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      Abstract— In this paper some properties of the uniformity 
topology on a BCI-algebras are discussed. 
 

 Keywords—(Fuzzy) ideal, (Fuzzy) subalgebra, Uniformity, 
clopen sets. 

I. INTRODUCTION 

N 1966, K. Iseki introduced the concept of BCI-algebra [4]. 
In 1965, L.A. Zadeh [6] defined the concept of a fuzzy set, 

as a function from a non-empty set to ]1,0[ . In [1], B. Ahmad, 
apply this notion to BCI-algebra. 
In this paper we will discuss some properties of the  uniform 
topology on a BCI-algebra. 
 

II. PRELIMINARIES 
 

Definition  2.1. By a BCI-algebra we mean an algebra 
)0,;( ∗X  of type (2,0) satisfying the axioms: 

BCI-1) 0)())()(( =∗∗∗∗∗ yzzxyx , 
BCI-2) 0))(( =∗∗∗ yyxx , 
BCI-3) 0=∗ xx , 
BCI-4) 0=∗=∗ xyyx  implies yx = , 
BCI-5) 00 =∗x  implies 0=x . 

For all yx,  and z  in X . 
 From now on )0,;( ∗= XX  is a BCI-algebra. 

Definition  2.2 [3]. A subset B  of X  is called: 
i) an ideal if for any yx,  in X . 

              (1) B∈0  
                      (2) yx ∗ , By ∈  imply Bx ∈ . 

ii) a subalgebra if for any yx,  in B , Byx ∈∗ . 
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Definition  2.3 [1]. A fuzzy subset µ  of X  is called: 
i) a fuzzy ideal of X  if for any  Xyx ∈, , we have  

(1) )()0( xµµ ≥ , for all x  in X , 
(2) )}(),(min{)( yyxx µµµ ∗≥ . 

ii) a fuzzy subalgebra of X  if for any Xyx ∈,  
)}(),(min{)( yxyx µµµ ≥∗ . 

Notation 2.4. The set of all (non-zero fuzzy) ideal of X  is 
denoted by )())(( XIXFI . 
 Note that by non-zero fuzzy set of X we mean, there is 

Xx ∈  such that 0)( >xµ . 

Lemma 2.5. (i) )(XIA∈  iff )(XFIA ∈χ , where Aχ  
is the characteristic function of A . 

(ii) If )(, XFI∈ηµ , then )(XFI∈ηµ I , 
where ηµ I  is a fuzzy subset of X  which is defined by 

)}(),(min{)( xxx ηµηµ =I , for all Xx ∈ . 
(iii) If )(XFI∈µ , then 

)}(),(min{)( yzzxyx ∗∗≥∗ µµµ ,    Xzyx ∈∀ ,, . 
(iv) If )(XFI∈µ , then 0)0( >µ . 

 (v) A  is a subalgebra of X  if and only if Aχ  is a 
fuzzy subalgebra. 
  
   Proof. The proofs of (i), (ii), (iv) and (v), are easy, and the  
proof of (iii) follows from BCI-1. 

Remark 2.6. (i). By BCI-5, )(}0{ XI∈  and hence 

)(}0{ XFI∈χ . 

(ii) For all Xx ∈ , )(XIA∈ , 1)( =∗ xxAχ , by 
BCI-3. 

Definition 2.7 [2]. A BCI-algebra X  is called medial if 
 

)()()()( uyzxuzyx ∗∗∗=∗∗∗ ,   Xuzyx ∈∀ ,,, . 
 

Definition 2.8 [1]. A BCI-algebra X  is called quasi right  
alternate if 

yyxyyx ∗∗=∗∗ )()( ,   Xyx ∈∀ , . 
 

Definition 2.8. Let )(XFI∈µ . We define the relation 

µ~  on X  as follows: 
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yx µ~   if and only if  0)}(),(min{ >∗∗ xyyx µµ . 

