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Stability and Hopf bifurcation analysis in a
stage-structured predator-prey system with two time
delays

Yongkun Li and Meng Hu

Abstract—A stage-structured predator-prey system with two time
delays is considered. By analyzing the corresponding characteristic
equation, the local stability of a positive equilibrium is investigated
and the existence of Hopf bifurcations is established. Formulae are
derived to determine the direction of bifurcations and the stability
of bifurcating periodic solutions by using the normal form theory
and center manifold theorem. Numerical simulations are carried
out to illustrate the theoretical results. Based on the global Hopf
bifurcation theorem for general functional differential equations, the
global existence of periodic solutions is established.
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[. INTRODUCTION

HE predator-prey system is very important in population

modeling and has been studied by many authors (see,[1-
7]). The effect of the past history on the stability of system is
also an important problem in population biology. It is generally
recognized that some kinds of time delays are inevitable in
population interactions and tend to be destabilizing in the
sense that longer delays may destroy the stability of positive
equilibria. Time delay due to the gestation is a common
example, because generally the consumption of prey by the
predator throughout its past history governs the present birth
rate of the predator. Predator-prey systems with time delays
have received much attention in the past few years (see, [1-
4,6,7,10]).

In pioneering work [2], the author considered the periodic
solutions of a predator-prey system of Lotka-Volterra type
with a finite number of discrete delays. The model takes the
following form:

(1) = a(t) {7"1 _ i ayje(t — 1))

F[ (1)
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where 71,75 are real constants with r; > 0, a;;, bij, 745, pij (4
=1,2,j =1,2,...,m) are nonnegative constants. Not all of
ai; and not all of by; (j =1,2,...,m) are zeros.

But, the author[2] ignored the stage structure of species. In
the natural world, almost all animals have the stage structure
of immature and mature. Specialized stages may exist for
dispersal or for dormancy. The vital rates (rates of survival,
development and reproduction) almost always depend on age,
size, or development stage. Stage-structured models have
received great attention in recent years.

Very recently, Gao[3] reduced system (1) to a stage structure
of immature and mature of species, and the system described
by the following form:

’ll(t) = u(t)[rl - anu(t) — 1201 (t - 7'1)}7
1}1 (t) =V (t)[*TQ + aglu(t — Tg)
—a22vV1 (t)] + 91}2(15)7

Ua(t) = bua(t) — (6 + 0)va(t),
where v; and v, denote the population of mature and immature
predator, respectively. Suppose that the rate of transition from
immature individuals to mature individuals is proportional to
the existing immature population with proportional constant
6 > 0, and the death rate of mature and immature popu-
lation are proportional to the existing mature and immature
population with proportional constants 7, > 0 and § > 0,
respectively. Moreover, we then assume that the birth rate of
immature population is proportional to the existing mature
population with proportional constant b > 0. The predation
decreases the average growth rate of prey linearly with a
certain time delay 7y, this assumption corresponds to the
fact that predators cannot hunt prey when the predators are
infant; predators have to mature for a duration of 7 units
of time before they are capable of decreasing the average
growth rate of the prey species; 7o is the time delay due
to gestation, the delay in time for prey biomass to increase
predator number. System (2) is more reasonable in the natural
world. For example, frog feeds on pest, but tadpole is not able
to feed on pest.

The initial conditions for system (2) take the form

(6(s), ¥1(s), ¥2(s)) € Cy = C[(—7,0), RY],
¢(0) > 07¢1 (O) > 07¢2(0) > 07

where 7 = max{7, 72}, B3 = {(u,v1,v2) € R*|u>0,v; >
07 (%) 2 0}
In [3], the authors obtained the time delay is harmless for

permanence of the stage-structured system. If Z—;g% <1,

@
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sufficient conditions which guarantee the global stability of
positive equilibrium are given. If 1222 > 1, showed that
the unique positive equilibrium is locally asymptotically stable
when time delay is sufficiently small. But neither the direction
and stability of the local Hopf bifurcation nor the global
continuation of the local Hopf bifurcation are considered in
their paper.

