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S-Fuzzy Left h-ldeal of Hemirings

D.R Prince Williams

Abstract— The notion of S-fuzzy left h-ideals in a hemiring is
introduced and it’s basic properties are investigated.We also study
the homomorphic image and preimage of S-fuzzy left h-ideal of
hemirings.Using a collection of left h-ideals of a hemiring, S-fuzzy
left h-ideal of hemirings are established.The notion of a finite-
valued S-fuzzy left h-ideal is introduced,and its characterization is
given.S-fuzzy relations on hemirings are discussed.The notion of
direct product and S-product are introduced and some properties of
the direct product and S-product of S-fuzzy left h-ideal of hemiring
are also discussed.

Keywords— hemiring,left h-ideal,anti fuzzy h-ideal,S-fuzzy left h-
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I. INTRODUCTION

HE concept of fuzzy subset was introduced by L.A.Zadeh

[8]. Fuzzy set theory is a useful tool to describe situations
in which the data are imprecise or vague. Fuzzy sets handle
such situation by attributing a degree to which a certain object
belongs to a set. B.Schweizer and A.Sklar [5,6] introduced the
notions of Triangular norm (¢-norm) and Triangular conorm
(t-conorm).Triangular norm (¢-norm) and Triangular conorm
(t-conorm or s-norm) are the most general families of binary
operations that satisfy the requirement of the conjunction and
disjunction operators respectively.The ideal theory plays an
important role in algebraic structure.La Torre [7] studied the
notion of h-ideals and k-ideals in hemirings.Then Y.B Jun
et. al[4] introduced the notion of fuzzy h-ideal of hemirings
and discussed related properties.First,Abu Osman [1] intro-
duced the notion of fuzzy subgroup with respect to ¢-norm.
Following this,J.Zhan [9] introduced the notion of T-fuzzy left
h-ideal of hemirings.Then,J.Zhan [10] introduced the notion
of fuzzy hyper ideals in hyper near-rings with respect to ¢-
norm.Recently,Y.U Cho et. al[3] introduced the notion of fuzzy
subalgebras with respect to t-conorm of BC K -algebras and
M.Akram et. al.[2] introduced the notion of sensible fuzzy
ideal with respect to t-conorm in BC K-algebras.Using the
idea of [2] and [3],In this paper we introduce the notion of
S-fuzzy left h-ideal of hemirings and investigate it is related
properties.Also,we review several results described in [9] using
t-conorm.

Il. PRELIMINARIES

An algebra (R;+,.) is said to be a semiring if (R;+) and
(R;.) are semigroups satisfying a. (b+¢) = a.b + a.c and
(b+c¢).a = b.a+ ca for al a,b,c € R.A semiring R is
said to be additively commutative if a +b = b + a for all
a,b,c € S. A semiring R may have an identity 1, defined by
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l.a =a =a.1 and a zero 0, defined by 0+ a=a=a+0
and a.0 = 0 = 0.a for all a« € R.A semiring R is said to be a
hemiring if it is an additively commutative with zero.A non-
empty subset I of R is said to be a left (resp., right ideal)
ifx,y e Tandr € Rimplythat z +y € I and rz € I
(resp., xr € I) . If I is both left and right ideal of R , we
say I is a two-sided ideal, or simply ideal, of R. A left ideal
I of a semiring R is said to be a k-ideal ifa € I and =z € R,
and if t +a € I of a+x € I then z € I. Right k-ideal
is defined dually, and two-sided k-ideal or simply a k-ideal
is both a left and a right k-ideal.A left ideal I of a hemiring
R is called a left h-ideal if z +a + z = b+ z implies that
xz €I forall z,y € R and a,b € R.Right h-ideals are defined
similarly.

Definition 2.1: Let X be a non-empty set. A fuzzy subset
of X is a function p : X — [0,1]. Let p be the fuzzy subset
of a set X. For a fixed 0 < ¢ <1, the set

L(p;t) ={z € X : p(z) < t}

is called a lower level set or simply level set of .

Definition 2.2: A fuzzy subset y of a hemiring R is said to
be fuzzy left (resp., right) ideal of R if
(FI)p(z +y) > min{p (2), p(y)} and
(FI2)p (zy) = p(y) (resp.,p(zy) > p(x))
forall z,y € R .

If u is a fuzzy ideal of R if it is both fuzzy left and a fuzzy
right ideal of R.

Definition 2.3: A fuzzy subset p of a hemiring R is said to
be an anti fuzzy left (resp., right) ideal of R if
(FIp(x +y) < max{p(x),p(y)} and
(FI2)p (zy) < p(y) (resp.,p(zy) < p(x))
forall z,y € R .

If 1 is an anti fuzzy ideal of R if it is both an anti fuzzy left
and anti fuzzy right ideal of R.

Definition 2.4: Let R and R’ be hemirings. A mapping
f: R — R is said to be a homomorphism if
fl@+y) = f(z)+ f(y) and f(zy) = f(x)f(y)
forall z,y e R .

