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Abstract—This paper considers the (2+1)-dimensional breaking
soliton equation in its bilinear form. Some exact solutions to this
equation are explicitly derived by the idea of three-wave solution
method with the assistance of Maple. We can see that the new idea
is very simple and straightforward.
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|. INTRODUCTION

E can find many important phenomena and dy-
namic processes in physics, mechanics, chemistry and
biology which can be represented by nonlinear partial dif-
ferential equations. The study of exact solutions of nonlinear
evolution equations plays an important role in soliton theory
and explicit formulas of nonlinear partial differential equations
play an essential role in the nonlinear science. Also, the
explicit formulas may provide physical information and help
us to understand the mechanism of related physical models.
In recent years, many kinds of powerful methods have
been proposed to find solutions of nonlinear partial differential
equations, numerically and/or analyticaly, e.g., the variational
iteration method [1], [2], [3], the Adomian decomposition
method [4], [5], the homotopy perturbation method [6], [7],
[8], [9], [10], parameter expansion method [11], [12], [13],
spectral collocation method [14], [15], [16], [17], [18], homo-
topy analysis method [19], [20], [21], [22], [23], [24], [25],
and the Exp-function method [26], [27], [28], [29], [30], [31].
In this paper, by means of the idea of the three-wave
method, we will obtain some exact solutions for the (2+1)-
dimensional bresking soliton equation in its bilinear form.
The paper is organized as follows: in the following section
we have a brief review on the three-wave method. In Section
111 we obtain some exact solutions for the (2+1)-dimensional
breaking soliton equation. In Section |V we obtain some
soliton solutions for the (2+1)-dimensional Bogoyavlenskii’'s
breaking soliton equation. Finally the paper is concluded in
Section V.

Il. METHODOLOGY

Dai et a. [32], suggested the three-wave method for nonlin-
ear evolution eguations. The basic idea of this method applies
the Painleve analysis to make a transformation as

u="T(f) @
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for some new and unknown function f. Then we use this
transformation in a high dimensional nonlinear equation of
the general form

) =0, 2

where u = u(z,y, z,t) and F is a polynomial of « and its
derivatives. By substituting (1) in (2), the first one converts
into the Hirota's bilinear form, which it will solve by taking
a special form for f and assuming that the obtained Hirota's
bilinear form has three-wave solutions, then we can specify
the unknown function f, (for more details see [32], [33]).
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I11. (2+1)-DIMENSIONAL BREAKING SOLITON EQUATION

In this section, we investigate explicit soliton solutions
of the following (2+1)-dimensional breaking soliton equation
given in [34]

Ugzay — 2 Uy Uzy — 4 Uy Ugy + Ugy = 0. 3

Equation (3) is used to describe the (2+1)-dimensional inter-
action of a Riemann wave propagating along the y-axis with
a long wave aong the x-axis, which was first described by
Calogero and Degasperis in 1977. To solve eq. (3) authors in
[34] used of N-soliton solution. In this paper, we use the idea
of three-wave method [32], [33], to solve equation (3). By this
idea we obtain some analytic solutions for the problem. The
process of the method is very easy and more simple than the
method of Zheng et a. [34]. To solve eq. (3), we introduce a
new dependent variable w by

w=—-2(Inf), (4)

where f(xz,y,t) is an unknown real function which will be
determined. Substituting eg. (4) into eg. (3), we have

2(In f)gee + 2(In f):czrmy +16(In f)zz (In f)zzy+

8(In f)zze (lnf)zy =0, ©
which can be integrated once with respect to x to give
2(In f)g¢ + 2(In f)wzwy +12(In f)zz (In f)zy
(6)

+48;1((1nf)m (In f)my = (In f)zzz (In f)my) =0.
Thus, eg. (6) can be written as

(DeDy+ DyD2)f - f+4 20, (De(In f)zs - (In f)ay) =0,
(7)
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where the D-operator, e.g. for two-variable functions is defined
by

(3% = 32" (55 — 32)"[f (@1, t)g(@2, t2)]| 2y = 0y — o
t1 =t =1

to reduce eq. (7) to
(D=Dy+DyD})f - f =0, ®)
we follow the assumption of [34] by assuming
97 (Da(In f)az - (0 f)ay) = 0,
where 9,10, = 0,0, = 1. Now we suppose the solution of
eg. (8) as
fz,y,t) = e 5 4 6; cos (&) + da cosh (£3) + Iz et (9)

where

L=ax+by+ct, i=1,2,3 (20

and a;, ¢;, 0; are some constants to be determined later.
Substituting eg. (9) into eg. (8), and equating al co-
efficients of sin (axx 4+ bay + cot), cos(azx + by + c2 t),
sinh (a3 x + bs y + c3 t) and cosh (a3 x + b3 y + c3 t) to zero,
we get the set of algebraic equation for a;,b;,c;, 9;, (i =
1,2,3)