Recently, great attention has been received and a large body
of work has been carried out on the existence of Hopf bifurca-
tions in delayed population models or in models of epidemic
and viral dynamics(see, for example, [1], [4], [5], [8] and
references cited therein). The stability of positive equilibria
and the existence and the direction of Hopf bifurcations were
discussed respectively in the references mentioned above.

However, the existence of these periodic solutions remain
valid only in a small neighborhood of the critical value, and the
investigated models include only one time delay. It is natural to
ask if these non-constant periodic solutions which are obtained
through local Hopf bifurcation can still exist for large values
of the parameters 7 and how about if the system with two
time delays.

To this aim, motivated by the above discussion, in this paper,
we will consider the system (2) to discuss these problems.

The organization of this paper is as follows. In the next
section, by choosing the time delay 7 (= 71 + 72) as a
parameter and analyzing the associated characteristic equation
of a linearized system, we investigate the linear stability of
the positive equilibrium for system (2). In addition, we get
sufficient conditions for the existence of Hopf bifurcations. In
Section 3, we derive formulae to determine the direction of
bifurcations and the stability of bifurcating periodic solutions
by using the normal form theory and center manifold theorem.
In Section 4, numerical simulations are carried out to illustrate
the theoretical results. In Section 5, based on the global
Hopf bifurcation theorem for general functional differential
equations, we investigate the global existence of periodic
solutions by using degree theory methods.

II. LOCAL STABILITY AND HOPF BIFURCATIONS

In this section, we discuss the stability of a positive equi-
librium and the existence of Hopf bifurcations for system (2).
Let
U =aju, U] = avi, Uz = — U

b

then system (2) becomes

uy(t) = a(t)[ry — a(t) — avy(t — )],

vi(t) = 01(t)[=r2 + Bu(t — 72) — 01 ()] +702(t), (3)

Ba(t) = B1() — s (1),
where

a=22 =22 L 49 =0+
a22 ar

If the following holds:
(H)  (ro—mP)n <~ < (F +r2)n,
then system (3) has a unique positive equilibrium z* = (u*,
v}, v3), where

w =7 avt. vF = nv* vE = ry+lrl/3’r] — 727
- 1 - 7 - ) — T 9/4 , _ N
VTR Rt ap)

Let w =4 —u*, v] =0 —v], V2 = vy — v3. Dropping

the bars, system (3) becomes
w(t) = (11 — 2u™ — ay)u(t) — au*vi (t — 1)
—u?(t) — au(t)v (t — 1),
01(t) = Bvu(t — 1) + (—r2 + fu* — 207 )v1(t)  (4)
Fva(t) = vi(t) + Bor (t)ult — 72),
02 (t) = v1(t) — nua(t),
Let z(t) = u(t — 72),y1(t) = v1(t),y2(t) = va(t), then
system (4) becomes
z(t) = (r1 — 22" — ay})z(t) — az*y (t — 1)
—2%(t) — ax(t)y:(t — 7),
1 (t) = Byia(t) + (—=r2 + Ba* — 2y} )y (t) (%)
+yya(t) — yi(t) + By (H)z(t),
92(t) = y1(t) — ny2(),
where 7 = 1 + 7.
The characteristic equation of system (5) at the origin is of
the form

X4 X+ pid+po+ (@A +q)e =0, (6)
where
po=nTyl, =yl 4 L ety
p2=a"+yi+3+n  q=nabryl, q=oafrTy].
When 7 = 0, equation (6) becomes
A2+ peA? + (p1+ @)A +po+ g0 =0, @)

in which
Y

P2 :1:*+yi‘+;]+77> 0,p0 + g0 = nx"y; +nafrry; >0,

p2(p1 + 1) — (Po + qo)
= (s +wi+ ] ) (i +

—(nz*yy +nafryy) > 0.

