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Sign pattern matrices that admit F, matrices

Ling Zhang and Ting-Zhu Huang

Abstract—A Pp-matrix is a real square matrix all of whose
principle minors are nonnegative. In this paper, we consider the
class of Py-matrix. Our main aim is to determine which sign pattern
matrices are admissible for this class of real matrices.
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[. INTRODUCTION

N n x n sign pattern A is a matrix whose entries are

from {+, —, 0}. The sign of a given number a, denoted
by sign (a) is 4+, —, or 0 depending on a > 0, a < 0 or a = 0.
Denote by @, the set of all n x n sign pattern matrices. For
a real matrix B, sign (B) is the sign pattern matrix obtained
by replacing each entry with its sign. If A € @, then the
qualitative class of A is defined by

Q(A) = {B :sign(B) = A}.

If P is a property referring to a realmatrix, then a sign
pattern A requires P if every realmatrix in Q(A) has property
P, or allows P if some real matrix in Q(A) has property P.
In the literature, one can find, recently, an increasing interest
in problems that arise from the basic question of whether
a certain sign pattern matrix requires (or allows) a certain
property (see, for instance, [2, 6-9]).

For an n x n matrix A, A[«|S] denotes the submatrix of
A containing rows numbered by « and columns numbered
by 8 where o, 3 C {1,2,--- ,n}. When o = 3, Ala|a] is
abbreviated as A[a]. Therefore, a real n x n matrix A is a
Py-matrix if det Ala] > 0, for all @ C {1,2,--- ,n}.

In [8], the authors characterized the sign pattern matrices
that admit /N-matrices, P-matrices and M -matrices. In [9],
the authors characterized the sign pattern matrices that admit
P,y-matrix. Recall that an n x n real matrix A is called an
N-matrix if all of its principal minors are negative while A is
said to be a P-matrix if all of its principal minors are positive.
If Z,, is the set of all square real matrices of order n whose
off-diagonal entries are non-positive, then a matrix A € Z, is
an M-matrix if and only if A is a P-matrix. A nonsingular
matrix A is said to be an inverse M-matrix if A=! is an M-
matrix. See [1, 5] for more information on these classes of
matrices. A Py-matrix is a real square matrix all of whose
principle minors are nonnegative.

In this paper, we will consider the class of Fy-matrix. Our
main aim is to determine which sign pattern matrices are
admissible for this class of real matrices.
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II. NOTATION AND PRELIMINARIES

A sign pattern matrix A = (a;;) is said to be combinatori-
ally symmetric is a;; # 0 if and only if a;; # 0 for all choices
of 4,7, i # j, and not combinatorially symmetric otherwise.

A permutation pattern is a square sign pattern matrix with
entries 0 and +, where the entry + occurs precisely once in
each row and in each column. A permutational similarity of
the (square) sign pattern A is a product of the form PT AP,
where P is permutation pattern.

Let A = (a;;) be an n x n sign pattern matrix. The digraph
of A, denoted D(A), is the digraph with vertex set {1,--- ,n},
such that there is an arc (i, j) from ¢ to j if and only if a; ; # 0.
Let E(D(A)) and V(D(A)) denote the arc set and vertex
set of the digraph D(A), respectively. By a path W = 2 —
y (a path from x to y) in digraph D, we mean a sequence
of vertices x,v1, - ,v;,y € V(D) and a sequence of arcs
(z,v1), (v1,v2), -+, (v,y) € E(D) where the vertices and
arcs are distinct.

In this study, we will use directed graphs, but in the case of
combinatorially symmetric sign pattern matrices we will treat
the graphs as undirected for convenient.

A simple cycle of length k£ (or a k-cycle) in the digraph
D(A) is a sequence of arcs of the form C' = (i1, 12), (iz,3),

-+, (ig,11), where the set {i1,--- i} contains no repeated
vertices. The simple cycle C' = (i1,142), (i2,?3), - - -, (ix,?1) in
D(A) can also be defined as a formal product of the form C' =
Qiyin Qigig * * * Giyiy - The sign (positive or negative) of a simple
cycle in a sign pattern A is the actual product of the entries
in the cycle, following the obvious rules that multiplication is
commutative and associative, and (+)(+) = +, (+)(—) = —.

A composite cycle C' in A is a product of simple cycles,
say C = C1Cy---C,, where the index sets of the C;’s are
mutually disjoint. If the length of C; }E l;, then the length of
C'is Y 1; and the sign of C is (71)7‘; =
the telr;ri cycle always refers to a composite cycle (which as a
special case could be a simple cycle). The weight of a cycle
C of length k in D(A), is defined as the product of the entries
in C. The signed weight of a cycle C' in D(A), denoted by
w(C), is defined as the product of its sign and its weight.

