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Abstract—In this work, the natural convection in a concentric
annulus between a cold outer inclined square enclosure and heated
inner circular cylinder is simulated for two-dimensional steady
state. The Boussinesq approximation was applied to model the
buoyancy-driven effect and the governing equations were solved
using the time marching approach staggered by body fitted
coordinates. The coordinate transformation from the physical
domain to the computational domain is set up by an analytical
expression. Numerical results for Rayleigh numbers 103 , 104 , 105

and 106, aspect ratios 1.5 , 3.0 and 4.5 for seven different
inclination angles for the outer square enclosure  0o , -30o , -45o ,
-60o , -90o , -135o , -180o are presented as well. The computed flow
and temperature fields were demonstrated in the form of
streamlines, isotherms and Nusselt numbers variation. It is found
that both the aspect ratio and the Rayleigh number are critical to the
patterns of flow and thermal fields. At all Rayleigh numbers angle
of inclination has nominal e ect on heat transfer.

Keywords—natural convection, concentric annulus, square
inclined enclosure

I. INTRODUCTION

ATURAL convective heat transfer in annuli has
attractedmany attentions in recent years due to its

wide industrial and environmental applications such as in
heat exchangers, nuclear and chemical reactors design,
cooling of electronic equipment, aircraft cabin insulation,
stratified atmosphere boundary layers and thermal storage
system.A large and diverse number of literatures on both
experimental and numerical investigations were published in
the past few decades. Comparatively, little work has been
done on natural convective heat transfer in more complex
annuli such as the problem considered in this study. In
engineering applications, the geometries that arise are more
complicated than a simple enclosure filled with a convective
fluid. The geometric configuration of interest is coupled with
the presence of bodies embedded within the inclined
enclosure.
Many investigations have dealt with numerical calculations
for natural convection induced by a temperature difference
between a cold outer square cylinder and a hot inner circular
cylinder for different Rayleigh numbers and aspect ratios or
circular cylinder's positions.

C. Shu and Y. D. Zhu[1] simulate the natural convection
in a concentric annulus using the deferential quadrature
(DQ) method. Numerical results for Rayleigh numbers (Ra)
range from 104 to 106 and aspect ratios between 1.67 and 5.0
are presented, which were in a good agreement with
available data in the literature.
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B.S. Kim et. al.[2] obtained a two-dimensional solution
for unsteady natural convection using the immersed
boundary method (IBM) to model an inner circular cylinder
based on the finite volume method for di erent Rayleigh
numbers varying over the range of 103–106. Hyun
SikYoonet. al. [3] investigated the effect of the inner
cylinder location on the heat transfer and fluid flow for
Rayleigh number = 107. Within two critical positions, the
thermal and flow fields are steady state. In the unsteady
region, the natural convection shows a single frequency and
multiple frequency periodic patterns alternately according to
the two critical positions.

The changes in heat transfer quantities have also been
presented. Hakan F.Oztopet. al.[4] studied mixed convection
heat transfer characteristics for a lid-driven air flow within a
square enclosure having a circular body. The computation is
carried out for wide ranges of Richardson numbers, diameter
of inner cylinder and center and location of the inner
cylinder. It was found that the most effective parameter on
flow field and temperature distribution is the orientation of
the moving lid.

The circular body can be a control parameter for heat and
fluid flow. J.M. Leeet. al.[5] investigated both effects of the
inner cylinder location in an enclosure and the buoyancy-
induced convection on heat transfer and fluid flow. The
existence of local peaks of the Nusselt number along the
surfaces of the cylinder and the enclosure is determined by
the gap and the thermal plume governed by the conduction
and the convection, respectively. Salam Hadi Hussain and
Ahmed Kadhim Hussein [6] studied the effects of vertical
cylinder locations and Rayleigh numbers on fluid flow and
heat transfer performance for circular cylinder immersed in
square enclosure. It is found that the numerical solutions
yield a two cellular flow field between the inner cylinder and
the enclosure.

Most of the numerical studies were carried out by use of
the finite difference, finite volume, and finite element
methods. Moreover, efforts have been performed to study
natural convection in different shape annuli either with
circular cross-sections or with non-circular cross-sections,
which typically include rectangle enclosure with
square/circular inner cylinder, cylindrical enclosure with an
inner coaxial triangular cylinder and inner sphere with outer
vertical cylinder.