By Hurwitz criterion, we know that all roots of equation (7)
have negative real parts.

When 7 > 0, noting that iw(w > 0) is a root of (6) if and
only if w satisfies

:E*

n

+nz* +nyi + aﬁr*y’{)

1w oS 2wT — go sin 2wt = W3 — pw, @®)
1w sin 2wT + qo cos 2wT = paw? — po.
In view of (8), by a direct calculation, we have
w8+ how* + hyw? + ho = 0, )

where
ho =pg— a5, hi=p7—qi —2pop2, ha =p3—2p1.

For equation (9), assume
(HQ) Oéﬂ >1

holds, we have
ho = (nz*y7)? — (nafa*yy)? <0,

fy"I:* * * * *
e +ny;)? = (afz*y;)

hy = (z*yy + 2
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* ok * * v
—2(nx*y;)(z +y1+5+77)

C 2yyi(ar)? | AR (e)
= + 5
n n
+(2y +n)(@*)? +n*(y)* > 0,

hy = (z* +yf + % + )% = 2(x*y} +

yr*

+na” +nyi)
2 2 *
- (x*)2+(y*)2+%2+n2+2y+% >0,

Hence, equation (9) has only one positive real root wy.
Let

1 . P2q1 — qo)wi + (P1go — pogq1)wo | 2]
T; = —— arcsin 5 5 5 + —
wo qiwy + 45

wo ’

(10)
where j = 0,1,2,..., then equation (6) has a pair of purely
imaginary roots iwg with 7 = 7;.

Lemma 1. For equation (6), if (H1) and (H3) hold, then we
have the following transversal condition

dX

Re( E

) >0.
A=iwqg
Proof: Differentiating both sides of (6) with respect to T
yields

dA
[3/\2+2P2)\+p1+(1h—T(Q1)\+QO))€_/\T]E = M@ Mq)e

For convenience, we study (d)\/d7)~! instead of d\/dr. We
have

(dA)1 342N e T
dr a D\

)\(ql)\ + QQ)E_AT A
3N 2pA Q T
/\()\3+p2)\2+p1)\+p0) )\(ql)\Jrqo) A
Hence,
dA| 1 3w + 2how? + hy
Re(d—) |)\=iw0 = 2 2, 2 > 0.
T Wy + 4o
Therefore,
. dA . dA, -1
mgn{Re(E) ‘/\:iwg} = mgn{Re(E) |/\=in} > 0.
This completes the proof of Lemma 1. |

Lemma 2. (/9]) Assume (Hy) and (Hs) hold, then

(i) when T € [0,70), all roots of equation (6) have strictly
negative real parts.

(i) when T = 19, equation (6) has a pair of conjugate purely
imaginary roots +iwg, and all other roots have strictly
negative real parts.

(iii) when T > 79, equation (6) has at least one root with
positive real part.

Applying Lemma 2, we have the following result.

Theorem 1. For system (5), if (H1) and (Hs) are satisfied,
then

(i) when T € [0,7), the zero solution is asymptotically
stable;
(i) when T > 1g, the zero solution is unstable;
i) 7 = 7, (J = 0,1,2,...) are the values of Hopf
bifurcations, where 7; are defined by (10).

III. DIRECTION AND STABILITY OF HOPF BIFURCATIONS

In the previous section, we obtained conditions under which
a family of periodic solutions bifurcate from the positive
equilibrium at the critical values 7;(j = 0,1,2,...). In this
section, we study the direction of bifurcations and the stability
of bifurcating periodic solutions. The method we used here is
based on the normal form theory and center manifold theory
introduced by Hassard et al. in [13].

