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 
Abstract—Waste reduction is a fundamental problem for 

sustainability. Methods for waste reduction with point-of-sales (POS) 
data are proposed, utilizing the knowledge of a recent econophysics 
study on a statistical property of POS data. Concretely, the 
non-stationary time series analysis method based on the Particle Filter 
is developed, which considers abnormal fluctuation scaling known as 
Taylor's law. This method is extended for handling incomplete sales 
data because of stock-outs by introducing maximum likelihood 
estimation for censored data. The way for optimal stock determination 
with pricing the cost of waste reduction is also proposed. This study 
focuses on the examination of the methods for large sales numbers 
where Taylor's law is obvious. Numerical analysis using aggregated 
POS data shows the effectiveness of the methods to reduce food waste 
maintaining a high profit for large sales numbers. Moreover, the way 
of pricing the cost of waste reduction reveals that a small profit loss 
realizes substantial waste reduction, especially in the case that the 
proportionality constant 𝛄  of Taylor’s law is small. Specifically, 
around 1% profit loss realizes half disposal at 𝜸=0.12, which is the 
actual 𝛄  value of processed food items used in this research. The 
methods provide practical and effective solutions for waste reduction 
keeping a high profit, especially with large sales numbers. 
 

Keywords—Food waste reduction, particle filter, point of sales, 
sustainable development goals, Taylor's Law, time series analysis. 

I. INTRODUCTION 

ORLD population is rapidly growing. United Nations 
predict the population to reach 8.6 billion in 2030 and 9.8 

billion in 2050 [1]. Increasing food demand requires the 
establishment of sustainable food systems. In this context, food 
waste reduction draws particular interest, since one-third of 
foods are lost or wasted annually [2]. Thus, Sustainable 
Development Goals (SDGs) set its target on food waste 
reduction [3].  

Methods for food waste reduction in retail are proposed 
recently, which considers a statistical property of POS data [4], 
[5]. Concretely, the sales process is the Poisson process of 
which fluctuation width is known to be the square root of the 
mean. However, a recent econophysics study revealed that the 
fluctuation width follows the mean linearly when the mean is 
large, which is caused by the fluctuating population [6]. This 
abnormal fluctuation scaling is known as Taylor's law [7]. 
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Based on this knowledge, a time series analysis method for 
tracking non-stationary changes of the Poisson parameter 
considering abnormal fluctuation scaling in sales data is 
developed, and precise demand estimation is realized [4]. The 
method is extended for the incomplete observation of demand 
because of stock-out by integrating the maximum likelihood 
estimation for censored data [8] into the method. The method 
for stock determination with pricing the cost of waste reduction 
is also proposed [5]. Verification with actual POS data in 
convenience stores proved the effectiveness of the approach. 
Specifically, the approach decreased the amount of food waste 
to about a quarter with increasing the profit by 140%, that was 
confirmed using POS data of foods disposed of frequently 
about 75% of working days.  

The methods are expected to be applicable to sales data in 
other sectors than retail, such as food manufacturing and 
supplying industry, and foodservice sectors, since the statistical 
property of the sales data that follows Taylor's law is assumed 
to be universal. Meanwhile, the methods were examined with 
limited POS data in which daily amount of sales are relatively 
small, typically several tens. Taylor's abnormal fluctuation 
scaling is more apparent when the sales mean is large. There 
remains room for examining the methods with large sales 
numbers, which leads to considering the possibility of the 
methods for realizing the waste reduction in various sectors. 

This study aims to examine the methods for large sales 
numbers. In section Ⅱ, the methods and POS data used in this 
research are described. In section Ⅲ, the methods are verified 
using artificial time series and POS data. The final section 
concludes this study. 

II. METHODS 

The methods [4], [5] can be divided into three parts namely, 
the estimation of demand mean value at time t with sales and 
disposal data, the estimation of demand distribution at time 𝑡, 
and the determination of stock for the next time 𝑡 ൅ 1. The 
following subsections describe each part of the methods and 
POS data used in this research.  

A.  Estimation of the Demand Mean Value 

A non-stationary time series analysis method, namely, the 
Particle Filter [9], [10] is extended to track non-stationary 
changes of Poisson parameter under the abnormal fluctuation 
scaling caused by Taylor's law [4].  

The Particle Filter is a sort of Monte Carlo simulation which 
approximates an arbitrary Probability Density Function (PDF) 
of the state 𝑥௧ as the distribution of Monte Carlo sample values. 
The distribution is updated with the observed value 𝑦௧  in 
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accordance with the likelihood of each Monte Carlo value. In 
sales time series, 𝑥௧ and 𝑦௧ correspond to demand distribution 
and observed sales, respectively. Poisson PDF is used as the 
likelihood function since the sales process is the Poisson 
process. 