TalalKassem [7] deals with numerical prediction of
natural convection heat transfer in the annular space between
the circular receiver tube and the glass envelope in the so
parabolic–cylindrical solar collector, for the case of an
isothermal outer cylinder with a sinusoidal local heat flux
distribution on the inner cylinder. The two-dimensional
structures of the fluid flow and temperature distributions as
well as local and average Nusselt numbers are obtained.
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C. Shuet. al. [8] studied the effect of eccentricity and
angular position on the flow and thermal fields for circular
inner cylinder. Arnab Kumar De and AmareshDalal [9]
studied the e ects of the enclosure geometry using three
di erent aspect ratios placing the square cylinder at di erent
heights from the bottom. It is found that the uniform wall
temperature heating is quantitatively di erent from the
uniform wall heat flux heating. Flow pattern and thermal
stratification are modified, if aspect ratio is varied. Overall
heat transfer also changes for di erent aspect ratio.
WenRuey Chen [10] investigated the effects of eccentricity
and geometric configuration to determine heat transfer by
natural convection between the sphere and vertical cylinder.
Results of the parametric study conducted further reveal that
the heat and flow fields are primarily dependent on the
Rayleigh number, eccentricity and geometric configuration,
for a Prandtl number of 0.7, with the Rayleigh number
ranging from 103 to 106, the three eccentricities and two
geometric configurations. Xuet. al. [11] conducted numerical
simulation to investigate the steady laminar natural
convective heat transfer for air within the horizontal annulus
between a heated triangular cylinder and its circular
cylindrical enclosure. Four different Rayleigh numbers and
four different radius ratios were considered, and four
different inclination angles for the inner triangular cylinder
were investigated as well. Zi-Tao Yu et. al. [12] performed
numerical study of laminar convection heat transfer from a
horizontal triangular cylinder to its concentric cylindrical
enclosure to investigate the Prandtl number effect on flow
and heat transfer characteristics. The entire spectrum of
Prandtl number investigated can be divided into three
sections based on the variations of average heat transfer
coefficients.

The study of natural convection of an inclined cavity and
the influence of the angle of inclination is studied with the
view to know the e ect of angle, on the heat transfer
characteristics. Manab Kumar Das and K. Saran Kumar
Reddy [13] concerned with the computation of natural
convection flow in a square enclosure with a centered
internal conducting square block both of which are given an
inclination angle. Solution has been performed in the
computational domain as a whole with proper treatment at
the solid/fluid interface. YasinVarolet. al. [14] studied
numerically the phenomena of natural convection in an
inclined square enclosure heated via corner heater. One wall
of the enclosure is isothermal but its temperature is colder
than that of heaters while the remaining walls are adiabatic.
It is observed that heat transfer is maximum or minimum
depending on the inclination angle and depending on the
length of the corner heaters. H.F. Nouanegueet. al. [15]
investigated conjugate heat transfer by natural convection,
conduction and radiation in an inclined square enclosure
bounded by a solid wall with its outer boundary at constant
temperature while the opposing active wall is with a constant
heat flux. F.A. Muniret. al. [16] reported the fluid flow
behavior and the characteristic of heat transfer from a
differentially heated enclosure walls and tilted at various
inclination angles.

It found that the vortex formation, size and flow
characteristics were significantly affected by the magnitude
of inclination angles.

II. PROBLEM DESCRIPTION AND MATHEMATICAL

MODEL

A schematic of the system considered in the present study
is shown in Fig. 1. The system consists of a square enclosure
with sides of length L, within which a circular cylinder
located at the center of the enclosure with aspect ratios ( Ar
= L/ri ) equals to 1.5 , 3.0 and 4.5 and seven different
inclination angles ( ) for the outer square enclosure 0o , -30o

, -45o , -60o , -90o , -135o and -180o . The walls of the square
enclosure were kept at a constant low temperature, whereas
the cylinder was kept at a constant high temperature. In this
study, it assumed that the radiation e ects are negligible.
The fluid properties are also assumed to be constant, except
for the density in the buoyancy term, which follows the
Boussinesq approximation. The gravitational acceleration
acts in the negative y-direction. As the circular cylinder and
the square enclosure are long enough, so the flow is consider
being steady, laminar and two dimensions. The enclosure
filled with air and Prandlt number (Pr) = 0.71.