Definition 2.5: A fuzzy subset p of a hemiring R is said to
be a fuzzy left (resp., right) h-ideal of R if
(AFI1)p (x4 y) > min{u (z), p(y)} and
(AFI2)p (zy) = p(y) (resp.,p(zy) = p(x))
forall z,y € R .

(AFI3) If z 4+ a+ z = b+ z implies that

w(x) > min{u(a), u(b)}, for all a,b,z,z € S.

If 1 is fuzzy h-ideal of R if it is both a fuzzy left and fuzzy
right h-ideal of R.

Definition 2.6: A fuzzy subset p of a hemiring R is said to
be an anti fuzzy left (resp., right) h-ideal of R if
(AFI1)p(z +y) < max {u (), (y)} and
(AFI2)p (zy) < p(y) (resp.,p(zy) < p(zx))
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forall z,y € R .
(AFI3) If x +a+ z = b+ = implies that
w(x) < max{p(a), u(d)}, for all a,b,z,z € S.
If uis an anti fuzzy h-ideal of R it is both an anti fuzzy left
h-ideal and anti fuzzy right h-ideal of R.

Definition 2.7: A triangular conorm (¢-conorm) is a map-
ping S : [0,1] x [0,1] — [0, 1] that satisfies the following

conditions:
(81) S(z,0) = =,
(52) S(z,y) = S(y,z),

(53) S, S(y.2)) = 5(S(x,1), 2),
(54) S(z,y) < S(z,z2) Whenevery<z,

for all z,y,z € [0,1].
Replacing 0 by 1 in condition S, we obtain the concept of
t-norm 7.
Proposition 2.8: For a t-conorm S.Then the following
statement holds S(z,y) > max(z,y), for all z,y € [0, 1].
Definition 2.9: Let S be a t-conorm. A fuzzy subset p in a
hemiring R is called sensible with respect to S
if Imp C Agwhere Ag = {t €[0,1]|S(¢,t) =t}

I11. S-FUZZY LEFT H-IDEALS IN HEMIRINGS

In what follows, R and .S denotes a hemiring and ¢-conorm
respectively, unless otherwise specified.

Definition 3.1: A fuzzy subset n of R is called a Sfuzzy
left ideal of a hemiring R (briefly, fuzzy left ideal with respect
to ¢-conorm ) if it satisfies the following conditions:

(SFIMp(z +y) < S(p(z), u(y)),

(SFI2)u(zy) < p(y)forall z,y € S.

S-fuzzy right ideals are defined similarly.

Definition 3.2: A S-fuzzy ideal p of R is said to be a
S-fuzzy left h-ideal if it satisfies the following condition:

(SFI3)x+a+z = b+z implies that pu(z) < S(u(a), u(d)),
forall a,b,x,z € S.

S-fuzzy right h-ideals are defined similarly.

Definition 3.3: A S-fuzzy left h-ideal p of R is said to be
a sensible if it satisfies the sensible property.

Example 3.4: Let R be the set of natural numbers including
0, and R is a hemiring with usual addition and multiplication
.Define a fuzzy subset 1 : R — [0, 1] by

(z) = 0 if x is even or 0,
HE = 1 otherwise.

and let Sy, : [0,1] x [0,1] — [0, 1] be a function defined by
S (e, B) = min{z +y,1} for all z,y € [0,1].Then, S,, is a
t-conorm.By routine calculation, we know that p is a sensible
S-fuzzy left h-ideal of R.

Proposition 3.5: Let S be a t-conorm .Then, every sensible
S-fuzzy left h-ideal 1 of a hemiring R is a anti fuzzy left h-
ideal of R.

Proof: The proof is obtained dually by using the notion of
t-conorm S instead of t-norm 7" in [9]. u

Corollary 3.6: If u is a sensible S-fuzzy left h-ideal of R,
then each non-empty level subset L(u;t) of p is a left h-ideal
of R.

Proof: Assume that p is a sensible S-fuzzy left h-ideal
of R and L(u;t) is a non-empty level subset of p in R.
(i) Since L(u;t) is a non-empty level subset of p, there exists

z,y € L(p;t) , plx +y) < Su@), wy)) =t.
Thus x +y € L(u;t).
(if) Let z,y € L(p;t), such that p(ay) < p(y) <t
Thus zy € L(p;t)
(iii) Let a,b,z,z € L(p;t), If z +a+ 2z = b+ = implies that
p(x) < S(p(a), u(b)) = t.Thus = € L(p;t)

Hence,L(y;t) is a left h-ideal of R.

[ |

The following example shows that there exists a ¢-conorm
S such that an anti fuzzy h-ideal of R may not be an sensible
S-fuzzy left h-ideal of R.

Example 3.7: Let R be a hemiring in Ezample[3.4].Define
a fuzzy subset 1 : R — [0, 1] by

% if x is even or 0,
pulx) =

% otherwise.

is an anti fuzzy h-ideal of R.
Let v = (0, 1) and define the binary operation S, on (0,1) as
follows

max {a, 8} if min{a, 8} = 0,
(,8)=¢ 0 max{a,f} >0, a+5>1+v
v otherwise.

Then,S, is a t-conorm.lt is easy to check that p is a S-fuzzy
left h-ideal of R, but
§) = # a0

S, (u(0),1(0)) = S, (5, !