The likelihood function is modified considering Taylor's 
law. The fluctuation term 𝜎 of Taylor's law is generally written 
as: 

 

𝜎 ൌ ඥ𝜆 ൅ ሺ𝛾 ∙ 𝜆ሻଶ          (1) 
 

where 𝜆 denotes the mean, and γ is the proportionality constant 
of Taylor's law which is determined with a regression analysis 
of the mean and the standard deviation of actual data [4]. 

Poisson PDF is determined without 𝜎, so the Poisson PDF 
𝑃𝑜 is approximated to the Normal PDF 𝑁 when the mean 𝜆 is 
statistically large in order to incorporate the fluctuation term 𝜎 
of Taylor's law into the likelihood function. 

 

pሺ𝑦௧|𝑥௧ሻ ൌ ቊ
𝑃𝑜ሺ𝑥௧ሻ,                                   𝑖𝑓 𝑥௧ ൏ 20

𝑁ቀ𝑥௧, ඥ𝑥௧ ൅ ሺ𝛾 ∙ 𝑥௧ሻଶ ቁ,         otherwise
    (2) 

 
Although the approximation can be done for 𝑥௧ ൒ 10 [11], 

𝑥௧ ൒ 20  is adopted since the skewness of the Poisson 
distribution at 𝑥௧ ൌ 20 is 30% smaller than that at 𝑥௧ ൌ 10, 
therefore, closer to 0, that is the value of skewness of the 
Normal distribution. 

The likelihood function is extended to handle the incomplete 
sales data because of stock-outs. Specifically, the likelihood 
estimation for censored data is introduced. The following 
likelihood function for right-censored data takes the 
expectation of more values than observed into account [8]. 

 

  𝐹ሺ𝑘௧|𝜃ሻ ൌ ׬ 𝑓ሺ𝑘|𝜃ሻ𝑑𝑘
ஶ

௦೟
          (3) 

 
The likelihood function (2) was extended as follows, which 

considers the cases of censored and non-censored observation. 
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(4) 

 

where 𝜎௧ ൌ ඥ𝑥௧ ൅ ሺ𝛾 ∙ 𝑥௧ሻଶ 
To track non-stationary changes in time series, the system 

model of the Particle Filter was also developed. The system 
model describes a transition of the state from 𝑥௧ to 𝑥௧ାଵ, which 
corresponds to the non-stationary change of demand mean 
value. Here is the proposed system model: 

 

𝑥௧ ൌ 𝛿ሺ𝑥௧ିଵ ൅ 𝜐௧ሻ                                   (5) 
 

𝛿ሺ𝑥ሻ ൌ ൜
𝑥,        𝑖𝑓 𝑥 ൐ 0
0,       otherwise

                            (6) 

 
𝜐௧~  ሺ1 െ 𝑚ሻ ∙ 𝑁ሺ0, 𝛼 ∙ 𝑥௧ିଵሻ ൅ 𝑚 ∙ 𝑈ሺെ𝛽, 𝛽ሻ      (7) 

 
As shown in (5), the transition from the state 𝑥௧ to 𝑥௧ାଵ is 

stochastically determined with a stochastic variable 𝜐௧. The 𝜐௧ 
defined in (7) is composed of the Normal distribution 𝑁ሺ0, 𝛼 ∙
𝑥௧ିଵሻ with the mean value zero and the standard deviation 
𝛼 ∙ 𝑥௧ିଵ  (0 ൏ 𝛼 ), and Uniform distribution 𝑈ሺെ𝛽, 𝛽ሻ  which 
takes values between െ𝛽 and 𝛽(0 ൏ β). The 𝑚 characterizes 
the ratio of superposition (0 ൑ m ൑ 1). The superposition of 
two distributions considers that 𝑥௧ occasionally changes up to 
𝛽  with a small probability 𝑚  but 𝑥௧  generally follows the 
Normal distribution. The range 𝛽 of the Uniform distribution is 
selected to be large enough compared to the fluctuation 𝛼 of the 
Normal distribution, which allows tracking large 
non-stationary changes of the state 𝑥௧ . Delta function (6) is 
used to limit the value of 𝑥௧ to be positive since the Poisson 
parameter needs to be positive. The tilde (~) in (7) denotes that 
𝜐௧ follows the distribution in the right side of the formula. In 
this research, 𝑚=0.05, 𝛼=0.005 and 𝛽 =4𝑥௧ିଵ are adopted by 
examining Root Mean Squared Error of estimated and assumed 
parameter value using some artificial time series. The specific 
procedure of the hyper parameter determination is shown in the 
Appendix of the reference [4]. 

