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Some solitary wave solutions of generalized
Pochhammer-Chree equation via Exp-function
method
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Abstract—In this paper, Exp-function method is used for some
exact solitary solutions of the generalized Pochhammer-Chree equa-
tion. It has been shown that the Exp-function method, with the help
of symbolic computation, provides a very effective and powerful
mathematical tool for solving nonlinear partial differential equations.
As a result, some exact solitary solutions are obtained. It is shown
that the Exp-function method is direct, effective, succinct and can be
used for many other nonlinear partial differential equations.
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[. INTRODUCTION

HE study of exact solutions of nonlinear partial dif-

ferential equations (NPDE) plays an important role in
mathematical physics, engineering and the other sciences.
In the past several decades, various methods for obtaining
solutions of NPDE’s and ODE’s have been presented, such
as, tanh-function method [1], [2], [3], Adomian decomposition
method [4], [5], Homotopy perturbation method [6], [7], [8],
variational iteration method [9], [10], [11], spectral method
[12], [13], [14], sine-cosine method [15], [16], radial basis
method [17], [18] and so on. Recently, Ji-Huan He and Xu-
Hong Wu [19] proposed a novel method, so called Exp-
function method, which is easy, succinct and powerful to
implement to nonlinear partial differential equations arising
in mathematical physics. The Exp-function method has been
successfully applied to many kinds of NPDEs, such as, KdV
equation with variable coefficients [20], Maccari’s system [21],
Kawahara equation [22], Boussinesq equations [23], Burger’s
equations [24], [25], [26], Double Sine-Gordon equation [27],
[28], Fisher equation [29], Jaulent-Miodek equations [30] and
the other important nonlinear partial differential equations
[31], [32], [33]. In this paper we apply the Exp-function
method [19] to obtain exact solitary wave solution of a
nonlinear partial differential equation, namely, generalized
Pochhammer-Chree equation (GPC) given by

Utt — Uttgr — (au + Bun'H + ’)”LLZW'-,—I)(@Qc =0 s n 2 1.

where «, § and ~y are constants. GPC equation represents a
nonlinear model of longitudinal wave propagation of elastic
rods [34], [35], [36], [37], [38], [39], [40], [41], [42], [43],
[44], [45], [46]. The model for o = 1, 8 = %H and v =0
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was studied in [40], [41] where solitary wave solutions for
this model was obtained for n = 1,2 and 4. A second model
fora =0, 8 = —% and v = 0 was studied by [42] and
solitary wave solutions were obtained as well. However, a third
model was investigated in [37], [43], [44], [45], [46] forn =1
and n = 2 where explicit solitary wave solutions and kinks
solutions were derived.

The rest of the paper is organized as follows: Section 2
describes exp-function method for finding exact solutions
to the NPDEs. The applications of the proposed analytical
scheme presented in Section 3. The conclusions are discussed
in the section 4. Exp-function calculations are provided in the
end.

II. BASIC IDEA OF EXP-FUNCTION METHOD

We consider a general nonlinear PDE in the following form
N(u7u17ut7uzzyutt7uzt7"'):0 ) (1)

where NV is a polynomial function with respect to the indicated
variables or some functions which can be reduced to a poly-
nomial function by using some transformation. We introduce
a complex variation as

u(z,t) =U(n) ,

where k£ and c are constants and ¢ is an arbitrary constant.
We can rewrite Eq.(1) in the following nonlinear ordinary
differential equations

n=k@—c)+teo. (2

N(U, kU, kU’ K2U",..) =0,

where the prime denotes the derivation with respect to 7.
According to the Exp-function method [19], we assume that
the solution can be expressed in the form

7 3
>7__, by exp(in) )

Un) =
where ¢, d, p and ¢ are positive integers which can be
freely chosen, a; and b; are unknown constants to be
determined. To determine the values of ¢ and p, we balance
the highest order linear term with the highest order nonlinear
term in Eq.(3). Similarly to determine the values of d and
q. So by means of the exp-function method, we obtain
the generalized solitary solution and periodic solution for
nonlinear evolution equations arising in mathematical physics.