. From now on,

III. MAIN RESULTS

Definition 3.1. We say that a sign pattern matrix A = (a;;)
has the 2-cycle property if a;;a;; < 0, whenever (i, j, (j,1) €
E(G), where G is the graph describing P.

In this section we first give another proof of the theorem
3.2 of [9], which we think is simpler.

Theorem 3.2. Let A = (a;;) be an n x n sign pattern
matrix, with a;; = 0 for all i, whose associated graph D(A)
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is an undirected cycle. There exists a Py-matrix in Q(A) if and
only if A has the 2-cycle property and the entry according to
the loop is positive.

Proof. The necessary condition is obvious. Conversely,
assume that A has the 2-cycle property. We can assume, by
permutation similarity, that A is of the following form

0 a2 0 - 0 A1n
as1 0 a23 -0 0 0
0 a23 0 00 0

A= . ) i . : (1
0 0 0 - 0 Gn—1,n
an,1 0 0 Apon—1 0

Consider B € Q(A) of the form
0 bi2 O - 0 bin
bo1 0 b -+ 0 0
0 baz O - 0 0

B= . ) ) ) . ()

0 0 0 - 0 bnfl,n
bn,l 0 0 bn,n—l 0

As a cycle of length & in the digraph D(B) corresponds to
a term in the determinant of the k x k principal submatrix
associated with the vertices of the cycle, we only have to
consider the cycles in the digraph D(B).

In the digraph D(B), there are n 2-cycles, C; = b;;+1bi41;
fori = 1,2,---,n—1 and C,, = b,1b1, and 2 n-cycles
C' = b12b23 - - - by—1nbp1 and c' = b1nbpn—1 - ba1.

Let a C {1,2,"' ,’I’L}. Assume that |bn‘+1‘ = |bi+1i| =
|bn1] = |b1n| = 1 where 4 = 1,2,--- ,n — 1. Then, we show
that det B > 0 and det Bla] > 0. Since A has the 2-cycle
property, we have that w(C;) = 1 for i = 1,2,--- ,n. First,

we show that det B > 0. Now we consider the the following
two cases.

Case 1. When n is even:

If n = 2, it is clear. If n > 4, then there are 2 n-cycles
C' and C" and 2 composite cycles C* = C1C53---Cp—1 and
C** = CyCy -+ - Cy, of lengths n. Since w(C;) = 1, we have
that w(CHw(C”) = 1 and wg/C*) = w(C*™) = 1.
It follows that w(C') + w(C") > —2. Therefore,
det B = w(C*) + w(C**) + w(C") + w(C") > 0.

Case 2. When n is odd:

If n is odd, then there are only two n-cycles ¢ and C”.
Since the w(C")w(C") = —1 and |w(C")| = |w(C")| = 1,
we have det B = 0. If |a| is even and there exists no cycle
of length whose vertex set equals to «, then det Bla] = 0.

Next we show that det B[a] > 0. Since there exists no odd
cycle in the digraph D(B), if |a| is odd, then det Bla] = 0.
If |a is even and there exists no cycle of length whose vertex
set equals to «, then det Bla] = 0. If |« is even and there
exists m; > 1 composite cycles of length |«| whose vertex
set equals to . Each cycle of these m; composite cycles is
a product 2-cycles. Since w(C;) =1, det Bla] > 1. O

Theorem 3.3. Ler A = (a;;) be an nxn sign pattern matrix.
The associated graph D(A) is an undirected cycle with only
one loop. There exists a Py-matrix in Q(A) if and only if A
has the 2-cycle property and the sign of the loop is positive.

Proof. The necessary condition is obvious. Conversely,
assume that A has the 2-cycle property. We can assume, by
permutation similarity, that A is of the following form

air a2 0 o 0 a1n
a1 0 a23 00 0
0 a23 0 0 0

A= . ) ) ) ) 3)
0 0 0 e 0 Gp—1n
an,1 0 0 An,n—1 0

Consider B € Q(A) of the form
by b2 0 -+ 0 bin
b21 0 b23 o 0 0
0 bas O - 0 0

B=1 . ) ) ) ) “4)
0 0 0 - 0 bn—1.n
b’ﬂ 1 0 0 bn,n—l 0

s

In the digraph D(B), there are n 2-cycles, C; = b;i1+1bit1;
fort = 1,2,---,n—1 and C,, = b,1b1, and 2 n-cycles
C' = biabaz - -bp_1pbp1 and C'° = bipbyp—1---b2y and a

loop b11.
Assume that |bii+1| = ‘bi+1i| = |bn1| = |b1n| = b11 =1
where i = 1,2,--- ,n— 1. Then, we show that det B > 0 and

det Bla] > 0. Since A has the 2-cycle property, we have that
w(C;) =1 where i = 1,2,--- | n.