Hence,x is not a sensible S-fuzzy left h-ideal R.

Now, we consider the following theorem.

Theorem 3.8: Let S be a ¢-conorm and let x be a sensible
fuzzy subset in a hemiring R, then p is a sensible S-fuzzy
left h-ideal of R if and only if each non-empty level subset
L(p;t) of pis a left h-ideal of R.

Proof: The necessary condition can be given by
corollary[3.6].Coversely,assume that each non-empty level
subset L(u;t) is a left h-ideal of R.

(i) Let =,y € R.Let if possible,u(z +y) > S(u(z), u(y)).Set
to == s{u(z +y) + S(u(z),u(y))},we have = € L(u;to)
and y € L(u;to),since L(u;t) is a left h-ideal of R.Then
z+y € L(p;ty) and p(zx + y) < to,a contradiction. Thus
(@ +y) < S(u(), 1(y)).

(i) If z,y € L(u;t) then zy € L(p;t). Then

p(xy) < ply) < t.Thus p(ey) < p(y).

(iii) Let a,b,2z,2 € RIf 2 +a+ z = b+ z implies that
x € L(up;t)}.Define t = min{u(a),u(b)}.Then p(x) < t =
man{p(a), u(b)}. Thus p(z) =< max{p(a), u(b)}.

Hence,u is a sensible S-fuzzy left h-ideal of R. ]

Definition 3.9: Let R be a hemiring and a family of fuzzy

of {wili € I}

11

sets {y;]¢ € I'} in R.Then the union <V Ni)
el
is defined by )

V m) (z) = sup {pi(z)|i € I}

icl
Theorem 3.10: If {yu;]i € I} is a family of S-fuzzy left h-
ideal of R.then (\/ w;)(z) is a S-fuzzy left h-ideal of R.

i€l

46



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:1, No:1, 2007

Proof: Let {u;|i € I} be a family of S-fuzzy left h-ideal of
R.
(i)For all =,y € R,we have

<\/ m) (z +y) =sup{ui(z +y)li € I}

iel

IN

sup {S (ui(x), pi(y)) i € I}

= S (sup (ui(2)]i € I),sup (ui(y)|i € 1))

#((y) e () w)

(ii) For all z,y € R,we have

< V m) (zy) = sup {pi(zy)|i € I}

iel

IN

sup {5 (wi(@)) |1 € I}
s((vm)@)

iel
(iii) For all a,b,z,z € Rand if x +a+ 2z = b+ 2 then

(Vi) @) =suw (sl 1)

el

IN

sup {S (ui(a), pi(b)) i € I}

= S(sup (pi(a)li € I) ;sup (ps(b)|i € 1))

(o (1))

Hence (V m) is a S-fuzzy left h-ideal of R.
iel

|

Definition 3.11: Let f : R — R’ be a mapping ,where
R and R’ are non-empty sets and p is a fuzzy subset of
R.The preimage of u under f written uf,is a fuzzy subset
of R defined by pf = p(f(z))for all z € R.

Theorem 3.12: Let f : R — R’ be a homomorphism of
hemirings. If p is a S-fuzzy left h-ideal of R’ then pf is S-
fuzzy left h-ideal of R.

Proof: Suppose p is a S-fuzzy left h-ideal of R’,then
(i) For all z,y € R,we have

pw(@+y) =p(f@+y) =pn(f(@)+ f(y)
< S(p (f( )) w(f()))
=S (uf (2), ! (v))
(ii)For all z,y € R,we have
wf (zy) = p(f (zy)) = 1 (f(2) f(y))
<u(fy) =u(y)
(iii)For all a,b,z,z € Rand if z +a+ z = b+ z then

|
Hence uf is a S-fuzzy left h-ideal of R.

Theorem 3.13: Let f : R — R’ be a homomorphism of
hemirings. If n/ is a S-fuzzy left h-ideal of R ,then p is S-
fuzzy left h-ideal of R'.

Proof: Suppose p is a S-fuzzy left h-ideal of R’,then
(i)Let o', y" € R'there exists z,y € R such that f(z) = 2’
and f(y) = y',we have

p +y)=p(f(@)+ f ()
(f

(i)Let =’,y’ € R’ there exists =,y € R such that f(z) = 2’
and f(y) = y',we have

p(@'y) =p(f(x) f(y) =pf(zy))

(iii)Let o', b, 2', 2’ € R’ there exists a,b,z,z € R such that
fla) =d', f(b) =V, f(z) =2, f(z) =2 o' +a' + 2 =
b'+2'.Then f(z+a+z) = f(b+z)and so f(z)+f(a)+f(z) =
f(b) + f(2).1t follows that

p(a) =n(f (@)
;;(uf NZQ))
:S(M(f( )51 (f(0)))
=5 (u(a), ( )

Hence p is a S-fuzzy left h-ideal of R’ ]
Definition 3.14: Let f be a mapping defined on R.If v is a
fuzzy subset in f(R),then the fuzzy subset . = vo f in R(i.e.,
the fuzzy subset defined by u(z) = v(f(x)) for all x € R) is
called the preimage of v under f.
Proposition 3.15: An onto homomorphic preimage of a S-
fuzzy left h-ideal R is S-fuzzy left h-ideal.
Proof: The proof is obtained dually by using the notion of
t-conorm S instead of ¢-norm 7" in [9 ,Proposition 3.10]. =
Let p be a fuzzy subset in a hemiring R and f be a
mapping defined on R.Then the fuzzy subset p/ in f(R)
defined by 1/ (y) = echnf< )u( x) for all y € f(R) is called
z Yy

the image of p under f.A fuzzy subset p in R is said to
have an inf property if for every subset H C R,there exists
ho € H such that p(hg) = ﬁng w(h).

