become more equal. Since 1<α  and 0>β  in R1, so 

[ ] 0)1/(1 >−α , it follows that ),(* βαN  increases as si 'π  
become more equal, thus satisfying (P1). Similarly, in region 
R2, for given s, the diversity ( )βα,*N  is Schur-concave 
function, thus satisfying (P1). This is true for the case 1=α ; 

( )βα,*N  satisfies  (P1). 
Fig. 5  shows plot of  )1/(1 α−   against α .  It is clear that 

)1/(1 α−  increases as for 10 <<α   and 1>α . 

 

Fig. 5 Shows plot of )1/(1 α−  against α  
 

Again, consider (P2): for the case  si /1=π  for all 

si ,...,2,1= , the index is an increasing function of  s  and should 
be maximum.  

Marshall and Olkin [12] specify that the positive power for 
any concave function results in a concave function too. 
According to this result and since ( )βα,*N  is a function power 
of ),( βαH . Then ( )βα,*N  is a Schur-concave function for

),...,,( 21 ′= sππππ ∈ ℜ , satisfying (P4). 
Routledge [18] suggested a criterion for good diversity 

measures that any index measuring the diversity of large 
communities ought to be a continuous function of the 
proportional "relative" abundance of the species. He observed 

that if an index of diversity is to satisfy such property, it must 
be of Hill's indices. It is convenient to name this property 
(P5). 

P5: diversity index is a continuous function in each iπ , 

),...,2,1( si =  for 10 ≤≤ iπ . 
Mathematically from definition of concave function, it is 

known that a continuous function (.)f with domain and 
counter domain the real values is called concave (convex) or 
concave-down (concave-up). This concavity depends on the 
sign of )(" xf  for all ),( bax ∈ . 

As a result of this, it makes sense to consider ),(* βαN  is a 
continuous function since ),(* βαN  is a generalized diversity 
index of Hill's family of indices. 

Howard [5], (p.104) defined continuity as "a function f "  
is said to be continuous on a closed interval [a,b] if the 
following conditions are satisfied: 

1. f  is continuous on (a,b). 
2. f  is continuous from the right at  a. 
3. f  is continuous from the left at  b. 
Conversely, William [24] proved that, polynomial and 

exponential functions are continuous if it is identified. Here, 
for 1≠α  the index is identified if [ ] 0)ln( ≠s . It means that at 

1>s  and in case 1=α  the index is identified if  s≠0. Since  s  is 
taking values between (2-200) this implies that, the index is 
continuous function in each  iπ  for [ ]1,0∈iπ . 

V.  FUNCTIONAL DIVERSITY 
In this context, Patial and Taillie [14] suggested two 

criteria. The first one refers to increasing of the diversity 
measure of a community, when a new species is introduced 
and also assent that the diversity increases each step. The 
second criterion refers to increasing of the diversity index as 
evenness increases, when the diversity index has measured by 
its rarity. The following figure represents the behaviour of  
IGDI  for different values of  (α,β). 

 

 

Fig. 6 Shows plots of ( )βα,*N  against α  for )0.0,5.0,1.0( −=β  in 
broken-stick case with 10=s  
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From Fig. 6 it can be seen that ( )βα,*N  decreases for fixed 
1.0=β  as α  increases from zero to one )10( → ; )0.0257,1(∈α . 

For fixed 0<β  )5.0( −=β  and 1>α , the diversity increases up 
to 2=α  and then slowly decreases; ( )βα,*N  reaches a 
maximum equal to (4.763) before decreasing. 

In general, as  α → ∞, it appears that ( )βα,*N  tends to a 
constant for all  β.  For the case 0=β , ( )βα,*N  decreases 
allowing 1>α . The other cases, when )0,1( << βα  and 

)0,1( >> βα  are not allowed since are not in acceptable regions 
(R1, R2). For ),( βα  in the combined acceptable region, 

( )βα,*N → 0  
as 1→α .  For this to hold it is necessary that, for 

0;),( 1 >∈ ββα R   and as 1]))/(ln(),1([,1 <−→ ββα sH . Similarly, 
for 0;),( 2 <∈ ββα R 0<β   and  α→+1, [H(1,β)/(ln(s))β]>1. 

