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Spin One Hawking Radiation from Dirty Black Holes
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Abstract—A “clean” black hole is a black hole in vacuum such
as the Schwarzschild black hole. However in real physical systems,
there are matter fields around a black hole. Such a black hole is called
a “dirty black hole”. In this paper, the effect of matter fields on the
black hole and the greybody factor is investigated. The results show
that matter fields make a black hole smaller. They can increase the
potential energy to a black hole to obstruct Hawking radiation to
propagate. This causes the greybody factor of a dirty black hole to be
less than that of a clean black hole.
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|. INTRODUCTION

N general relativity, the spherically symmetric vacuum

solution is the Schwarzschild metric. A Schwarzschild black
hole, which is described by the Schwarzschild metric, is a
black hole in empty space. It is referred to a “clean” black
hole. However, in real situations a black hole is surrounded by
various types of matter fields and referred to a “dirty” black
hole [1]-[3]. We are interested in the presence of matter fields
around a black hole. In this paper, the effect of matter fields
on the black hole and the greybody factor is studied.

1. THE SCHWARZSCHILD BLACK HOLE
The Schwarzschild metric is given by

2 _ _(q_2M 2 dr? 2902
ds? = —(1-2%) dt + o T 02, )
where M is the Schwarzschild black hole mass. In this paper,
we are interested in a spin one particle radiated from the
Schwarzschild black hole. We define the tortoise coordinate 7,
by

d?”* _ ar ( 2)

T 1-2myr

The Schwarzschild metric can be rewritten as

2M
T

ds? = —(1-2) (—dt* + dr2) + 12402 (3)

The Schrodinger-like equation is given by
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where the potential for a vector field is [4]

V() = (1 - ﬂ) dGS) ®)

r r2

The potential is plotted with [ = 1 and M = 3 as shown in
Fig. 1. In one-dimensional scattering problem, there are very
general and rigorous bounds on the transmission probability
[5]. Application for the generic systems can be found in [6]-
[8]. For developments in applying to black hole greybody see
[9], [10]. The lower bounds on the transmission probabilities
are given by [5] (see also [11], [12])

T > sechz(fjoooﬁdr*), (6)
where

19 _ /(h’)2+(w2—V—h2)2‘ (7)

2h
for any positive function h. We set h = w, then
2(1
T = sech (Z . Vdr,,). (8)
From (2), the tortoise coordinate can be written as
r—2M
n=r+2Mln(2m). 9)

whenr, - —oo,r - 2M and when r, — oo, r — oo. Therefore,

Tscn = sech? (i I D) dr) = sech? (l(l;l)) (10)

2wY2M  r2 4wM

The transmission probability and the energy of the emitted
particle for the Schwarzschild black hole are plotted as shown
in Fig. 2.
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Fig. 1 The Schwarzschild potential with i = 1and M = 3
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Fig. 2 The transmission probability for the Schwarzschild black hole
withl=1andM =3

I1l. THE DIRTY BLACK HOLE

The metric of a generic static spherically symmetric
spacetime is given by [1]

2
ds? = —~200) (1 - 220 g2 4 I 4 12402 (11)

T 1-2m(r)/r

where m(r) and ¢ (r) are arbitrary functions. If the black hole
event horizon exists, the function m(r) will satisfy the
boundary condition 2m(ry) = ry, where ry is the horizon
radius. Asymptotic flatness of spacetime is assumed so that
¢ (o) = 0 and m(oo) is finite. The Einstein equations are

am _

An(p+p)T
dr T i2m@/r (12)

d

4mpr? and d—(f = ooy

In this paper, we find an appropriate choice for m(r) and
¢(r) in order to derive the specific results. The Weak Energy
Condition (WEC) states that p = 0. Thus the function m(r) is
an increasing function. Because of finiteness of m(r) at
spatial infinity, this motivate us to assume pr* = ¢;, where ¢,
is a constant. Therefore,

41ICq

m(r) = — +c, (13)

where ¢, is a constant of integration. Applying the boundary
condition 2m(ry) = 14, we obtain

="+ “% (14)
Therefore,
1
m(r) = %H + 4mc,y (i - ;). (15)

Applying the boundary condition m (o) = M, we obtain

4mc, = 7(21”_;”)“'. (16)
thus
mr) =M — (2M‘+)’H (17)
That is
1_2"‘_(”:1_%_%_ (18)
T T T
Since m(r) is an increasing function, then
m(ry) < m(e) (19)
or
ry < 2M. (20)