€

Proposition 3.16: An onto homomaorphic image of S-fuzzy
left h-ideal with inf property is S-fuzzy left h-ideal.
Proof: Let f : R — R’ be an onto homomorphism of
semirings and let p be a S-fuzzy left h-ideal of R with the
inf property.

()Given z’,y' € R'\we let g € f~
be such that

zo) = inf h),
1 (o) hefl{g(w,)u(t)

Ha') and yo € f7H(y)

yo) = inf h
1 (yo) hef_1<y,)/$()

a7
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respectively.Then , we have

pl (@ +y) = inf  p(z) <max{u(zo),p(y0)}

zef~ i@ +y)

< S (p (o), 1 (yo))

=S( inf h), inf h
(he}g(z/)“( ) e M ))
@), uf (y))

(i)Given o',y € R, we let g € f~
be such that

=9 (Mf
') and yo € f7H(Y)

w(h), p(yo) = inf p(h)

To) = inf
p (o) hef-1(y")

hef=t(a’)

respectively. Then , we have

p (2'y) = inf  pu(z) < p(yo)
zef~ia'y) ;

= inf p(h)= !

w0 (h) =’ (v')

(i) Given o/, 0", 2",y € R', we let ag € f~1(a’),

bo € f7H(b) , 2o € f~H(2") , 20 € f~1(2') be such that
= inf h inf h

1 (ao) L w(h), p(bo) = hefll_ll(b,)ﬂ( )

z9) =  inf h), = inf h

p (o) = L m(h), p(z0) hefﬁ](z,)ﬂ( )

respectively.If 2’ +a’+ 2" = b’ +2' then xg+ag+ 29 = by + 2o
, where (zo +ag + 20) € f7 (2’ +a’ + 2') and (by + 20) €
FH + 2'),we have
I(z)y= inf
pt (2') et

=5 inf h), inf h
<%fw¢”)haAwW(0

=8 (! (), ! (V)

(bo)}

p(2) < max{p(ao), p

[ |
Hence,u is a S-fuzzy left h-ideal of R'.

Definition 3.17: A ¢t—conorm S on [0, 1] is called a con-
tinuous ¢t—conorm if S is a continuous function from [0, 1] x
[0,1] — [0, 1] with respect to usual topology.

We observe that the function ” max ” is always a continuous
t-conorm

Proposition 3.18: Let S be a continuous ¢—conorm and
let f be a homomorphism on a hemiring R.If p is a S-fuzzy
left h-ideal of R,then u/ is a S-fuzzy left h-ideal of f(R).

Proof:
App=f1

A1+As = {z € R|z = a1 + az for some a; € Aj,as € As}

Let Ay = f~'(y1), A2 = f(y2) and
(y1 + y2),where y; + yo € f(R). Consider the set

If © € Ay + Asthen o = x1 + x5 for some z; € A; and
xzg € Ay so that we have f(z) = f(z1 + z2) = f(z1) +
flxs) = y1 +yothatis , z € f~H(y1 + y2) = A2.Thus ,

Al + A2 - A12 It follows that

=inf {p(z)|z € f7! (21 + 22)}

= inf {p(z)|z € A12}

<inf {u(z)|z € A1 + Ao}

< inf {/},(1'1 + m2)|x1 €A,z € Ag}
<inf {S (u(z1), u(x2)) |21 € A1, 22 € A}

Since S is continuous for every e > 0,we see that if

w (g1 + y2)

inf{u(z1)|z1 € A1} —at <0 and
inf{u(xs)|zs € Ao} — 23 < d,then

S (inf {p(x1)|z1 € A1}, inf {p(za)|ae € As})—
Choose a; € A; and ay € As,such that

S (ay,23) <e

inf{u(z1)lx1 € A1} — p(ar) <6 and
inf{u(zs)|re € A2} — pu(az) < d,then

S (inf {p(x1)|z1 € A1}, inf {p(za)|2z2 € Aa})

=5 (ular), plaz)) < e
Thus,we have

(D)pf (1 +yo) < inf {S (u(z1), p(x2)) [21 € Ay, 22 € Ao}
= S (inf {p(z1)|z1 € A1}, inf {pu(z2)|z2 € Aa})
=S (1 (1), 1! (12))

(¢¢)Similarly, we can prove that
1! (yaye) < 1 (y2)

(zit) Now , let a1, by, 1,21 € f(R) be such that
21 4+ a1 + z1 = by + z1.we can prove that

w (z1) < S (! (a1), 1 (br))