Now, we re-scale the time by t = s7, Z1(s) = x1(s7),
Za(s) = xa(sT), 9(s) = y(s7), T = 70 + 1, 1 € R, and still
denote by x1(t) = Z1(s), z2(t) = &2(s), y(t) = §(s), then
system (5) can be written as

@(t) = (1o + w)[(r1 — 22* — ayi)z(t) — ax*yi (t — 1)
—a?(t) — ax(t)y: (t — 1)),
U1(t) = (1o + ) [Byiz(t) + (=712 + Bz™ — 2y7)y1 (1)
+yya(t) — yi(t) + Byr ()= (1)),
92(t) = (10 + p)[y1(t) — ny=2(1)]. an
For ¢ = (o, 1, p2)T € C[-1,0] = C([-1,0], R?), define a

_xr family of operators

Lo = B1p(0) + Bap(-1), (12)

where

ry —2z* — oy 0 0
By = (10 + 1) Byt —ro+ fz* = 2y7 v |,

0 1 —n

0 —az* 0
By=(mo+p) {0 0 O

0 0 O
And define

—1(0) — a1 (0)gp2(—1)
Flp) = (ro+ 1) | —©3(0) + Bp2(0)01(0)
0

By the Riesz representation theorem, there exists a matrix

whose components are bounded variation functions 7(6, u1) :

[-1,0] — R3, such that L, = fi)l dn(0, u)p (), for ¢ € C.
In fact, we can choose

(0, 1) = (70 + 1) B1(1(0), 02(0), 03(0))"5(6)
—(70 4+ 1) B26(6 4 1), (13)

where ¢ is the Dirac delta function.
For ¢ = (0, p1,p2)T € C[—1,0], define

o ()0(0) ) 0 € [_1a0)7
me_{ﬁﬂﬂ&@ﬂ®79:Q

_ 0, ¢ [—1,0),
”m@*{fmwu 0=0.

Hence, equation (11) can be rewritten as

Up = A(w)Us + R(w)Us, (14)
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where U = (21, x2,y)T. For ¢ € C1[0,1], define

* _ _1[)(5)7 s € [_170)7
Ale) = { [0 et wops(—t), s=o. Y

For ¢ € C([-1,0],C?) and v € C([0,1],(C?)*), define a
bilinear inner product
0 0
<o = TR0 - [ [ T ane)p
0=—1£%0

(16)
where n(0) = 7(0,0). Then, A = A(0) and A* are adjoint
operators. By the discussion in Section 2 and transformation
t = st, we know that +iTpwy are eigenvalues of A. Thus,
they are also eigenvalues of A*. We first need to calculate
the eigenvector of A(0) and Ax corresponding to iwy7o and
—iwgTo, respectively.

Suppose that q(8) = (1,q2,¢3)Te"™*0? and ¢*(s) =
D(1, g5, q%)Teim0wos are eigenvectors of A and A* correspond-
ing to ¢Towo and —iTowy, respectively. By the definition of
A(0) and A* and (12-13), we can obtain

ry —22% — ay] — iwp

92 = ax*e—tTowo ’
ry —22* — ayi —iwp
q3 = - :
(n + iwo ) uw*e—iTowo
«_ 2T" =71+ ayl —iwg
42 = ’

Byi
= v(2z* — r1 + ayf — iwo)
’ (n — iwo) By;

In order to assure < ¢*(6),q(#) >= 1, we need to
determine the value of D. From (16), we have

< q"(s),q(0) >
= D(1,35,3)(1,q2,q3)"

0 0
- / /D<1 &%)
9=—1¢=0

Xefi‘rgwo(gfe)dn(e)(l’ Go, qS)Teianoﬁdé‘

= D{l + 4235 + 433
0
- [ @t a0 me) |
0=—1
= D{1+ 020 + 0535 + Toagoa”e 0 }.
Thus, we can choose D as

= [1+ G205 + @33 + ToaGox ™ 0] 71

Now we calculate the coordinates to describe the center
manifold Cj at ;4 = 0. Let U; be the solution of equation (14)
when p = 0, and define