-3 (l12 b1 as — a13 bg — 3b3a32 a;—
a35b1 — C3Qa1 —C1 03 :07

3a;braz? +cra; +azes +ar b1+
b3 LL33 + 3 bz as a12 =0,

—asco+bras® +a® by +cra—
3b2 ag 012 - 3CL1 bla22 = 07

a13 b + co aq +3a12 by as+ (11)
C1 Ay 7@23b1 73b2a22a1 = 07

—a23bs + coas + c3 as + asby—
3 b2a22a3 +3 bga32a2 =0,

aszcz + bsaz® — az co — 3bgazar®+
3 2 _
bQ a2” — 3b2 asa3” = 0,

16 CL1361(53 + 401 a163 — 51262 as+
622(;3 as + 46126123172 + 4622a33b3 =0.

Solving the system of equations (11) with the aid of Maple,
we obtain the following cases:

A. Case 1.
ay = ag, a2 = 0,by = —b3, by = — 7%,
(12
2
€1 = —C3,C2 = *a32 b2,61 = 0,03 = %7

for some arbitrary real constants as ,c3,b2 and d,. Substitute
eg. (12) into eg. (4) with eq. (9), we obtain the solution as

flz,y,t) = e & 8, cosh (&) + §5et

and
—2(—aze™% + Sy sinh (£3) az + dzazett)
= 1
u(z,y:?) e~$1 + &9 cosh (&3) + d3eét (13)
for

&1 = azxr — b3y —c3t, & = azx + b3y + cst

by =—=5, 03=10"
If 53 > 0, then we obtain the exact breather cross-kink solution

—2ag (2/33sinh (& — 6) + o sinh (&)
2/83 cosh (&1 — 0) + 63 cosh (&2)

u(x,y,t) =

for

1 1
0=5n(0%) , o= 2522'

If 53 < 0, then we obtain the exact breather cross-kink solution

—2as3 (2 V=03 cosh (& — 0) + d2 sinh (fg))

J b 7t - .
u(@y,t) 2y/—03sinh (§; — 0) + 3 cosh (&2)
for
1 1
0= 5 ln(—ég) y 53 = Z 522.
B. Case 2:
a1 = az, by =bs,c; = c3 = —4bzaz? 6, =0

1 b3(a24+6 a32u2273 a34)

co=—3 1 b3(a22+3a32)

ybe = —3
(14)
for some arbitrary rea constants as,as,bs,d;, i = 1,2.
Substitute eq. (14) into eq. (4) with eq. (9), we obtain the
solution as follows

f(z,y,t) = e + 65 cosh (&) + dze

azas azas3

and
—2(—aze™% + Sy sinh (£1) a3 + dzazett)
t) = 15
u(@y,1) e—§1 + §5 cosh (&1) + d3eé1 (15)
for

51 = asxr + bd’y — 4b3a32t.
If 53 > 0 then we obtain the exact breather cross-kink solution

—2ag (2 /03 sinh (& — ) + 62 sinh (1))
2/33 cosh (& — 6) + 65 cosh (&1)

u(z,y,t) =

for 1
0= 3 In(d3).

If 3 < 0 then we obtain the exact breather cross-kink solution

—2 as (2 vV —(53 cosh (51 — 0) + 62 sinh (El))
—2y/=83sinh (& — 0) + d2cosh (&)

u(z,y,t) =

for 1
0= 3 In(—d3).
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IV. (2+1)-DIMENSIONAL BOGOYAVLENSKII'S BREAKING
SOLITON EQUATION

In this part, we obtain some explicit formula of solutions
of the following (2+1)-dimensional Bogoyavlenskii’s breaking
soliton eguation given in [35]

Ugzay + 4 Uy Uzy + 4 Uy Ugy + Ugy = 0. (16)

To solve eg. (16) author in [35] used the Bilinear Backlund
transformation and explicit solution. In this paper, we use the
idea of three-wave method [32], [33], to solve equation (16).
By thisidea we obtain some analytic solutions for the problem.
To solve eg. (16), we introduce a new dependent variable w

by
u = 0, w. )

After this, the breaking soliton equation can be written as

which can be integrated once with respect to x to give the
potential form of breaking soliton equation

by using the Hirota's bilinear method [36] and D-operator, we
set

U = %(ln Ha (20)

where f(z,y,t) is an unknown real function which will be
determined. Substituting eg. (20) into eg. (16), we obtain the
following Hirota's bilinear form