First, we show that det B > 0. Now we consider the
following two cases.

Case 1. When n is even:

If n = 2, it is clear. If n > 4, then there are 2 n-
cycles ¢', ¢ and 2 composite C* = C1C5---C)p,—; and
C** = CyCy - - - Cy, of lengths n. Since w(C;) = 1, we have
that w(C*) = w(C**) = 1 and w(CHw(C”) = 1.
It follows that w(C') + w(C” > —2. Therefore,

det B =w(C") 4+ w(C" +w(C*) + w(C**) > 0.

Case 2. When n is odd:
In this case, there are 2 n-cycles C' and C' and one
composite C' = b11C2Cy---Cp_1. Since w(C;) = 1,

we have w(C"') = 1 and w(C') + w(C") = 0. Hence,
det Bla] =w(C ) +w(C ) +w(C ) =1.

Next we show that det Bla] > 0. If |«| is even and there
exists no cycle of length |«| whose vertex set equals to «, then
det Bla] = 0. If |a is even and there exists at least one cycle
of length |«| whose vertex set equals to |c/, since each even
composite cycle of length « is a product of some 2-cycles, we
have that det B[a] > 1.

If |af is odd, every cycle of length |a| is a product of
the loop b1; and 2-cycles. If there exits no cycle of length
|| whose vertex set equals to «, then det Bla] = 0. If
there exists at least one cycle of length |«| whose vertex
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set equals to «, since each odd composite cycle of length
|| is a product of the loop b7 and 2-cycles, we have that
det Bla] > 1.

Theorem 3.4. Let A = (a;;) be an nxn sign pattern matrix.
The associated graph D(A) is an undirected cycle with only
two loops whose signs are positive. Denote the vertices of the
two loops by ig and jo. For convenience, assume that ig > jo.

(1) If ig and jo are consecutive (For convenience, we say n
and 1 are consecutive), then there exists a Py-matrix in Q(A)
if and only if the weights of the 2-cycles whose vertices in
{1,2,--- ,n}\ {io, jo} are negative and a;,;, = a;,;, = +

(2) If ig and jo are not consecutive, then there exists a
Py-matrix in Q(A) if and only if A has the 2-cycle property
and aiyiy = ajojo = +

Proof. Let Cz = biiJrlbiJrlj for i = 1,2,"' ,n — 1
and C’n = bnl b17L~ Let C = b12b23 T bnflnbnl and
C =binbyn_1---b3abo1. Let a C {1,2, ,n}.

(1) If 79 and jy are consecutive.

The necessary condition is obvious. Conversely, assume that
the weights of the 2-cycles whose vertices in {1,2,--- ,n}\
{40, jo} are negative and a;;, = aj,j, = +. We can assume,
by permutation similarity, that A is of the following form

all aia O - 0 Q1n
a1 azp az - 0 0
0 a3 0 - 0 0
A= . . . . ) %)
0 0 0 - 0 n—1,n
an,1 0 0 Anon—1 0

Consider B € Q(A) of the form

by b2 0 -+ O bin
bar  bag bz - O 0
0 bog O - 0 0
B=] . . . . . (6)
0 0 0 - 0 bp—1,n
bn,l 0 0 e bn,n—l 0
Assume that b 11| = |bir1i] = |bni] = |b1n] = 1 and
b11 = bae = 2 where ¢ = 1,2,--- ;n — 1. Since the weights
of the 2-cycles whose vertices in {2,3,--- ,n} are negative,
we have that w(C;) =1 fori=2,3,--- ,n.

First, we show that Bla] > 0. All the even cycles whose
lengths |«| are products of 2-cycles or products of the two
loops and 2-cycles.

If |«| is even and there exists no cycle of length || whose
vertex set equals to «, then det B[a] = 0. Next we consider
the case that |«/| is even and there exists at least one cycle of
length || whose vertex set equals to «. If {1,2} C «, then
det Bla] > 3, if {1,2} ¢ « then det B[] > 1.

If || is odd, every cycle of length || is a product of a loop
and some 2-cycles. If there exists no cycle of length || whose
vertex set equals to «, then det B[a] = 0. If there exists at

least one cycle of length || whose vertex set equals to «,
then det Bla] > 1.

Next, we show that det B > 0. Now we consider the the
following two cases.

Case 1. When n is even

If n = 2, it is clear. If n > 4, then there are 4
ceycles €', C", by1boyCsCs---Cp_1, C1C5---Cp_y and
CyCy---C, of lengths n. Since the w(C)w(C”") = 1
and |w(C)] = |w(C")] = 1, we have that
U)(C/) + U)(C”) > *2, As w(b11b22C305”'Cn_1) = 4,
|w(01C’3 cee Cn—l)‘ =1 and w(CQC’4 . Cn) =1, we have
that det B = ’LU(C/) + w(C”) + ’u}(b115220305 N ~Cn,1) +
w(ClC3 s C’nfl) + w(CgC4 cee Cn) > 2.