Fig. 1 A schematic view and geometry description of the physical
domain

The dimensionless governing equation for the problem is
written in the stream – vorticity formulation as in reference
eight:
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Where Cp in (J/kg K), k in (m2/sec), 0 in(kg/m3), in (1/K),
in (m2/sec) and the velocity components u and v can be

computed from the stream function as:

   v,
xy

u (4)

Using the expressions in Equation (4), Equation (1) can be
written as:
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Then, using the following transformation from the physical
space to the computational space:
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With this transformation, the governing Equations (1) to (3)
can be transformed to the following forms in the
computational space:
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III. GRID GENERATION

In this study, an analytical expression could derive for the
coordinate transformation from the physical domain to the
computational domain; all-geometrical parameters could
compute exactly. The super elliptic function could be written
as:
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22 nn
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Where aandb are the square enclosure lengths in the x and
y direction respectively, n is a positive integer. So for this
study it could be expressed as:   n = 100; a = b, the geometry
becomes a square with minimum error.

The coordinate's transformation for the present problem
can be exactly setup, which is written as:

)rr(rsinx ioi (11a)
)rr(rcosy ioi

(11b)

Where ri is the radius of the inner circular cylinder, which
is a constant, and ro is the equivalent radius of the outer
square enclosure and it is computed as in reference one:
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The transformed computational domain to ( , ) plane is
10 and 20 . A typical generated grid is shown in

Fig. 2, for 41 41 nodes.

Fig. 2 A typical grid generation (41 41 grids) for = -45o, ri =
0.5, L = 3ri , n = 100

The imposed boundary conditions are no slip and
isothermal on both inner circular cylinder and outer square
enclosure surfaces. Therefore, the boundary conditions could
be express as:
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IV. NUMERICAL METHOD

In this work the finite difference equation were derived by
using central difference approximation for the partial
derivatives except the convective terms for which upwind
difference formula was employed. Derivative at the
boundary were approximated by three point forward or
backward difference. The explicit method was chosen for the
solution of flow and energy fields, while relaxation method
was chosen for stream function calculation. A time
increment 10-5 - 10-9 has been used for Ra=103 - 106.

The average Nusselt numbers for the inner and outer
boundaries are respectively determined by (Ref.1):
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V. GRID INDEPENDENCY STUDY

Several grids have been tested for the case of Ra = 103,
= 0, ri = 0.5, L = 1.5ri. Table I shows the total average
Nusselt number for five grids used.

TABLE I

aveNu RESULTS FOR SEVERAL GRIDS, RA = 103 , = 0, RI = 0.5, L = 1.5RI.

Grid size
2

uNuN
Nu

oi
ave max

21 21 3.384678 0.128155

30 30 3.345281 0.13814

41 41 3.335432 0.123844

50 50 3.329070 0.129731

61 61 3.322617 0.13704

It can be see that, a little difference between the sets of
grid results and the grid of 41 41 is used in all subsequent
calculation of this study to decrease the time cost of the
solution convergence, without effecting in the solution
accuracy.

VI. VALIDATION TEST

The calculations of average Nusselt numbers for the test
case are compared with the benchmarks values of C. Shu
and Y. D. Zhu1 , B.S. Kim  et. al.2 for different values of
Rayleigh number as given in table II. The differences are
due to the computational domain was taken as half of the
physical domain in Ref.1, the Nusselt numbers were taken
along the hot wall only in Ref.2 and small grid size was
taken in present work.

TABLE II
COMPARISON OF THE PRESENT AVERAGE NUSSELT NUMBER WITH

REFERENCES ONE AND TWO

Ra Ref.1 Ref.2 Present study

104 3.24 3.414 3.676834

105 4.86 5.1385 4.801162

In addition, the validation test data of the streamline and
isothermal contours compared with the results of [2], and,
[5] for Rayleigh number = 103, (L/D) = 0.4) and with the
results of Ref.1 for Rayleigh number = 104, (L/D = 0.2) are
shown in Fig. 3.

Fig. 3 A comparison of results of references: (a) [2], (b) [5]with (c)
present results for (L/D= 0.4), Left side: isotherms & right side:
Streamlines, and (d) Streamlines for (L/D =0.2), Left side: Ref.1

and right side: present results

VII. RESULTS AND DISCUSSION

The results are presented for a number of cases (84
different physical domains) corresponding to four different
Rayleigh numbers , moreover to seven different inclination
angles for the outer square enclosure and three different
geometric aspect ratios. The basic features of flow and heat
transfer are analyzed with the help of the streamlines pattern
and isothermal contours. Also, local Nusselt numbers on the
hot and cold isothermal surface of the inner circular cylinder
and outer square enclosure are plotted.