2(t) =< q", U >, W(t,0) = Ui(0)—2Re{z(t)q(0)}. (17)

On the center manifold Cy, we have W (t,6) =
), where

W (z(t), 2(t),

2 =2

W(z%,60) = WQO(G)%+W11(6)22+W02(9)%+. ., (18)

z and z are local coordinates for center manifold Cy in the
direction of ¢* and ¢*. Note that W is real if U, is real, we
consider only real solutions. For the solution U; € Cy, since
1 =0, then

£(t) = imowoz(t) +77(0) fo(z,%). (19)
We rewrite this equation as z(t) = itowoz(t) + g(z,z) with
22 72 22z
9(2,2) = 9205 + 9112z + o2y + 92175~ +.... (20
Hence,
9(2,2) = q7(0) fo(z, 2) = °(0) f(0, Uy).

Substitute U;(#) into above and comparing the coefficients
with (20), we get
920 = 270 D35 (Ba25 — 43) — (a3 + agagze™ ™)),

911 = 10D[3 (B3 + Ba2ds — 2q3G3)
—(2¢2G2 + aagze ™Y + agagse™w0)],

902 = 270D[G3(BG205 — 33) — (3 + agze ™)),
921 = 0 DIBA(@Wa0 (0) + 2017 (0)
Jr2‘131/‘/1(1>(0) + qzwz(o)(o))

2 _ 2 1
—@W2(0)gs + 4sW 2 (0))] — 2w (0)g
+4q2W(1)(0) + a(WD(0)gzeimws
+2‘J3W ( JemiTowo 4 2q2W(2)( 1)
+&Wio (—1)]]

@1

Now we calculate Wa(0) and W11 (6). From (14) and (17),
we have

W = U, — 2qg—3q
(AW — 2Re{7"(0)
= L AW — 2Re{7*(0)

AW + H(z,%,0),

Fog(0)}, 0 €[-1,0)
Foq(g)}+F0, 0=0

def

where
=2

2
H(z,%,0) = hm(e)% + hi1 (0)27 + hOQ(a)% r @

For 0 € [-1,0), we can get
(A*Q’iTowO)WQO(G) = *hgo(ﬁ),AWu(e) =
From (22), we know that for 6 € [—1,0),
H(z,z,0) = —2Re{q"(0)Foq(0)}

_g(zv E)q(g) - g(za 2)6(6)
52 =2

—(9205 Tzt gog +.. )q(0)
z2 22

—(5720? + g112z + §025 +...)q(0).

—h11(0). (23)

Comparing the coefficients with (22), we can obtain

hao(8) = —g20q(8) — §o2q(0), h11(8) = —g114(6) —g11q(6).
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On the other hand, by (23), we get WQO(G) = 2iTowoWao(0)—
hao(0). Solving it, we have

ig?() q(0)6i70w09+ igOQ q(o)e_iTDWOQ-FEeziTOwDe.

Wao(0) = Towo 3Towo 24)

Similarly, we can get

WH(Q) _ 1911 q(0)6i70w09+.giq(o)e—imwoé‘_‘rF' (25)
TowWo 1ToWo

In what follows, we seek appropriate E and F'. The defini-
tion of A and (23) imply that

0
/ dn(&)ng(Q) = QiTouJOWQO (0) — th(O) (26)

—1

and o
[ an@win0) = - (o). @
—1
By the definition of H(z, z,0) in (22), we have
h20(0) = —g209(0) — 024 (0) + 7o H1, (28)
h11(0) = —g114(0) — §114(0) + T Ha, (29)
where
—2(g3 + agagze”"™40)
Hy = 2(8g293 — 43) :
0
—2¢2q2 — a(Gogze” 0% 4 gagze ")
H, = B(G2q3 + 12G3) — 24333
0