995



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:4, No:7, 2010

I1I. APPLICATIONS OF THE EXP-FUNCTION METHOD

In this section, we show the detailed steps of the Exp-
function method to construct exact solitary wave solutions of
generalized Pochhammer-Chree equations (GPC)

Ut — Uttzx — (au + ﬁunJrl + 7u2n+l)mz =0 ) (4)

where «, S and 7y are constants. Making the travelling wave
transformation

u(z,t) = U(n),

and integrating twice, here k and c are constants to be
determined later, then Eq.(4) becomes an ordinary differential
equation in the form

n=k(zx—ct)+ o ,

k2(62 _ Of)U _ k‘402U” _ k’2/BUn+1 _ k2"}/U2n+1 — O ,

where the prime denotes the derivative with respect to 1 and
also where the integration constants are chosen as zero. We
now use the transformation

Ur=wv, )
which we find

U,,:l—n

L2/ 12
U (v") +EU

substituting the transformations (5) into the GPC equation
gives the ODE,

n2k%(c? — a)v? — k't (1 — n)(v")? — E*Pnw”

—E2Bn?v® — K2 yn?0t =0 (6)

We have the following cases:

IL.B#0

According to the Exp-function method [28], [47], [48], we
assume that the solution of Eq.(6) can be expressed in the
form

o(n) = acexp(cen) + ... + a_gexp(—dn)
bpexp(pn) + ... + b_gexp(—qn) ’

where ¢, d, p and ¢ are positive integers which are unknown
to be determined later. In order to determine values of ¢ and
p, we balance the linear term of the highest order with the
highest order nonlinear terms in Eq.(6), i.e. vv” and v*. By
simply calculation, we have

oo = exp[(2¢ + 3p)n] + ...

= , 7
co explbpn] + ... ™

and

4 — caexpl(dc+p)n] + ... 7 ®)
cy explbpn] + ...

where c; are coefficients only for simplicity. By balancing
highest order of exp-function in Egs.(7) and (8), we have

de+p=2c+3p,
which leads to the result

p=c.

Similarly to determine values of d and ¢, we balance the linear
term of lowest order in Eq.(6)
y -+ diexp[—(3q + 2d)n]

v = , 9
... + da exp[—5qn] ®

and

AT ds exp[—(q + 4d)n)

, 10
<o + dgexp[—5qn) {19

where d; are determined coefficients only for simplicity, we
have

-3¢ +2d) = —(¢+4d) ,
which leads to results
qg=d.

For simplicity, we set p = ¢ = 1 and ¢ = d = 1, so Eq.(3)
reduces to

v(n) =

ay exp(n) + ag + a—1 exp(—n)
exp(n) +bo +b_1exp(—-n)

Substituting Eq.(11) into Eq.(6), equating to zero the
coefficients of all powers of exp(nn) yields a set of algebraic
equations for ag, by, a—1, a1, b1, k and c (see Appendix
A). By solving the system of algebraic equations with a
professional mathematical software, we obtain

(11

b
a =0, (LOZEO(CQ—O()(TL+2)7 a_1=0,
bo = bo , p=" Z2—a, c=c,
c
by = (@ — )+ 2+ B+ )
46%(n +1)

Substituting these result into Eq.(11), we obtain

%"(02 —a)(n+2)
exp(n) 4+ bo + b_1 exp(—n)

v(n) =
(12)

where by and c are free parameters and

b= U ot a2+ B0+ 1)

T 4B2(n+1

To compare our results with those obtained in [43], [45], if
we set

2V38
bO = ) n=2 )
V382 + 167(c2 — )
Eq(12) becomes
88 (? —a)
382+16y(c2—a)

v(n) = (13)

exp(n) + \/#% +exp(—n)
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where n = 2v/¢c2 — a(x — ct) + ¢o. We re-write Eq.(13) and
] ®» q

C

use of Eq.(5) in the form

u(@, i{<4\/3ﬁ216_’y (v —¢?)

sechQ[i\/ alx —ct) + o )/
V33

(2+ (71+ \/3,32—167(04—02))

1/2
sec h? [(1:\/02 —afr—ct)+ 9o ) }

which is the traveling wave solution obtained in [43], [45].
Also, by the choice v = 0 in our solution (12) gives
bﬁ“ (2 —a)(n+2)

= . 14
exp(n) + bo + 162 exp(—n) (1

where ) = 2v/c2 — a(x — ct) 4 @o. To compare our results
with those obtamed in [43], [45], [46], we present the follow-
ing discussion

M Atc®>aand by =2 .