(DoDy+ DyD3)f - f =0. €
Now we suppose the solution of eq. (21) as
f(x,y,t) =e S 46, cos (&) + da cosh (£3) + dz et (22)

where

Si=ax+biy+cet, i=1,2,3 (23)

and a;, ¢;, 0; are some constants to be determined later.
Substituting eg. (22) into eg. (21), and equating al co-
efficients of sin (axx 4+ bay + c2t), cos(azx + by + ca t),
sinh (a3 x + bs y + c3 t) and cosh (a3 x + b3 y + c3 t) to zero,
we get the set of algebraic equation for a;b;,c;, 6;, (i =

1,2,3)

-3 a12 b1 as — a13 b3 — 3b3a32 a;—
a33b1 — C3 a1 — C1 a3 = 07

3a;byaz?+cia; +azes +a®bi+
b3 (133 + 3b3 as CL12 = 0,

—as ey +bras® +ar®by +cpa—
3b2 as a12 - 3(11 6161,22 = 07

a13bs +coa1 +3a12 by as + ¢ as— (249)
a23 b1 — 3b2 a22 a; = 07

—ag3by + caaz + 3 ag + azgby—
3 b2a22a3 +3 b3a32a2 =0,

a3 C3 + b3a33 — Qg Cy — 3b3 a3a22—|—
b2 a23 -3 bg CLQ(132 = O,

16 a13b153 + 401 0,163 — (51202 az + 62203 as—+
45120,23172 + 4(5220,331)3 =0.
Solving the system of equations (24) with the aid of Maple,
we obtain the following cases:

A. Case 1.
a1 = ag,az = 0,by = —b3, by = — 7%,
(25)
2
¢ = —c3,02 = —az2by, 6, = 0,65 = %2,

for some arbitrary real constants as ,c3,b2 and d,. Substitute
eg. (25) into eg. (20) with eg. (22), we obtain the solution as
f(z,y,t) = e + &y cosh (&) + d3¢®
and
3 —aze™& + §y sinh (&) az + dzaze’?

u(®y,1) = 2 e~81 + d3 cosh (&) + dze81 (26)

for

§1=azr — b3y —c3t, &o=azx + by +cst

— c _ 152
by =—22%, 03=702".

If 53 > 0, then we obtain the exact breather cross-kink solution
_ 3 a3 (2v/J3sinh (& — 0) + dzsinh (&2))

t) =
u(x,y,1) 2 2/d5cosh (& — 0) + 85 cosh (&)
for
1 1
0= 3 In(d3) , d3= 1 5.

If 63 < 0, then we obtain the exact breather cross-kink solution

wany. 1) = 3932V 0 coh (&~ 0) + Gysinh (&)
BT 2/—=d3sinh (&; — 6) + 3 cosh (&)

for

1 1
0= n(=d) , @:Z@?
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B. Case 2:
a1 = az, by =bs,c; = c3 = —4bzaz® 6, =0
_ 1 bg(a24+6a32a2273a34) by — 1 bg(a22+3a32)
C2="73 azas Y27 T2 T Tazas
_ (27)
for some arbitrary rea constants as,as,bs,d;, i = 1,2.

Substitute eq. (27) into eq. (20) with eg. (22), we obtain the
solution as follows
f(x,y,t) =e 5 + 6y cosh (&) + dze
and
3 —aze™ 8 + §ysinh (&) az + dzazed?

u(zy,t) = 2 e=41 + 5y cosh (&1) + dzeé1 (28)

for
& =azr + byy — 4 bsas’t.

If 53 > 0 then we obtain the exact breather cross-kink solution

(z,y,t) = 3as (263 sinh (& — 6) + 02 sinh (&)
ul\z,y,t) = 2 2 \/&COSh (51 — 0) + 05 cosh (61)

for
o1
2
If 3 < 0 then we obtain the exact breather cross-kink solution
_3as (2v/—=d5cosh (& — 0) + b2 sinh (&)
2 —2/dzsinh (& — 6) + 5y cosh (£;)

111(63).

u(x,y,t)

for 1
0= 3 In(—4d3).

V. CONCLUSIONS

In this paper, using the idea of three-wave method we
obtained some explicit solutions for the (2+1)-dimensiona
breaking soliton and the (2+1)-dimensional Bogoyavienskii’'s
breaking soliton eguations. By comparison of three-wave
method and another analytic methods, like HAM, HTA and
EHTA methods, we can see that the new idea is very easy
and straightforward which can be applied on another nonlinear
partial differential equations.
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