Hence,u” is a S-fuzzy left h-ideal of f(R).
[ ]
Lemma 3.19: Let T be a ¢-norm.Then ¢-conorm S can be
defined as
S(x,y)=1-T(1 —=z,1—y).
Proof: Straightforward. |
Theorem 3.20: A fuzzy subset o of R is a T-fuzzy left
h-ideal if and only if its complement p° is a S-fuzzy left h-
ideal of R.
Proof: Let p be a T-fuzzy left h-ideal of R.
(i) For all z,y € R,we have

pe(r+y)=1-p(x+y)
<1-=T(u(z),p1(y)
=1-T1—p(x),1-p(y)
=S (pe(z),pn°(y))

(i)For all z,y € R,we have

pe(wy) =1—p(y) <1-py) =p(y)
(ii)For all a,b,z,z € R,If x +a + z = b+ z such that
pe(z) =1—p(x)
<1-T(u(a),p(d))
=1-T(1—p%(a), 1" (b))
=S (pe(a),u (b))
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Hence p¢(z) is a S-fuzzy left h-ideal of R.
The converse is proved similarly.

IV. CHAIN CONDITIONS

Let i and v be a fuzzy subset in a hemiring R.Then the
S—h-product of p and v is defined by

inf (S (p(as), u(bi)) | i =1,2)
if x can be expressed as
T+ arby + z = ashs + 2z,
0 otherwise.

ponv(z) =

Proposition 4.1: Let x and v be a fuzzy subset of R.If
they are S-fuzzy left h-ideal of R,then so p U v,where
w U v is defined by (p U v)(z) = S(u(z),v(z)) for all
x, € R.Moreover,If 1 and v are a S-fuzzy right h-ideal and
a S-fuzzy left h-ideal respectively,then oy v C pUv
Proof: The proof is obtained dually by using the notion of
t-conorm S instead of ¢-norm 7" in [9,proposition 4.2]. ]

Theorem 4.2: Let p be a fuzzy subset in R and
Im(p) = {a, a1, ..., a5 },where a; < a; whenever ¢ > j.Let
{A,In=0,1,...,k} be a family of ideals of R such that
(i) Ag C A; C ... C Ay = R,

(il) pu(A*) = ay,where A% = A, \ A,,_1,A_1 = ¢ for
n=20,1,... k.
Then p is a S-fuzzy left h-ideal of R.
Proof: Suppose {A,|n =0,1,...,k} be a family of ideals of
R.
(i) For all z,y € R,Then we discuss the following cases:|f
xr+y € A, and y € A, such that x € A, since A, is an
ideal of R.thus

w(x +y) < an = S(u(z), wy)).
Ifz+y ¢ A and y ¢ A7 then the following four cases arise:

o
1) x+yeR\A,andye R\ 4,
2) x+y€e A, 1andy € A,

3 z+yeR\A,andy € A,
4 z+yecA,1andye R\ A,

But,in either cases,we know that
n(z +y) < S(u(), u(y)).

Ifz+ye R\ A and y ¢ A% then either y € A,,_4 or

y € R\ A,. It follows that either x € A4,, or z € R\ A,.Thus
(@ +y) < S(u(x), 1(y)).
If z4+y ¢ R\ A and y € A}, then by similar process we
have
(@ +y) < S(u(x), 1(y)).
(ii) Similarly, for 2,y € R,we have
w(zy) < p(y).

(iii)For all a,b,x,2z € RIf x + a + z = b+ z such that
a€ A, andbe A, then x € A,,.By the above process it is
easy to show that

u(z) < S(u(a), u(d)).
Hence p is a S-fuzzy left h-ideal of R. ]

Theorem 4.3: Let {A,|n € N} be a family of h-ideals of
a hemiring R which is nested,that is,R = A; D As D ....Let
1 be a fuzzy subset in R defined by

=5 ifr e AN\A,n=1,23.,
p@)=4 g ifre N A,.

n=1

for allx € R.Then p is a S-fuzzy left h-ideal of R.

Proof: Let z,y € R.
(i)Suppose that € Ay \ A1 and y € A, \ A,qq
for k = 1,2,...;0 = 1,2,... .Without loss of generality,we
may assume that £ < r.Then z +y € A; and so

p(r+y) =max {p(z),pu(y)} <5 (p(z), 1)

<
T k41

o0 o0
Ifz,ye (| A, thenz+y e () A, and thus
n=1 n=1

plr+y)=0=S(u(x),upy))

If z € ﬁ A, theny ¢ ﬁ Ay, then there exists i € N such
that y ngt \ Ajyr.lt foll%?vls that z + y € A; so that
p(r+y) < Z% = max {u(z),pu(y)} <5 (p(x), 1Y)
Similarly,we know that

p(x+y) <S(u(@),pny)
forall = ¢ ﬁl A, then y € ﬁl A,.