The case 0→α  corresponds to 
 

{ }∑
=

−→
s

i
i sN

1

* )]/[ln()]ln([),( ββπβα .                  (5) 

The seemingly nearly common limit for ( )βα,*N  as 0→α   
is simply a consequence of the choice of β  used here. In 
practice ( )βα,*N  can take a range of values depending upon  
β.  See Fig. 7, for the broken-stick model with 10=s , which 
the values of ),0(* βN  plotted against β. 

 

 

Fig. 7 Shows plots of ( )β,0*N  against  β  in broken-stick model for 
10=s  

 

Now, as ∞→α , it appears that ( )βα,*N  tends to a constant 
for all β. This intuitively obvious because ( )βα,*N  will be 
dominated by the  α  term whatever the value of  β. 

Recall Fig. 5, it is clear that )1/(1 α−  increases as for 
10 <<α  and for 1>α . Note that the case 0=α  is not in the 

combined acceptable region (R1). 
When 1=α , it is  necessary for us to show that ( ) 1,1* <βN  for 

all 693.10 << β , since in the acceptable region (R1),  β is 
maximized by 693.1)2ln(1 =+=β  at 1=α . In practice 2≥s . 

This suggests that, for 693.1≤β  at 1=α , ( )βα,*N  is Schur-
concave function for all uneven relative abundances. These 
results yield certain desirable monotonicity properties. 

VI. SUMMARY DISCUTION 

It is worth pointing out that ( )βα,*N  is the universal 
measure of diversity in biology, physics, chemistry, and in 
medical. It is the measure of diversity that weights all species 
proportionality to their frequencies in the sample, rather than 
favoring common or rare species as others do. This alone is 
reason enough to select it as the best general-purpose diversity 
measure. Thus, this form great variety of diversity indices is 
all united into a single simple formula. This formula has most 
the mathematical properties expected of a true diversity. When 
it is applied to s  equally-common species, it gives  s  as 
richness index.  

Since a suitable transformation of ),( βαH , such as inverse 
or others, would  not  be required to satisfy essential properties 
due to Pielou [16]. The range of validity for an optimal 
choices of which are allowing  the IGDI  index to satisfy such 
above properties are determined with broken-stick model; to 
generate none equally abundance of species.  

The sensitivity of richness and evenness have been checked 
with more valid values of at changeable species relative 
abundance. This methodology full useful to explain the 
behaviour of the index under study to the change in the 
abundance of species in community, if the above procedures 
could be compared with other model of species abundances 
like the sequential breakage model due to Sugihara [23] which 
is related to the canonical lognormal model of  Preston [17].  

Several authors have proposed diversity ordering to 
compare communities through the concept of majorization and 
Schur-concavity properties of a function, see Marshall and 
Olkin [12], Patil and Taillie [13]-[14], and Lambshead et al. 
[8]. Shamia [19] proved that ),( βαH  is Schur-concave 
function in region R1 and is Schur-convex function in region 
R2. This result yield certain desirable monotonicity properties, 
which was applied to investigate the combined acceptable 
regions obtained.  

In summary, high index scores indicate both high species 
richness and more equally distribution of individuals among 
species. The transformation expressed, we have introduced, in 
terms of number of species is more easily interpreted. 
Specially for the equitability measure ),( βαJ , since it a 
converted by dividing ( )βα ,*N  over the number of species (s). 
Here the optimal values of ),( βα  within the regions (R1,R2)  
move along 1≈α  for 0>β  and 1>α  for 0≤β    as  s  increases.   

Keylock [7] mentioned that the order (α) in the index 
( )0,* αN  determines a diversity measure's sensitivity to rare or 

common species, orders higher than one are disproportional 
sensitive to the most common species, which orders lower 
than one are  sensitivity to rare species. The critical point that 
weighs all species by their frequency, without favoring their 
common or rare species, occurs when α=1. Jost [6] showed 



International Journal of Engineering, Mathematical and Physical Sciences

ISSN: 2517-9934

Vol:7, No:3, 2013

325

 

 

that ( )0,* αN  gives the number of equivalents of all standard 
diversity indices.  

We would hope that someday biologist can all agree that the 
word diversity should properly be applied only to quantities 
like ( )βα,*N  which have the mathematical properties we 
intuitively expect of diversity. 
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