Substituting (24) into (28), we obtain

Wk, — 21w To

ry —2z% — ayi — 2iwy —azte
—By; —rg + fz* — 2y} — 2iwy
0 1
0
Y E = Hl.
—n — 2iwp
1 )
Hence, we have E = — (E}, EZ, E})", where
1
ry — 22" — ayi — 2iwy —ax*e2woTo
A = —Byi —ry + B — 27 — 2iwg
0 1
0
Y )
—n — 21wy
—2((]% + aq2q367iﬂ)wg) _ax*€72iwo7'n
El = 2(Bg2q3 — ¢3) —7r2 + Bz = 2y — 2iwg
0 1
0
Y )
ot/ 2in

r— 22 — ayi — 2iwg —2(¢2 + agagzeiT0%0)
E} = —Byi 2(Ba2q5 — 43)
0 0

0
v )
—n — 2wy
ry — 22" — ay} — 2iwg —qa*e2iwoTo
E} = —By; =72 + Bz — 2y] — 2iwg
0 1

—2(q3 + agagze”"™w0)
2(Bq2q3 — q%)
0

1Similarly, substituting (25) into (29), we can get F' =
— (F}, F,F3)", where

Ay
ry — 22 — ayf —ax* 0
Ay = —By; —rg+ Bx* —2y7 v |,
0 1 —n
—2¢2G2 — o(qagse” T + gagze’ ™)
Fy = B(G2a3 + ©233) — 29333
0
—ax* 0
ok Bat =2 7 |,
1 —n
r — 22" — ayj
= —By;
0
—2¢2G2 — o(qaqze T + gagze’ ™) 0
B(G2q3 + 0233) — 2433 s
0 -n
ry — 22 — ayy —ax*
Fy = —Byi  —ra+ Bzt — 2
0 1

—2¢232 — a(Gagze” O + gag3e’™w")
B(q293 + 92G3) — 24333
0

Based on the analysis above, we see that g;; in (21) is

determined by the parameters and the time delay in (4). Thus,
we can calculate the following values

C1(0) = ﬁ(gmgu —2lgnl* - §lg02*) + %,

R€C1 (O)
H2 = ===
ReA (TU) (30)
T — ~ ImC4(0) + poImA (o)
2 = Towo )

ﬁQ = 2ReC’1 (0) .

From the expression of C4(0) in (30), it is easy to get the
values of o, B2 and t5. On the other hand, we know that
p2 determines the direction of the Hopf bifurcation: if po >
0(< 0), then the Hopf bifurcation is supercritical(subcritical)
and the bifurcating periodic solutions exist for 7 > 74(< 79);
(B2 determines the stability of the bifurcating periodic so-
lutions: if B2 < 0(> 0) the bifurcating periodic solutions
are stable(unstable); and 75 determines the period of the
bifurcating periodic solutions: the period increase(decrease) if
Ty > 0(< 0).
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IV. NUMERICAL SIMULATIONS

As an example, we present some numerical results of system
(4) at different values. We consider the following system

w(t) = —0.1308u(t) — 0.7846v; (t — 71)
—u?(t) — 6.0000u(t)vy (t — 1),

v1(t) = 0.1231u(t — 72) — 0.5615v1 (t) + 0.9000v2(t) (31)
—v2(t) + 2.0000v1 (t)u(t — 7o),

Do (t) = v1(t) — 1.8000vy(t),

o8
0.6

0.4

MW
o

o 200 200 600 800 1000

”

:

:

1o
0

] 200 200 600 800 1000

Fig.1 Behavior and phase portrait of system 31 with = =
7 = 1, (m + = < 70). The positive equilibrium
2*(0.1308,0.0615,0.0342) is asymptotically stable.