A. Flow and Temperature Fields as a Function of AR
The dependence of the flow and thermal fields on Ar can

be observed in the plots of the streamlines and isotherms for
di erent Ar s at different Ra shown in Figs 4-5.

For Ra =103, the heat transfer in the enclosure is mainly
dominated by the conduction mode. The circulation of the
flow shows two overall rotating symmetric eddies.

At Ra =104, the patterns of the isotherms and streamlines
are about the same as those for Ra =103. However, a careful
observation indicates that the thermal boundary layer on the
bottom part of cylinder is thinner than that on the opposite
side and the inner lower vortex slightly becomes smaller in
size and weaker in strength compared with the upper one,
because the e ect of convection on heat transfer and flow
increases with increasing the Rayleigh number.

(c)

(d)

(b) [5]

(a) [2]
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(a)Ar=1.5

(b)Ar=3.0

(c)Ar=4.5
Fig. 4 Streamlines and isotherms for di erent Ar s at Ra=103 and

= 0

(a)Ar=1.5

(b)Ar=3.0

(c)Ar=4.5
Fig. 5 Streamlines and isotherms for di erent Ar s at Ra=104 and

= 0

B.Flow and Temperature Felds as a Function of
The calculated flow and temperature fields are represented

in Figs. 6-8 for angle of inclination variation and different
Ra.

1. Aspect Ratio = 1.5
Fig. 6 illustrate Streamlines for Ra=105 at di erent . It is

observed that the stream lines patterns are almost uniform
signifying the relative dominance of di usion. The size of
the vortex formed is large for small angle of inclination and
the size reduces for higher angles. With the increase in angle
the wall thermal boundary layer thickness increases at the
isothermal wall side of the cylinder. As smaller , more
number of vortices with complex stream line pattern are
evolved. This could be due to the reason that at high Ra, the
air has higher temperature resulting in large buoyancy forces
which leads to the formation and break up of vortices at the
corners. As the angle of inclination increases, the number of
such regions decrease and a few large vortices can be seen at
the left and right walls of the enclosure.

(a) (b)

(c) (d)

(e) (f)
Fig. 6 Streamlines for Ra=105 at di erent (a = -30o , b = - 45o , c

= -60o , d = -90o ,  e = -135o and f = -180o)
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2. Aspect Ratio = 3.0
As the angle ( ) increases (shown in Fig. 7), the

concentration of isotherms at the top corners of the
isothermal walls of the enclosure increase showing that
significant heat transfer occurs across these corners. Most of
the heat transfer on the hot cylinder wall occurs at the
bottom. The isotherms are clustered near the circle and
heated fluid moves towards to the top corners.

(a) (b)

(c) (d)

(e) (f)
Fig. 7 Isotherms for Ra =104 at di erent (a = -30o , b = - 45o , c

= -60o , d = -90o ,  e = -135o and f = -180o)

3. Aspect Ratio = 4.5
Fig. 8 Shows velocity components (u,v) contours at

di erent selected . Fig. 8a and b represent u and v for
Ra=103 and =0o, while Fig. 8c and d represent u and v for
Ra=104 and =-45o. When there is no inclination, the
velocity components contours are almost symmetric about
the vertical centerline due to the dominance of the
conduction. Hence, umax=10.5 and vmax=15.7, where the left
side counter-clockwise and right side clockwise eddies are
separated and located at the center of the enclosure. When

=-45o, the velocity components contours are not symmetric
any more about the vertical centerline, compared to their
symmetric shape at =0o, where umax=63.3 and vmax=55.8.
This is due to the inclination and the effect of convection on
the flow and heat transfer in the enclosure is increases with
increasing Rayleigh number.

(a) (b)

(b) (d)
Fig. 8 velocity components contoursat di erent . (a&b) represent u
and v for Ra =103 and =0o, (c&d) represent u and v for Ra =104

and =-45o

C. Average Nusselt Number
The Nusselt numbers is plotted along the isothermal walls

for various angle of inclination. Fig. 9a and b shows the
distribution of local Nusselt numbers along the hot surface
of the inner cylinder and the cold surfaces of the enclosure
for di erent s at Ra=103 and Ar=3.0. The variation of the
Nusselt number along the outer enclosure is small, because
the distribution of isotherms is almost concentric in the inner
cylinder. The distribution of the local Nusselt numbers in the
right half of the enclosure are symmetry to the left half about
, also to the inner cylinder when =0o.