(i)Now,ify € A, \A, 4, forsome k =1,2,...thenzy € Ay
for all z € R.Thus

p(r+y) < w(y)

E+1

Ifye N A, thenazy e ) A, forall z € R.Thus

p(zy) =0=p(y)

(iif) Now,let a,b,z, 2z € R be such that t +a+ 2z = b+ z.If
a,be A, \ A,y for some r =1,2,3..., then z € A, as A,
is a left h-ideal of R.Thus

p(x) =max {yu(a),p(0)} <5 (u(a),p (b))

< -
“k+1

Ifa,be [ A, thenz e () A, and so

n=1 n=1
p(x) =0=25(p(a),n(b))
Assume that a € A, \ A, for some » =1,2,3,...,and
b e ﬁ Ap(or,ace Fc] A, and b € A, \ A, for some
r= f,:21, 3..).Then z enlerl and so

p(r) < e =max{u(a),u ()} < S(u(a),n(d)

Hence, p is a S-fuzzy left h-ideal of R.
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Let p : R — [0, 1] be a fuzzy subset of R.The smallest
S-fuzzy left h-ideal containing p is called the S-fuzzy left
h-ideal generated by 1, and w is said to be n-valued if u(R)
is a finite set of n elements.When no specific n is intended,
we call . a finite-valued fuzzy subset.

Theorem 4.4: A S-fuzzy left h-ideal v of R is finite valued
if and only if a finite-valued fuzzy subset p of R is generated
by v .

Proof: If v: R — [0, 1] is a finite-valued S-fuzzy left h-ideal
of R,then one may choose p = v.Consequently, assume that
w: R — [0,1] is a n-valued fuzzy subset with » distinct
values ti,ta, ..., tn,Where ¢; < ty < ... < t,.Let G* be the
inverse image of t; under p, that is,G* = p~!(t;).Obviously,
LJJ G' C |J G* when j < r.We denote by A7 the left h-ideal

i=1 i=1

i
of R generated by the set |J G*.Then we have the following

chain of left h-ideals: =
A'DA’D..DA"=R
Define a fuzzy v: R — [0, 1] by

v(z) :{ tn if € A".’ _
t; if € ANATLi=1,2,..,n—1
We claim that v is a S-fuzzy left h-ideal of R and u is
generated by v.Let z,y € R and let ¢« and j be the largest
integer such that x € A® and y € A7.we may assume that
i < j without loss of generality. Then x4y € A? and zy € A°
and so

v(r+y) <t; =max{t;,t;} =max{v(z),v(y)}
<Sw(z),v(y)
and
v(ry) <t; =v(y)

Now,let a, b, z, z € R be such that z+a+2 = b+z.If a € A
and b € A’ for some i < j,then a,b € A% and so x € A as
A' is a h-ideal of R.Thus

v(z) <tj =max {t;,t;} = max{v(a),v (b)}
< S(v(a),v (b))
Hence, p is a S-fuzzy left h-ideal of R.
If z € R and pu(z) = t;then x € G’ and so x € A7.But we
get v(x) < t; = p(x).Consequently, v C p.Let v be any S-

fuzzy left h-ideal of R which is a subset of . Then, U G =

L(v;t;) C L(ust;), and thus A7 C L(v;t;).Hence,y C C w and
wis generated by v.Note that | Impu |_ n =| Imv |.Thus
completing the proof. u
A semiring R is a said to be left h-artinian (see [9]) if it
satisfies the descending chain condition on left h-ideals of R.
Theorem 4.5 If R is a h-artinian hemiring, then every S-
fuzzy left h-ideal of R is finite valued.
Proof: Let o : R — [0,1] be a S-fuzzy left h-ideal of R
which is not finite valued.Then,there exists sequence of distinct
numbers p(0) = t1 > ta > ... > t,,where t; = p(z;) for
some xz; € R. This sequence induces an infinite sequence of
distinct left h-ideals of R:

L(wsth) D L(psta) Do D L(pitn) D

This is a contradiction.

|
Combining Theorem 8 and Theorem 9,we have the following
corollary.

Corollary 4.6: If R is a h-artinian hemiring, then every S-
fuzzy left h-ideal of R is generated by a finite fuzzy subset
in R.

V. S-PRODUCT OF S-FUZZY LEFT h-IDEALS

Definition 5.1: (see [2]) A fuzzy relation on any set R is a
fuzzy subset i1 : R X R.

Definition 5.2: Let S be a t-conorm . If u is a fuzzy relation
onaset Rand v is a fuzzy set in R,then p is a S-fuzzy relation
on v if p, (z,y) > S (w(x),v(y)), foralz,ye R

Definition 5.3: Let S be a ¢t-conorm . Let x and v be a
fuzzy subset of R . Then direct S-product of ;. and v is defined

by (uxv) (z,y) = S (u(x), v(y)) , for all 2,y € R

Lemma 5.4: Let S be a ¢t-conorm .Let p and v be a fuzzy
subset of R .Then,
(i) u x v is a S-fuzzy relation on S.
(i) L(p x v;t) = L(p;t) x L(v;t),for all ¢ € [0, 1]
Proof: The proof is obvious. u

Definition 5.5: Let S be a t-conorm .Let 1 be a fuzzy subset
of R,then p is said to be the strongest S-fuzzy relation on R
if po (z,y) 2 S (v(z),v(y) , forall z,y € R

