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Semi-Analytic Solution and Hydrodynamics

Behavior of Fluid Flow in Micro-Converging plates
A. Al-Shyyab and A. F. Khadrawi

Abstract—The hydrodynamics behavior of fluid flow in micro-
converging plates is investigated analytically. Effects of Knudsen
number (Kn) on the microchannel hydrodynamics behavior and the
coefficient of friction are investigated. It is found that as Kn
increases the slip in the hydrodynamic boundary condition increases.
Also, the coefficient of friction decreases as Kn increases.
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1. INTRODUCTION

ICRO-electromechanical devices (MEMs) refer to

devices and products whose characteristic length is less
than 1 mm but larger than 1 micrometer. MEMs devices are
usually part of integrated systems where microchannel flow
and heat transfer are found. Micropumps, microturbines,
micro heat exchangers, micronozzles, microvalves, micropipes
and ducts, biological cells separation reactors and blood
analyzers are just a few examples of micro channel flow and
heat transfer. Ever continuous demand of miniaturizing
devices and gadgets to increase power/weight ratio of products
and tools in biological, medical, manufacturing processes,
aerospace and many other industrial applications increased the
interest of researchers to model and simulate such devices to
better understand its physics and the governing laws as well as
the fundamental differences of these physics and laws when
regarding microscale devices rather than macroscale ones and
the dominant parameters and factors imposing these
differences. Experimental works have showed that
conventional physics of fluid flow and heat transfer described
successfully the macroscale devices and processes break down
regarding microgeometry flow and heat transfer, where
surface-to-volume ratio becomes drastically large and rarified
gas flow with nonlinear pressure drop for gaseous flow and
granular flows of liquids are observed [1], [2].

Continuum flow model hereafter refer to Navier-Stokes
equations and conservation of mass (second-order differential
equations). These equations are valid as long as the flow is
near thermodynamic equilibrium, where conventional linear
constitutive relations of shear stress-strain rate can be
expressed in terms of first order differential gradients of flow
velocity. The usual no-slip boundary condition becomes
invalid as approaching microflows before continuum models
break down. For gaseous flow, the continuum flow models as
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well as the no-slip velocity at the flow boundaries fail as some
characteristic length of the flow gradients (L) approaches the
molecular mean free path A. The ratio of this characteristic
length to the mean free path is known as Knudsen number
Kn,(Kn = A/L), it describes the degree of flow rarefication,
hence, validity of the continuum model where rarefication
effects are ignored. Therefore, for Kn < 0.001 continuum
equation subject to no slip boundary conditions are accurate.
For 0.001 < Kn < 0.1 continuum model equations are still
valid, yet subject to velocity-slip boundaries to account for
fraction of diffuse (randomly reflect) molecular collisions with
the solid boundaries which are quantified by tangential-
momentum-accommodation-coefficient. Beyond this range of
Kn the continuum model breaks down. For 0.1 < Kn < 10,
the flow is in transition towards rarefied gas flow,
where Kn > 10 distinguishes rarefied free molecular flow [3].

Rarefication and compressibility are the most dominant
factors affect microchannel flow, while effects due to non-
parabolic velocity profile and acceleration have secondary
effects and can be neglected [4]. Even the number of
published microchannel flow research [5], [6] is large, and the
mature kinetic theory of gases has helped researchers interpret
many aspects of microchannel gas flow, many parts of the
physical laws governing heat transfer and the fluid flow are
still unknown or needs rigorous experimental investigations.
In a review paper by Ho and Tai [7], discrepancies between
macroscale Stokes flow theory and microchannel flow
behavior were summarized. There has been an enormous
interest in research works of micro-system over the last decade
[8], [17]. It is widely accepted that microchannel gas flow
rarefication introduced as a velocity slip and temperature jump
is responsible for the deviations of the microgeometry flow
behavior compared with the macroscale one [18]-[25].

The objective of this study is to analytically investigate the
gaseous flow characteristics in converging micro plate flow
problem. In particular, this study will focus on the effect of
Knudsen number (Kn) on the velocity slip at the wall(s), flow
coefficient of friction C; and the spatial velocity components
distribution.

II. MATHEMATICAL MODEL

Consider an incompressible fluid flow between two
converging plates toward a sink as shown in Fig.1. The flow
is assumed to be non-compressible Newtonian fluid. The
governing equations of this flow are continuity, and
momentum equations. The continuity equation is,
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Fig. 1 Convergent channel flow, point sink flow

A. Continuity
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And the momentum equations are,

B. x-momentum
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Applying this momentum component outside the boundary
layer to get

1 dp _ (UL)?

3 (3)

; ax 3
Where the free stream velocity outside the boundary layer is

Uo(x) = — =, )

Here, U is the free stream velocity at some characteristic
length L defined as distance along x-axis from the fluid sink.