We can obtain from Eq.(14) and Eq.(5) that

(e 1) = {(—2>6<+2>

sec h? |::c V2 —a(z —ct) + ¢

(D) At c® > a and by = —2 .
We can obtain from Eq.(14) and Eq.(5) that

}l/n

u(z, t) = { _ (e _O;)/B(”“‘?)

csc h? [; V2 —a(z —ct) + ¢o

}1/11

or equivalently

u(z,t) = {(c *C;)é”+2)

(2 — tanh? {f V2 —alz—ct)+ ¢o
¢

I

e —afx —ct) + po

— coth? 1

(Il At > < acand by = 2 .
We can obtain from Eq.(14) and Eq.(5) that

u(w,t) = { G ";)/8(” +2)

sec? |:n Va—c2(xz—ct)+ o

2c

}l/n

(IV) At ¢? < o and by = —
We can obtain from Eq.(14) and Eq.(5) that

u(z,t) = {(C _0;)5(”4'2)

CSC2

ﬁ\/ozf@(a?fct) + ©o

2c

}l/n

| —

or equivalently

u(x,t) = {(C — C;)ﬁ(n +2)

(2 + tanh? |:I Va—c2(z—ct)+ po
c

i

which are the traveling wave solutions obtained in [43], [45],
[46].

II. 5=0

In the this case, Eq.(6) convert to

Va—c(xz—ct)+ po

+ coth? {

4c

n?k3(? — a)w? — E*(1 — n)(v')?
— k2 yntt =0,

as)

— k*Pnw”

According to the Exp-function method [28], [47], [48], we
assume that the solution of Eq.(6) can be expressed in the
form

ay exp(n) + ag + a—1 exp(—n)

v(n) = exp(n) + by + b_1 exp(—n) (o

Substituting Eq.(16) into Eq.(15), equating to zero the
coefficients of all powers of exp(nn) yields a set of algebraic
equations for ag, by, a—_1, ai, by, k and c¢ (see Appendix
B). By solving the system of algebraic equations with a
professional mathematical software, we obtain

a1:O, ap = agp , CL_1:O, b():O,
. vag

T 4@ —a)(n+1)
k=—-Vc—a, c=c

Substituting these result into Eq.(16), we obtain

ao

v(n) = a7

a2
exp(n) + i% exp(—7)

where a¢ and c are free parameters. To compare our results
with those obtained in [37], [43], [45], [46], we present the
following discussion

M. At ag = 2 (n+D)(a=c?)

p~ ,c2>aand vy <0.
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We can obtain from Eq.(17) and Eq.(5) that

uu,t)_{; (n+1)a =)

(D). At ag = 24/ UFUE=0) 62 5 o and > 0.

We can obtain from Eq.(17) and Eq.(5) that

B (n+1)(c? —a)
u(z,t) = { I

sec h? |:Z\/ 2 —a(z—ct)+ o

}l/n

II0). At ag = 21 ,c2>aand vy > 0.
We can obtain from Eq.(17) and Eq.(5) that
(n+1)(c?—a)

u(z,t) = {z 5

csc h? {Z\/ 2 —a(z—ct)+ o

(nt+1)(c?=a)

}1/71

V). Atag =2 ,c2 <aand vy <0.
We can obtain from Eq.(17) and Eq.(5) that
(n+1)(c - a)

u(z,t) = { y

sec? [n\/ 2 —a(z—ct) + o
c

(n+1)(a—c?)

}1/’”,

(V). At ag = 2i ,c2 <aand vy <0.
We can obtain from Eq.(17) and Eq.(5) that
(n+1)(c>—a)

u(z,t) = { )

esc? [n\/ 2 —afz—ct)+ po

(n+1)(a—c?)
Y

C

}l/n

which are the traveling wave solutions obtained in [37], [43],
[45], [46].

IV. CONCLUSION

In this paper, Exp-function method is used to obtain some
exact solitary solutions of the generalized Pochhammer-Chree
equation. Generalized Pochhammer-Chree equation represents
a nonlinear model of longitudinal wave propagation of elastic
rods. Exp-function method changes the problem from solving
nonlinear partial differential equations to solving a ordinary

differential equations by chosen free parameters and with
the help of symbolic computation, provides a very effective
and powerful mathematical tool for solving nonlinear partial
differential equations. The obtained result clarify that the Exp-
function method is direct, effective, succinct and can be used
for many other nonlinear partial differential equations.