Lemma 5.6: For given fuzzy subset v in a set R,let u, be
the strongest S-fuzzy relation on R.Then
L(py;t) = L(p;t) x L(v;t) , for all ¢ € [0, 1].
Proof: The proof is obvious. u

Proposition 5.7: For given fuzzy subset v in a set R,let u,
be the strongest S-fuzzy relation on R. If p, is a sensible
S-fuzzy left h-ideal of R x R,then v(a) > v(0) for a € R.
Proof: If u, is a sensible S-fuzzy left h-ideal of R x R,then
ty(a,a) > p,(0,0) for a € R.This means S(v(a),v(a)) >
S(v(0),v(0)) for a € R.Since i is sensible,then v(a) > v(0)
fora € R. ]
The following proposition is an immediate consequence of
lemma 5.6.

Proposition 5.8: Let 1 and v be S-fuzzy left h-ideal
of Rjthen the level left h-ideals of u, are given by
L(py;t) = L(p; t) x L(v;t), for all t € R.

Theorem 5.9: Let S be a ¢-conorm. Let 1 and v be S-fuzzy
left h-ideal of R,then u x v is a S-fuzzy left h-idealof R x R.
Proof: Suppose p and v be S-fuzzy left h-ideal of R.Let
wx v isa S-fuzzy left h-idealof R x R.Let x = (z1,22) and
y = (y1,y2) be any element of R x R.Then,

0]

xv) ((z1,22) + (y1,92))

xv) ((x1+y1, 22 + y2))

p(x1 +y1),v(ze + yz))

S (1), 1(y1))) » S (v(w2), v (y2)))
S (1), v(22))), S (u(y1), v (y2)))
(1 xv) (21, 22), (u xv) (y1,y2))
(nxv) (@), (nxv)(y))
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x v) ((z1,22)(y1,92))
X v) ((z1y1, T2y2))
=S (u(yr), v(y2))
= (uxv)(y1,92)
(nxv)(y)
(iii) Let x = (x1,22) ,z2 = (21,22), a = (a1,a2) and
b = (by,b2) be such that 3 + a1 + 21 = by + 2z and
To + as + 2o = by + 29.Then,

(nxv)(z)=(p

Thus, p x v is a S-fuzzy left h-ideal of R x R.
[ |
Corollary 5.10: Let S be a ¢-conorm. Let x and v be a
sensible S-fuzzy left h-ideal of R,then p x v is a sensible
S-fuzzy left h-ideal of R x R.
Proof: By Theorem 5.9,we have ux v is a S-fuzzy left h-ideal
of R x R.Let x = (1’1, x2) be any element in R x R,then

(nxv)(z) =(p >< v ((771@2))

) ( 1)), S (v(z2),v(22)))
), v(22))) S (1), v(22)))
(w1,22), (10 X ) (21, 22))

(@), (nxv) (z))

Hence, i x v is a sensible S-fuzzy left h-ideal of R x R.
As the converse of Corollary 5.10,we have a following ques-
tion: If u x v is a sensible S-fuzzy left h-ideal of R x R,then
are both x and v sensible S-fuzzy left h-ideal of R? The
following example gives a negative answer.

Example 5.11: Let R be a hemiring with |R| > 2 and let
t € [0,1].Define a sensible fuzzy subset 1 and v in R by

u(xz) =1 and
1/(1:):{ ! ifm:p’

t otherwise.

for all = € R,respectively.
If z = 0,then v(z) =1, and thus

(nxv)(z,x) =S (u(x), v(z)) = S(1,1) =1
If  # 0,then v(z) = ¢, and thus
(1 xv)(z,z)=8(u@x)v)==95(11t=1

That is,u x v is a constant function,and so u x v is a sensible
S-fuzzy left h-ideal of R x R.Now,u is a sensible S-fuzzy
left h-ideal of R,but v is not a sensible S-fuzzy left h-ideal
of R,since for « # O,we have v(0) =1 >t = v(x).

Now,we generalize the product of two S-fuzzy left h-ideal
of R to the product of n S-fuzzy left h-ideal.we first need to

generalize the domain of ¢-conorm R to [] [0, 1] as follows.
i=1

Definition 5.12: The function S,, : ﬁ [0,1] — [0,1] is
defined by =
Sy (a1, a9,y oyap) =
S (e, Sn—1 (1,9, ooy A1, @1, ey Q)
forall 1 <i < n,where n >2 Sy, =5 and S; = identity.

Lemma 5.13: For a t-conorm S and every «;, 3; € [0,1],
where 1 <7 < n,n > 2,we have

Sn (S(a17ﬁ1)7s(a27ﬂ2)7 . ,S(Of,,“ﬂn))
=S (Sn (051, g, ... ,O{n) ) Sn (617 627 ey Bn)) .
Proposition 5.14: Let S be a t-conorm. Let {R;};_; be the

finite collection of hemirings and R = [] R; the S-product
of S;.Let u; be a S-fuzzy left h-ideal o?‘zsl‘i,where
1<4i<n. Then, u= T] . defined by

n=1

}14(131,.’132, ey T ) H i (1717$2, 7-T’n)
_S ( ( 1)aﬂ2(£2) 7aun(xn))
for all z1,x9, ...,x, € R is a S-fuzzy left h-ideal of R.