C.y-momentum

9p
=0, 5)
By use of stream functiony(x,y) = —VULVf(n), and
similarity variable n = y/x Vi (UL/v), the flow dimensionless
velocity components that satisfy the continuity equation would
be defined as u/U, = oY /dy = f' andv/U, = n/v/UL f’,
where “prime” denotes differentiation with respect to . With
these definitions the fluid governing equations are reduced to
third order nonlinear ordinary differential equation. Multiply
this equation byf'and simplify to get,

(25 ~(Z) + ¢y =0 ©
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Integrate the last equation (Eq. 2a) and use the flow
conditions f'(n —» o) - 1, and f"'(n > ©) - 0, to get,

(£)-(5)+r-3

The no-slip boundary conditions represent a macroscopic
Newtonian fluid flow. It solution is well established.
However, for micro-fluid flow the velocity component along
the boundary (y = 0) can be assumed to be proportional to its
gradient along the boundary normal to account for rarefication
effects, where,

du(x,0)
dy

u(x,0) = f 4 Lorf/(0) =B Kn |ZF"(0)  (8)

Where Kn = A/x is the Knudsen number and B = (2 —

0y)/0y.
Substituting Eq. (8) into Eq. (7) to get,

1V (FION2 1 0N3 | crppy _ 2
Eﬁ(m) —g(f 0)" +f'(0) = > 9
The roots of the last equation satisfy the first order velocity
slip boundary conditions. Let’s denote these roots by F;, (i =
1,2,3).
The Integration of Eq. (2b) yields,

n = —V2tanh™! < /—Zﬂ;’(n)) +C, (10)

Applying the slip boundary represented by the roots of Eq.
(9).f'(0) = F;, to get the values of the integration constant C;
as,

C, = «/itanh—1< /%>l =123, (11)

Rewrite Eq. (10) as,

’ _ 21 -1 2+F; _ :
f'(n) =3tanh <ﬁ+ tanh ( f 3 >) 2, i=123(12)

Further integration of the last equation is not needed as both
velocity components depend on the first derivative f'(n).

The dimensionless coefficient of friction Cecan be written
as,

_ uou/dy _ Y
Cf'y:o T pUZ2/2 =2 ULf (0, (12)

III. RESULT AND DISCUSSIONS

The physical parameters of the problem are assigned typical
values of  light gases, v = 352(10) *m?2s1,a =
519(10)"°*m?2s~1, and o0, = oy = 0.8. The free stream
velocity U = 25ms~tat L = (10)~%m. All figures include the
conventional no-slip/jump boundary conditions (0 < Kn <
0.001) for comparison sake.
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Fig. 2 three values of f'(0) that satisfy the mathematical
definition of the flow slip boundary conditions of Eq. (9)

The solution of the problem depends on the roots of Eq. (9).
Fig. 2 shows the three roots ry, r,, andrs, (f'(0) € [ry, 15, 13]),
as a function of Knudsen numberKn. Root rycontradicts the
flow  physics, since it does imply the flow
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Fig. 3 variations of the dimensionless radial velocity
f'(m) as a function of Kn

velocity near the wall boundaries is faster than the velocity of
the driving potential (f'(0) > 1), therefore it is discarded.
Similarly, root 7, is discarded since the direction of the
rarefied flow velocity near the walls is opposite to the driving
potential velocity direction (f'(0) < 0), which is not possible
for flow between converging plates. The solution which
corresponds tory, (f'(0) =13), is the only solution that
satisfies the rarefied flow physics.
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Fig. 4 dimensionless slip velocity f’(0)as a function
of Kn

The increase of Kn increases the ratio of specular
reflections of molecules impinging the boundary walls,
therefore retaining larger amount of their tangential
momentum and consequently reduces the wall retarding
viscous shear forces. Discrepancies among different velocity
profiles correspond different Kn are shown in Fig. 3. The
velocity profiles far from the boundaries approach the no-slip
velocity profile. However, approaching the boundary walls,
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Fig. 5 variations of the coefficient of frictionCyas a
function of Kn

the flow velocity increases and departs the no-slip velocity
profile, this is because molecular rarefication measured by Kn
increases. The velocity slip measured as difference between

0.04 Krf 06 0.08 0.10
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Fig. 6 transverse velocity variations as a function of Kn

the wall and the flow tangential velocity ( f'(0) ) is shown in
Fig. 4. The slip velocity importance stems from the fact that it
is relevant to the surface coefficient of friction. Fig. 5 shows
the dependence of the coefficient of friction Cron Kn.Cf
decreases as Kn increases because Kn is a measure of
specular molecular collisions with the boundary. The effect of
Kn on the transverse velocity component (v/U, ) is slight as
shown in Fig. 6.

IV. CONCLUSIONS

Effects of Knudsen number on the flow velocity
components and the coefficient of friction are investigated. It
is found that as Kn increases the slip in the boundary
condition increases. Also, the coefficient of friction decreases
as Kn increases. The effects of Kn on the transverse velocity
component is slight.
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