It can be seen that the horizon radius of the dirty black hole
is smaller than that of the Schwarzschild black hole. Thus,
matter fields around the black hole can shorten its horizon
radius. The dirty black hole is, therefore, smaller than the
Schwarzschild black hole for the same mass. From (12), we
obtain

a9 _ 4n(p+pr)r
dr ~ 1-2M/r—=Q2M-rp)ry/r? (21)
SO
r1/2
(P(‘I") =In (W) + C3, (22)
where

x=r—-M—-M?+A4

yEr—-M+ M2+ A

A
T (Mt 4+ M) (N 1 A)

_ A
“ = (UMt 4 - M) (VM 1 A)

A= (Q2M —1y)ry
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and c; is a constant of integration. Derivation of (22) can be
seen in Appendix A. Applying the boundary condition
¢ () = 0, we obtain c; = 0. Therefore,

$(r) = In (ﬁ) 23)

The Schrodinger-like equation is given by

a?y 2 —
ozt =V =0, (24)
where
1G]
dr* - 1-2m(r)/r r (25)
and the potential for a vector field is [13]
V() = 729 (1 - 2mO) ED, (26)

The dirty potential is plotted withl =1, M = 3,and ry = 1
as shown in Fig. 3. The comparison between the dirty
potential and the Schwarzschild potential is plotted in Fig. 4. It
can be seen that the dirty potential is higher than the
Schwarzschild potential. Increment of the potential energy in
case of the dirty black hole comes from matter fields. The
lower bounds on the transmission probabilities are given by
[13]

Ty = sech? (ﬁ I Vdn) = sech? ( fr: e~ l(lr;zl)dr) > sech? (M) (27)

Because of (20), we derive
Ty < Toch- (28)

Fig. 5 shows the plot between the transmission probability
and the energy of the emitted particle for the dirty black hole
with [ =1, M = 3, and ry = 1. Fig. 6 shows the comparison
between the transmission probabilities of the Schwarzschild
black hole and the dirty black hole. The graph confirms the
validity of (28).
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Fig. 3 The dirty potential withl =1, M = 3,andry = 1
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Fig. 4 The comparison between the dirty potential and the
Schwarzschild potential withl =1, M = 3,and ry = 1
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Fig. 5 The transmission probability for the dirty black hole with [ =
1,M=3,andry =1
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Fig. 6 The comparison between the transmission probabilities of the
Schwarzschild black hole and the dirty black hole with [ = 1, M = 3,
andry =1

IV. CONCLUSION

In this paper, we have investigated what effect of matter
fields surrounding a black hole on the black hole and the
greybody factor. It has been found that a black hole with the
presence of matter fields is smaller than a clean black hole
with the same mass. Matter fields around a black hole can
shorten its horizon radius. Increment of the potential energy in
case of the dirty black hole is an effect of matter fields. This
causes the greybody factor of a dirty black hole to be less than
that of a clean black hole. Matter fields can obstruct a spin one
Hawking radiation to propagate.

APPENDIX

A. Explicit Form of ¢ (r)

For the simple model, assume that we are now in the
matter-dominated universe. So p, = 0. From (21), we obtain

@ - _ 4Ttpr (29)

dr y_2M_(M-ry)ry”
T r2

Using pr* = c;, we derive

do ampr® amc
—= . (30)

dar _r3—2Mr2—(2M—rH)rHr - _r[r2—2Mr—(2M—rH)rH]'

From (16), then

@ _ 2M-rg)ry
dr  2r[r2-2Mr—-M-rg)ryl (31)

Let A= (2M —ry)ry. The denominator of (31) can be
factorized

r? —2Mr — A =1?—-2Mr + M* — M? —
= -M?2-M>+A)=(r—M—-VMZ+A)(r-M+VMZ+A)(32)

Using the partial faction, the right hand side of (31) becomes

A aq a as (33)

r(r2-2Mr-4) 1 r-M—M24A r-M+/M2+A

_a + azr(r—M+ M2+A) + agr(r—M— M2+A) (34)

r r(r2-2Mr-A) r(r2-2Mr-A)

equating the coefficients of powers of r gives

a =-1
A

- (VMZ + A+ M)(2VM? + 4)
A

a;

C T T A M) (T A)

We define x=r-M-vM?2+A and y=r—-M+
VM? + A. Using (33), we can integrate (31)

o(r) = 7%f(7%+%+%)dr =%lnr7%lnxf%lny+c3 = ln(L)+c3 (35)

x62/2ya3/2
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