Proof: The proof is similar to the proof of Theorem 10. m
Definition 5.15: Let x and v be fuzzy subset in R.Then,the
S-product of p and v,written as

[-v]g (2) = S (p(z), v(z))

for all x € R.
Theorem 5.16: Let p and v be S-fuzzy left h-idealof R.If
S* is a t-conorm which dominates S, that is,

S (S(, 8),5(7,9)) =2 S (5™ (@, 8), 5" (7,9))

for all o, 3,v,0 € R.Then S*-product of p and v,[u.v]g. IS
a S-fuzzy left h-ideal of S.
Proof: Let z,y € R,then we have

(i)
[1.v]g. (x+y) =" (ulx+y),ve+y))
< S (S (@), 1Y), S (v(z),v(y)))
< S (S (), v(x)), S (1), v(y)))
=S ([u.vlg- (@), [-V]g- ()
(ii)

- vg. (wy) = S (u(zy), v(zy))
ff (1 ]( )(V)(y))

(iii) Now,let a, b, x, z € Rbe such that x4+ a+z = b+ z.Then

[ V]g. (x) = 5* (u(z), v(2))
< 5% (S (u(a), p(b)), S (v(a),v(b)))
<S*(S( (a),v(a)), S (u(b), v(b)))
S (Vs (a), [p-v]g- (b))
Hence,[1 . v] . is a S-fuzzy left h-ideal of R. |

Theorem 5.17: Let R — R’ be an onto homomorphism
of hemirings.Let S* be a ¢-conorm such that S* dominates
S.Let 4 and v be S-fuzzy left h-ideal of S".If [1.v]g. is
the S*-product of  and v, and [f~'(u).f~'(v)],. is the
S*-product of f=%(u) and f~1(v),then

e vg) = [ - 7 0)]s.
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Proof: Let x € R,then we have

FHe vl (@) = [ - Vg (f(2)

= S (u(f(x) v (f(@)
=5 (71 (u(@), f 71 (v(2)))
= [/ W) (@)

[ |

Theorem 5.18: Let v be a sensible fuzzy subset of R. Let
1, be the strongest S-fuzzy relation on R.Then v is a sensible
S-fuzzy left h-ideal of R if and only if u, is a sensible S-
fuzzy left h-ideal of R x R.
Proof: Suppose that v is a sensible S-fuzzy left h-ideal of
R.let x = (z1,22) and y = (y1,y2) be any elements of
R x R.Then,
0]
= ((z1,22) + (y1,92))
o (@1 + 1), (22 + ¥2))

v(z1 + ), v(z2 + y2))
S (v(1),v(1)), S (v(x2),v(y2)))
S (v(xr),v(x2)), S (v(y1), v(y2)))
Ho (931,952) S (o (y1,92)))
o (2).5 (1 (1))

1227 (1 +y)

A1

S(
S(
S(
S(
S(

(i)

o (2y) = o (21, 22) (Y1, Y2))
pw ((21y1, T2y2))
(v(z1y1), v(T2y2))
(z1,22)(y1,92))
( 1’y2)
to (y)

(iii) Let z = (;cl,arg) z = (z1,22), a = (a1,a2) and
b = (by,b2) be such that 1 + a1 + 21 = by + 2z and
Ty + a9 + 29 = by + 25.Then,

A

S
Ly
Ly

fw () = o (21, 72))

=S (w(x1),v(x2))

< S(S(v(ar),v(b1)),S (v(az),v(b2)))

=S (5 w(ar),v(az)), S (v(b1),v(b2)))
=S (v (a1,a2) S (b (b1, 02)))

1
=5 (pw (a), S (o ()
Thus, p, is a S-fuzzy left h-ideal of R x R.
(iv) For any = = (x1,22) € R x R,then

S (@) pw () = S (po (21, 22) , p (21, 72))
=S8 (S (V(xl)» V($2)) S (> ’/('7:1)7 V(x2)))
=S(S (v(z1),v(21)), S (v(z2), v(22)))
=S (v(z1),v(2))
= My (9317 xQ)
= iy ()
Hence, u, is a sensible S-fuzzy left h-ideal of R.
Conversely,suppose that 1, is a sensible S-fuzzy left h-ideal
of R x R. Let z,y € R, we have

(i)
viz+y) =Sw+y),v(z+y)
= (z+y,z+y)
=y ((z,2) + (v, )
< S (py (2,2) 5 1 (Y, )
=8(S((z),v(x),Sv(y),vy))
=S (x),v(y)

(ii)
v(zy) =S (v (zy),v(zy))

= v (zy, zY)

< 1w (¥, 9)

=S (), v{)

=v(y)
(iii)Let a,b,z, z € R be such that (z,z) + (a,a) + (2,2) =
(b,b) + (z,2).Since p, is a sensible S-fuzzy left h-ideal of
R x R.Then

Consequently,v is a sensible S-fuzzy left h-ideal of R.
]
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