 Proposition 2.9. The relation µ~  is an equivalence relation 

on X . 
 Notations. Let X  be a non-empty set and U , V  be 
subsets of XX × . We let  

i) XzXXyxVU ∈∃×∈= |),{(o  such that 
Vzx ∈),(  and }),( Uyz ∈ ; 

ii)  }),(|),{(1 UxyXXyxU ∈×∈=− ; 
iii) }|),{( XxXXxx ∈×∈=∆ . 

 
Definition 2.10 [5]. By a uniformity on X  we shall mean a 

 non-empty collection K  of subsets of XX ×  which 
satisfies the following conditions: 
 (U1)  U⊆∆ , for any KU ∈ ; 

 (U2)  If KU ∈ , then KU ∈−1 ; 
 (U3)  If KU ∈ , then there exist a KV ∈ , such that 

UVV ⊆o ; 
 (U4)  If KVU ∈, , then KVU ∈I ; 
 (U5)  If KU ∈ , and XXVU ×⊆⊆ , then KV ∈ . 

 Theorem 2.11. Let )(XFI∈µ  and  

}~|),{( yxXXyxU µµ ×∈= . 
 
If  

)}(|{ XFIUK ∈=∗ µµ , 

then ∗K  satisfies the conditions (U1)- (U4). 
  

 Theorem 2.12. Let UUXXUK ⊆×⊆= µ|{ , for 

some )}(XFI∈µ . 
Then K  satisfies a uniformly on X  and the pair ),( KX  is 
a uniform structure. 
 Notation. Let Xx ∈ , and KU ∈ , we define 
 

}),(|{:][ UyxXyxU ∈∈= . 
 
 
 
 Theorem 2.13. Let  
u }][,,|{ GxUKUGxXG ⊆∈∃∈∀⊆= . The u is a 
topology on X . 
  
 Remark 2.14. Note that for any x  in X , ][xU  is an 
open neighborhood of x . 
 Definition 2.15. Let ),( KX  be a uniform space. Then the 
topology u is called the uniform topology on X  induced by 
K . 
 

 

III. MAIN RESULTS 

Proposition 3.1. Every ideal I  of X  is a clopen set in 
,(X u).  

 Proof. Let I  be an ideal of X . To prove that I  is closed, 
we shall show that ][xUI

Ix

C
IU

∉

= χ . Indeed, assume 

CIy ∈ , then from ][yUy
Iχ∈  it follows that 

][xUy
Ix

IU
∉

∈ χ . Hence 

                                  ][xUI
Ix

C
IU

∉

⊆ χ .               (1) 

Conversely, let ][xUy
Ix

IU
∉

∈ χ . Then there is CIz ∈  such 

that ][zUy
Iχ∈ . Hence zy ∗  and Iyz ∈∗ . Now we 

show that Iy ∉ . On the contrary, let Iy ∈ . Then from 
Iyz ∈∗ , we get that Iz ∈ , which is contradiction. 

Therefore 
                                               C

Ix

IxU
I

⊆
∉

][U χ    (2) 

consequently from (1) and (2) we obtain that I  is closed. To 
prove that I  is open we show that  
                                              ][xUI

Ix
IU

∈

= χ .    (3) 

Clearly ][yUy
Iχ∈ , Xy ∈∀ . Hence, ][xUI

Ix
IU

∈

⊆ χ . 

On the other hand, let ][xUy
Ix

IU
∈

∈ χ , then there is Iz ∈  

such that ][zUy
Iχ∈ . Thus Izy ∈∗  and Iyz ∈∗ . 

Now by BCI-2 we have 
Izzyy ∈=∗∗∗ 0))(( . 

Since Iz ∈  and Iyz ∈∗  we get that Iy ∈ . Thus  

IxU
Ix

I
⊆

∈

][U χ . 