APPENDIX A

2

—n%c?a® | b? | +nlad® b2, +n?Ba® b 1 +n*yat, =0,

—2n2c2a2,1bob_1 + 2n2aa0a_1b31 + 2n2aazlbob_1

+3n%Baga® |b_1 — 2nctaga_1b* | + n*Ba® by

+ dn?yapa® | +nk*c*a_japb®; — nk*c?a’ bob_1 =0,

—2n202a1a,1b2,1 + 2n2aa1a,1b2,1 — 4nk262azlb,1
+ SnZBalaz_lb,l + SnQBaga,lb,l + 3n25a0a%1bo

2.2 212 222 32 | 2 212 2.2 12
—ncagh; —n“c*a by + naagh”; + naaZ by

+ k2adb? | + k2Pa? b2 + 6nyada? | + dnPyara® |

— 2n202a2_1b_1 + 2n2aa2_1b_1 + nzﬁail + 4naaga_1bob_1

- 4n202a0a_1b0b_1 — 2]{)2620,0&_11)0()_1
—|—4nk202a,1a1b2_1 =0,
—6k%2c?na_jaob_1 + 6k>c*naib_1a_1by + n26a8b_1

+ 4k262a1b2,1a0 —4k?a_jagb_q + 3n2ﬁa0a2,1

+ nkQCana,lbg — nkQCQagb,lbo — 4k%Payb_1a_1bg

- 4n202a1a_1b0b_1 + 67125&1&0(1_16_1 + 4n2aa1a_1b0b_1

- k2c2na2_1b0 + 3n2ﬂaga,1b0 — 2n2c2a0a,1b(2)
+ 2712(1(10@_11)(2J — 2n2c2a1a0b2_1 —4n2ctaga_1b_4

+ 2n2aa1a0b2,1 + 4n’aaga_1b_q1 + 3n25a1a3160

+12n2vyarapa® | + 4k*c?a® by — 2n%c2a® by + 2naa® by

+ 4n2’ya8a_1 + 2n2aa8b0b_1 + kQCQnalbzlao

—2n2cadbob_1 =0,

4k2ca® | + n?vyay — n?calby + n*aalbi + 4k3alh? |

+n?Badbo + 3n*Bara’, + 3n*Bada_1 + 6n*yaia®

—2k%c2a2b_ 4+ 2n%aalb_y — 2n%c2alb_; — 8k carb_qa_y

+ 2k202a_1a0b0 - 2k202a1b(2)a_1 + 2k202a1b_1a0b0

+ 4k262na1b(2)a,1 — n202a2,1 + naa? 11— an%cara_1b_q

— 2n202a1a_1b3 — 4n2ctaga_1by + 4naaia_1b_q

+ 2n20za1a_1b(2) + 4n’aaga_1by — 4n/€262a(2)b_1

+ SnQﬁafa,lb,l + i’mgﬁalagb,l + 12n27a1a(2)a,1 + ngaa%bg_l

— n202a§b2_1 — An2claragbob_1 + An’aaragbob_1
+ GnQﬂalaoa,lbo =0 s

n%’ag + nkzczaoalbg — kZCZnafbob,1 + 6k%c®naboa_q
+ 4k%Pa_q1a0 + 2n2aagbo + 2n’aaga—y — 4k*cCab_qa0
+ 4n27a1a8 + k2c2na,1a0 + GnQBalaoa,l — 2n202a0a,1
— 2n202a3b0 + 4k:2(:2a%b0b_1 —4k*Paibga_y + 3n2[)’a1a%bg

+ 2n2aa1a0b3 - 2n202a1a0b% — n/chQa%bo + 3n2ﬁafaob,1

+ 12n2'yafa0a,1 — QnQCQabeb,l —4n%cPajagh_q

—dn®Paja_1by + 2n2oza§b0b_1 + 4n’aajagb_q

+ 4nlaaja_1by + SnQﬁafa,lbg — 6k%c®natb_1a9 =0,
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Anaaqagby — An2caraoby + 4k*Pnara_q — 4k202na§b,1
+ 3n2ﬁa§a0b0 —2k%Payaghy — 712(22(1(2J + n2aag + k2(:2a3

—n?c?aib + naalbl + k22aibi + 3n*Baral + 6n*yatal dn’yata_y — 2n*ctalb_y — 2n*c*aja_y + 2nPaalb_,

+ SnQBa%a,1 + 4n2'ya:fa,1 + 2n20za%b,1 + 2n’aala_q

— 2n2c2a%b_1 —2m2laja_q + ngﬁafb_l =0,

—k2c2na%b0 + nk?caga; + 4n27a§’a0 — 2n202a%b0
—o2n%cPajag + 2n2aa%bo + 2n’aaiao + 3n2ﬁa?a0
+n?Baiby =0,

—n?c?a? + naa? 4+ n*Bad + nya} = 0.