Fig. 10a and b shows the distribution of local Nusselt
numbers along the hot surface of the inner cylinder for
di erent at Ra=104 and Ar=1.5 and 3.0. The heat transfer
decreases along the cold wall with decreasing diameter of
the circular body, or, it increases at hot wall with increasing
diameter.
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(a)

(b)
Fig. 9 local Nusselt numbers along: (a) the inner cylinder and (b)

the enclosure for di erent s at Ra=103

Table III lists the average Nusselt numbers for the inner
cylinder at different Rayleigh numbers and inclination
angles forAr= 4.5. Increase in the angle of inclination results
in the increase of Nusselt numbers till around =-60o, then a
small decrease is indicated.

Finally, Fig. 11a and b shows the distribution of local
Nusselt numbers along the hot surface of the inner cylinder
for di erent at Ra=105 and 106, with Ar= 3.0. The
variations of local Nusselt numbers at Ra=106 are larger than
those at Ra=105 due to increasing convection effect with
increasing Rayleigh number.

(a)

(b)
Fig. 10 local Nusselt numbers along the inner cylinder at: Ar=

(a)1.5 and (b) 3.0 for di erent s at Ra=104

TABLE III
AVERAGE NUSSELT NUMBERS AT DIFFERENT RAYLEIGH NUMBERS AND

INCLINATION ANGLES FORAR= 4.5

Ra iuN Ra iuN

103

0o 2.44

104

0o 5.18

-30o 2.51 -30o 5.12

-45o 2.59 -45o 4.86

-60o 3.47 -60o 4.85

-90o 2.61 -90o 4.80

-135o 2.64 -135o 4.80

-180o 2.66 -180o 4.85

105

0o 8.07

106

0o 13.93

-30o 8.47 -30o 15.80

-45o 8.55 -45o 14.71

-60o 8.14 -60o 16.05

-90o 7.91 -90o 16.07

-135o 8.20 -135o 16.13

-180o 8.21 -180o 14.37
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(a)

(b)
Fig. 11 local Nusselt numbers along the inner cylinder for di erent

s  at: Ra= (a) 105 and (b) 106 and Ar= 3.0

VIII. CONCLUSIONS

The present study investigates numerically the
characteristics of two-dimensional natural convection
problem in the cooled square enclosure with an inner heated
circular cylinder. A detailed analysis for the distribution of
streamlines, isotherms and Nusselt number carried out to
investigate the effect of the aspect ratios for the inner
cylinder and the inclination angles for the outer square
enclosure on the fluid flow and heat transfer for a range of
Rayleigh number. The profiles of Nui and Nuo are not
symmetric due to the presence of the secondary vortices and
tertiary vortices on the upper surface of the inner cylinder
caused by the rising plume from the inner cylinder. The
value of Nui is larger than that of Nuo, because the isotherms
are formed more densely on the inner cylinder surface than
that on the surfaces of the enclosure. At all Rayleigh
numbers angle of inclination has nominal e ect on heat
transfer for di erent aspect ratios. The influence of
inclination angle is particularly strong in the upstream
regions on the isothermal walls.

It is observed that the inclination angle can be a control
parameter for flow and temperature fields.

Nomenclature
A,B,C,G,
H

Transformation parameters

Ar Aspect ratio
CP Specific heat at constant pressure
D Circle diameter
J Jacobian
k Thermal diffusivity of fluid
L Side length of the square cylinder
T Dimensionless Temperature
g Gravitational acceleration

u , v
Dimensionless contravariant velocity
components in and coordinates

x, y Dimensionless Cartesian coordinates
Greek Symbols

, , Transformation functions
Thermal expansion coefficient
Inclination angle

0 Reference viscosity
, curvilinear coordinates

Stream function
Vorticity

Kinematics viscosity

Superscripts
* Dimensional form
Subscripts

i , o
Inner and outer boundaries (hot and
cold surfaces)

max Maximum value

x, y, ,
Derivative relative to x, y,
and respectively.
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