which has only one positive equilibrium
2*(0.1308,0.0615,0.0342), when 71 = 75 = 0, the positive
equilibrium  2*(0.1308,0.0615,0.0342) is asymptotically
stable. If follows from the discussion in Section 2 that
wo = 0.2571,75 = 2.6679, A7) — 00247 — 0.01814,
and the conditions indicated in Theorem 1 is satisfied.
Hence, we can say that as 7 increase, stability switch
may occur, the value of 7 where stability switch occurs is
To = 2.6679, (19 = 71 + 72). Thus, the positive equilibrium

o8

06

0.4

0.2

) 500 1000 1500 2000 2500 3000
t

) MMMM\\WMM
o

%0 500 1000 1500 2000 2500 3000
t

0.4
OZMMMMMMMM
0

o 500 1000 1500 2000 2500 3000
t

v2
°
o

Fig.2 Behavior and phase portrait of system (31) with 4 =
6,72 = 8, (11 + T2 > 70). The bifurcating periodic solutions from
2*(0.1308, 0.0615, 0.0342) occur.

2*(0.1308,0.0615,0.0342) is asymptotically stable when
0 < 7 < 79 as is illustrated by the computer simulations (see
Fig.1).

When 7 passes through the critical value 7y, 2* loses its
stability and a Hopf bifurcation occurs, that is, a family of
periodic solutions bifurcate from z*, as is illustrated by the
computer simulations (see Fig.2). From the formulae (30) in
Section 3, it follows that C(0) = —7.4847 — 1.4530¢ , o =
303.0243 , B2 = —14.9694 , T, = 10.1154 . Since po > 0 and
(B2 < 0, the Hopf bifurcation is supercritical and the direction
of the bifurcation is 7 > 79 and these bifurcating periodic
solutions from z* at 7 are stable.

Remark 1. If we take 71 = 7o in system (1), by similar
calculating, the critical value of Hopf bifurcation occurs when
7% = 1.3340. So, when 71 = 1o < 1.3340, the positive
equilibrium z*(0.1308,0.0615,0.0342) is asymptotically sta-
ble, when T = 1o > 1.3340, a Hopf bifurcation occurs. In
this paper, the positive equilibrium z*(0.1308,0.0615,0.0342)
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Fig.3 Behavior and phase portrait of system (31) with 7 = 1, 75 =
1.5, (m < 7% 72> 7% 71 4+ 72 < 70). The positive equilibrium
2(0.1308, 0.0615, 0.0342) is asymptotically stable.

is asymptotically stable, we only need 11 4+ T < 2.6679, and
when 11 + T2 > 2.6679, a Hopf bifurcation occurs(See Fig.3,
Fig.4).

V. GLOBAL HOPF BIFURCATION

In this section, we study the existence of global Hopf
bifurcations. The method we used here is based on the global
Hopf bifurcating theorem for general functional differential
equations introduced by Wu in [15]. For convenience, we write
system (5) as the following form:

z= F(Zth)v (32)

where z = (2,y1,v2)T, 2:(0) = 2(t + 0) € C([-1,0], R?).
Define

X = C([_T7 O}7R3)7
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Fig.4 Behavior and phase portrait of system (31) with 74 = 1 <
To, T2 =3 > 70, (11 < 7", T2 > 7", T1+7T2 > 70). The bifurcating
periodic solutions from z*(0.1308,0.0615,0.0342) occur.

Y =Cl{(2(t),7,T) e X x Rx R, 2(t) is a
T — periodic solution of (3)},
N ={(z7,T),F(z7,T) = 0}.

Let l(z*,rj,%) be the connected component of (z*,7;, i—’{:)
in X, where 7; and wq are defined in (10).

Applying Theorem 2.1 in [3], we can obtain the following
lemma directly.

Lemma 3. All solutions of system (5) are uniformly bounded.

Lemma 4. If (Hy) holds, then system (5) has no nontrivial
periodic solutions of period T.