Case 2. When n is odd

There are 4 cycles c, ¢, b11CCy---Cy,—1 and
by C3Cs - - - Cp, of lengths n. Since the w(C )w(C”) = —1
and |w(C)] = |w(C")] = 1, we have that
w(C) + w(C") = 0, As [w(b11CoCy---Cr1)| > =2,

w(beeCs5C5 -+ Cy) = 2, we have that det B = w(C') +

7

’LU(C ) + w(b110204 s C7L71) + w(b2203 cee G,L) > 0.
(1) If iy and jo are not consecutive.

The necessary condition is obvious. Conversely, assume that
if A has the 2-cycle property and a;yi, = a;,j, = +. We can
assume, by permutation similarity, that A is of the following
form

ail a2 0 - 0 G1n
a1 0 asz - 0 0
0 as3 aszsz - 0 0
A= (7N
0 0 0 -0 Un-1m
an,1 0 0 An,n—1 0

Consider B € Q(A) of the form

byt b2 0 - 0 bin
ba1 0 bos --- 0 0
0 bos b3z -+ 0 0
B= . . : . (®)
0 0 0 o 0 bn—1n
bn,l 0 0 bn,nfl 0

In the digraph D(B), there are n 2-cycles, C; for i =
1,2,--- ,n and 2 n-cycles C' and C' and two loops by; and
b33.

Assume that |bii+1‘ = |b2‘+11“ = |bn1‘ = |b1n| = b1 =
b33 = 1 where ¢ = 1,2,--- ,n — 1. Since A has the 2-cycle
property, we have that w(C;) = 1, where i = 1,2,--- ,n.

First, we show that Bla] > 0. All the even cycles whose
lengths |a| are products of 2-cycles or products of the two
loops and 2-cycles.

If || is odd, every cycle of length |« is a product of a loop
and some 2-cycles. If there exists no cycle of length || whose
vertex set equals to «, then det Bla] = 0. If there exists at
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least one cycle of length || whose vertex set equals to «, (3]

then det Bla] > 1.

[4]

Next, we show that det B > 0. Now we consider the the

following two cases.

Case 1. When n is even:

[5]
[6]

If n =2, itis clear. If n > 4, Let C7* = C1Cs---Cp—1 [7]

and C3* = (C3C4---C,. There are 2 composite
cycles C7* and C5* of lengths n and 2 n-cycles c
and C". Since w(C;) = 1, w(CHw(C”) = 1 and
w(CF*) = w(Cy*) = 1. It follows that w(C” )+w(C”) > —2. 9]
Hence det Blo] = w(C") +w(C") +w(C;*) + w(C5*) > 0.
Case 2. When n is odd:
In this case, there are 2 composite cycles

c* = b110204~”cn_1 and C** = b33010406"'0n—1

of lengths n and 2 n-cycles €' and C".
w(C;) = —1, we have w(C*) = w(C**)
w(C )w(C") = —1. It follows that w(C ) + w(

1
)

Q

’

Since

and

= 0.
Hence, det Bla] = 'w(C*)+w(C**)+w(C/)+w(C )=2.0

Let D,, denote the digraph consisting of a Hamilton

cycle D, =1—2 — ---
Ci=1—-2—---—s—1—s—1of length s. O

—n—1—mn — 1 and a cycle

Theorem 3.5. Let A = (a;;) be an nxn sign pattern matrix,
with a;; = 0 for all i, whose associated graph D(A) is a the
digraph Dy ,. Then the following statements are equivalent:

1. The signs of the cycles D,, and D, are (—1)"+!
and (—1)**t1, respectively.

2. There exists a Pp—matriz in Q(A).

3. All matrices in Q(A) are Py—matrices.

Proof. Without loss of generality, we may assume that any

matrix B € Q(A) is of the form

0 bis 0 - 0 0 0 0
0 0 bas .-+ O 0 0 0
0 0 0 o bogs 0 0 0
B=|bs 0 0 - 0 besi1 0 0
0 0 0 0 0 bst1s42 0

6 0 0 0 0 0 'bnfln
b1 0 - 0 0 0 S0
)
We have that det B = (—1)""la13a23 - Gp_1nan1. Let
a C {1,2,---,n}. Since there are only 2 cycles Cs and
C, for any a # {1,2,---,s}, det Bla] = 0 and for any
a = {1,2,--+,s}, det Bla] = (=1)**lajpasz - as_15a41.

This implies A is a Py-matrix if and only if the signs of the
cycles Dy and D,, are (—1)**! and (—1)"**, respectively.[]
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