APPENDIX B

—n?c?a® | b? | + nPfaad’® b2, +n?yat, =0,

4n?yapa® | + 2naaga_1b% | + 2naa® bob_4
— 2n2c2a0a_1b2,1 — 2n2c2a2,160b_1
+ nkZCQa,laobzl — nk2cza2,1b0b,1 =0,
—4n2caga_1bob_1 + 4n’aaga_1bob_1
— 2k%%aga_1bob_q1 + 4nk2c2a_1a1b2,1 + 4n2'ya1a3,1
+2n%aa® by — 2n%c%a® b 1 — n?c?alb?,
—n%c?a® b3 + n*aalb? | +n?aad® b2 + K alb?,
+ k%c?a® b + 6n*yaia® | — 2n’ctaja_1b*,
+ 2n20za1a,1b2_1 — 4nk202a2_16,1 =0,
k2c2na1b31a0 — 6k2c®na_1apb_1 — 4n%caja_1bob_1
+4n%aara_1bob_1 + 6k*cPnaib_1a_1bg
+ nkQCana_lbg — nk202a3b_1b0 —4k*arb_ja_1bg
— nk202a2,1b0 + 2n2aa0a,1bg — 2n2c2a8bob,1
— 2n202a0a,1bg + 2n2aa3b0b,1 + 4k202a1b2_1a0
—4k*Pa_qagh_1 — 2n202a1aobzl — 4n®Paga_1b_q
+ 2n20¢a1a0b2,1 + 4n’aaga_1b_q1 + 12n2'ya1a0a2,1
+ 4k202a2_160 + 4n2'yaga_1 + 2n2aa2_1b0
—2n%c%a® by =0,
4k2ca? | + n?yad + naa®
+ 2k%2Parb_1apby + 4k2c2na1b(2)a_1 + n2aa(2)b(2)
—n?c?adbi + 12n*yaja3a_y + 2k*c*a_jagby
—2n2cadb_i + 6n’vyaia®, + 4k*Palb*,

—dn’Paja_1b_q — 2k2c2a1b(2)a_1 — 2n202a1a_1b%

2 —n2c?,

—dn?Paga_1by + n20za§b2_1 + 2n2aa1a,1bg
+4n?aaia_1b_1 + 4n’aaga_1by — 4n/€202a§b_1
—2k*c?adb_q + 2n*aadb_y — n’c*aib?,
—dn?cPajagbob_1 — 8k*cParb_1a_;
+ 4n%aajagbob_1 =0,

—2n2c2a%b0b,1 —4n%caraob_1 — dn?Paja_1bg
+ 2n2aa?bob_1 + 4n’aajagb_1 + 4naaia_1bg
+ 12n2'yafaoa,1 + nkQCZaoalbg — 2n202agbo
+ 2n2aa3bo +4k%a_qag + 4n27a1ag + 2n%aaga_;
—2m2caga_; — nk2c2a%bob_1 + 6nk*caiboa_q

— 6nk?ca1b_1a0 + nk*cCa_iao — 2n262a1aob(2)

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

+ 2n%aayagh? — nk?c?alby + 4k*c2albob_,

- 4]{‘202&1[)0&_1 - 4k202a1b_1a0 =0 5

+2naaia_q — nQCQa%bS — 4n202a1a0b0

+ 4n’aajagby — 2k2Paraoby + dnk*cCara_q — 4n/€202a§b_1

+nlaaibl + kK c?aib + 6n’vyaial + k*c?al — n*cal

+n?aat =0,

—nk202a%b0 + nk?c?aga; — 2n202a%b0 —2n%Pajan + 2n2aa§bo

+ 2n%aaiag + 4n2'yaifa0 =0,

2.2 2

n2'ya‘11 —n-c'aj + nQaa% =0.
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