Proof: Assume system (5) has a nontrivial periodic solu-
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tion of period 7, then the following system
&(t) = (r1 — 22* — ay})x(t) — ax*y1(t)
—22(t) — ax(t)y1 (1),
U1 (t) = Byia(t) + (—r2 + o™ — 2y7)y1 (¢) (33)
+yy2(t) — yi (1) + By () (t),
Y2(t) = y1(t) — nya2(t)

has periodic solutions. System (33) can be rewritten as

#1(8) = —z(@(@(t) —2") + (. (t) = vi)],

o (t) = v (1) (v2(t) — v3) — v2(t)(y2 (1) — 7)) 34)
—y1(t [(y1(t) —y7) — B(x(t) —2*)],
§(t) = grly2(t) (1 (t) — yl) y1(y2(t) — y3)]-
Define
5 e (0 — 2D ) — o — a1 @
—; z<yz(t) yr =yl o >+ (t) In="2=,

where c; and cy are positive constants to be determined.
Calculating the derivative of V' (¢) along positive solutions
to system (34), it follows that

V(t) = 33 erluil) — u) 8 + (o(t) — 2%) 22

M[m(ﬂ(?ﬂ (t)

N

I TR
-1 Ya(t) — Ys
cr(yi(t) = ) . 33
+W[Zl1()( ya(t) — y3)
—y2(t)(y1(t) — y7)] — c1(ya(t) — y7)

[(ya(t) —y7) — B(a(t) — 2]
—(2(t) —2")[(x(t) — %) + ay (t) — yi)]-

Setting ¢; = ¢ = %, then it follows from (35) that

2
V(t) = 7@;( W () — y5) — /218 (w1 () —yi‘))
—Gi(t) —yi)? — (a(t) —2*)? <0.
Applying Barbalat’s lemma [11], we conclude that
Jim (2(t), 1 (), 32(8)) = (&

which contradicts the fact that system (33) has periodic
solutions. |

YT Y)s

Theorem 2. Suppose that (Hy) (Hz) and (Hs) hold, then for
each T > 1;(j = 0,1,2...), system (5) has at least j + 1
periodic solutions, where 7; is defined in (10).

Proof: The characteristic matrix of system (5) at the
positive equilibrium 2* is of the form

ry— 22" —ayf — A

A", 1 p)(N) = Byt
0
—axre AT 0
—ro+ fx* =2y — X v . (36)
1 —-n—A

By Lemma 1, it can be verified that (z*, 75, 2n
77 wo

centers.

) are isolated

Let

b

Q, 2z = {(mp) 0<n<e

Clearly, if |7 — 7;| < 6 and (1, p) € 9Qe, then

2
e s ) (n+120)) =0,
if and only if = 0,7 = 7;,p = 2T. Define

ﬁ)(n p) =

then we have the crossing number of isolated center

(z*, 75, i—”) as follows

y 2m . 2m
7(2 7Tj7w70) = degB (H (Z 7Tj7w70)796’%>

—degp <H+(z 7‘J72 ), Q. 21\') =—1.

2 2
HE (2,75, A", j:d,p)(n—l—i%),

> wo

By Theorem 3.3 of Wu [15], we conclude that the connected

component (.. . 2 through (z*, 75, i—”) in ¥ is nonempty.

Z 7(277_’1)) <O7

(Z’T’p)el(Z*,rj,i—g)

Meanwhile, we have

and hence /(.. . 2z) is unbounded.

Lemma 3 1mphes that the projection of l(z 74, 25) onto
the z—space is bounded. From the definition of 7; in (10),
we have i—’g < 71; for 5 > 1. Lemma 4 implies that the

projection of l( 2,75, 25) onto the 7—space is bounded. Assume
the projection of l(z*’m%) onto the 7—space is (0,7*) and
7* > 7. Applying Lemma 4, we know (z,7,p) € l(Z*,m%
implies p < 7;. This shows that in order for [,. . 2z)
to be unbounded, its projection onto the T—space must be
unbounded. Consequently, the projection of l(z*ﬁ, 21) onto

the 7—space includes [7;,00). This shows that, for each 7;,
system (3) has j+ 1 nonconstant periodic solutions. The proof
is complete. |
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