Therefore (3) holds, and hence I  is open. 
 Theorem 3.2. Each ][xU µ  is a clopen set for all 

)(XFI∈µ . 
 Proof. Let )(XFI∈µ , Xx ∈ . We want to show that 

][xU µ  is a closed subset of X . Let cxUy ])[( µ∈ . We 
claim that for the given element y  we have 

                             ⊆][yU µ
cxU ])[( µ .               (4) 

Let ][yUz µ∈ , then 0)( >∗ yzµ  and 0)( >∗ zyµ . If 

][xUz µ∈ , then 0)( >∗ zxµ  and 0)( >∗ xzµ . By 

Lemma 2.5 (iii), 0)( >∗ yxµ  and 0)( >∗ xyµ . It 

follows that ][xUy µ∈ , which is a contradiction. Hence 
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cxUz ])[( µ∈ , and (4) holds. Therefore cxU ])[( µ  is open, 

that is ][xU µ  is closed. 

  Theorem 3.3 [1]. In a quasi right alternate BCI-algebra, 
fuzzy ideals and fuzzy subalgebra  coincide. 
  Corollary 3.4. Let X  be a quasi right alternate BCI-
algebra, then  

i) Every subalgebra of X  is clopen set in ,(X u). 

ii) If µ  is a fuzzy subalgebra of X , then ][xU µ  is a  

clopen set in  ,(X u). 
Proof. The proof follows from Theorems 3.12, 3.13 and 

Proposition 3.11. 
   Proposition 3.1. K  is a discrete topology. 

Proof. Let x  be an arbitrary element of X . Then 
      }|{}{ xyXyx =∈=  

}0,0|{ =∗=∗∈= xyyxXy  

}0)(0)({ }0{}0{ >∗>∗∈= xyyxXy χχ  

][
}0{

xU χ= . 

Now, the proof follows from Theorem 3.2. 
    Remark. Clearly ))0,0(,,(     XX ⊗×  is a BCK-
algebra, where 

XXXXXX  ×→×××⊗ )()(:  
)','())','(),,(( yyxxyxyx ∗∗a . 

Now, by u XX ×  and u X  we mean the uniform Topology on 
XX ×  and X  respectively. 

Theorem 3.6. Let X  be a medial BCI-algebra. Then the 
operation XXX →×∗ :  is continuous.  

Proof. Let XXXf →×:  be defined by  

yxyxf ∗=),( , Xyx ∈∀ , , ∈G  u X  and  

)(),( 1 Gfyx −∈ . 

 Then there is XKU ∈  such that GyxU ⊆∗ ][ . Hence 

UU ⊆µ , for some )(XFI∈µ . Now we define fuzzy   

subset η  of XX ×  by 
)(),( yxyx ∗= µη . 

we show that )( XXFI ×∈η . 
),()()0()00()0,0( yxyx ηµµµη =∗≥=∗= , for all 

Xyx ∈, . On  the other hand  
=∗ )},()),,(),((min{ uzuzyx ηη

)}()),()((min{ uzuyzx ∗∗∗∗ µµ  
)},()),,()((min{ uzuzyx µµ ∗∗=  

)( yx ∗≤ µ  
),,( yxη=    Xuzyx ∈∀ ,,, . 

Therefore )( XXFI ×∈η . Now consider ηU  in ∗
×XXK .  

We show that )()],[( 1 GfyxU −⊆η . Let  

)],[(),( yxUuz η∈ , 

 then 
0))},(),(()),,(),(({min >⊗⊗ yxuzuzyx ηη . 

So, 
0)},(),,(min{ >∗∗∗∗ yuxzuyzx ηη . 

In other words,  
0))}()(()),()((min{ >∗∗∗∗∗∗ yuxzuyzx µµ . 

Hence  
0))()(( >∗∗∗ uzyxµ  

and 
0))(),(( >∗∗ yxuzµ . 

.It follows that, 
 

UUuzyx ⊆∈∗∗ µ),(  and so GyxUuz ⊆∗∈∗ ][ . 

It means that Guzfuz ∈=∗ ),()(  or )(),( 1 Gfuz −∈ . 

Consequently, ∈− )(1 Gf  u XX × . 
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