The demand mean value 𝜆 for each time 𝑡 is calculated with 
the median of 𝑥௧. The number of Monte Carlo samples is set to 
N=10,000 and the initial particles are generated by (5)-(7) 
assuming 𝑥଴ ൌ 𝑦ଵ, namely sales 𝑘ଵ for simplicity. 

B. Estimation of Demand Distribution 

 The demand distribution needs to be estimated for the 
determination of the optimal stock as described in the next 
subsection. The demand distribution 𝑚ሺ𝑘|𝜆ሻ  at time 𝑡  is 
estimated with the demand mean value 𝜆 at time 𝑡, and the 
proportionality constant 𝛾 of Taylor's law. 

 

𝑚ሺ𝑘|𝜆ሻ ൌ ቊ
𝑃𝑜ሺ𝜆ሻ,                                    𝑖𝑓 𝜆 ൏ 20

𝑁ቀ𝜆, ඥ𝜆 ൅ ሺ𝛾 ∙ 𝜆ሻଶ ቁ,           otherwise
    (8) 

C. Determination of the Optimal Stock 

 The newsvendor problem formula [12]-[14] tells us the 
optimal stock s to obtain the maximum profit for the fluctuating 
demand ሺk|λሻ. Let the cost c and the price p , the expected 
profit Rሺsሻ is expressed as the following equation. 
 

𝑅ሺ𝑠ሻ ൌ 𝑝ሼ∑ 𝑘𝑚ሺ𝑘|𝜆ሻ௦
௞ୀ଴ ൅ ∑ 𝑠𝑚ሺ𝑘|𝜆ሻஶ

௞ୀ௦ାଵ ሽ െ 𝑐𝑠  (9) 
 
Thus, 𝑠∗  is written with the Inverse of Cumulative 

Distribution Function (CDF) 𝑀ିଵሺ𝑘|𝜆ሻ, 
 

𝑠∗ ൌ 𝑀ିଵሺ
௖

௣
|𝜆ሻ           (10) 

 
This formula is extended to estimate the dependency of 
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profit on the ratio of waste reduction, which allows us to 
determine the stock considering the cost of waste reduction. 
The expected disposal amount 𝑑௧

∗ for the optimal stock 𝑠௧
∗ is 

written as. 
 

𝑑௧
∗ ൌ ∑ ሺ𝑠௧

∗ െ 𝑘ሻ𝑚ሺ𝑘|𝜆௧ሻ௦೟
∗ିଵ

௞ୀ଴                     (11) 
 

where 𝑚ሺ𝑘|𝜆௧ሻ is the demand distribution shown in (8). Thus, 
the stock 𝑠ሺ𝛼ሻ௧ ሺ0 ൑ 𝑠ሺ𝛼ሻ௧ ൑ s௧

∗ሻ   for reducing disposal 
𝛼ሺ0 ൑ 𝛼 ൑ 1ሻ times compared to 𝑑௧

∗ is expressed as: 
 

𝑠ሺ𝛼ሻ௧ ൌ argminሺ|𝛼𝑑௧
∗ െ ∑ ሺ𝑠 െ 𝑘ሻ𝑚ሺ𝑘|𝜆௧ሻ௦ିଵ

௞ୀ଴ |ሻ    (12) 
 
The profit 𝑅ሺ𝑠ሺ𝛼ሻ௧ሻ is estimated as: 
 

  𝑅ሺ𝑠ሺ𝛼ሻ௧ሻ ൌ 𝑝ሺ𝑠ሺ𝛼ሻ௧ െ 𝛼𝑑௧
∗ሻ െ 𝑐𝑠ሺ𝛼ሻ௧          (13) 

 
Thus, the cost of the waste reduction is estimated by 

examining 𝑅ሺ𝑠ሺ𝛼ሻ௧ሻ/𝑅ሺ𝑠௧
∗ሻ.  

 The demand distribution 𝑚ሺ𝑘|𝜆௧ሻ  is assumed to be the 
Poisson distribution at small 𝜆  as shown in (8). Since the 
Poisson distribution is discrete, the stock 𝑠ሺ𝛼ሻ௧ obtained with 
(12) is inevitably discrete, that obstructs fine control of stock. 
For example, let the demand mean 𝜆  =10 and the target 
disposal ratio 0.5 ൑ 𝛼 ൑ 1.0, the stock value 𝑠ሺ𝛼ሻ௧ can only be 
7 or 8. Thus, the Poisson distribution is modified with the Γ 
function so that the stock can take a real number. 

 

𝑚ሺ𝑘|𝜆ሻ ൌ ቐ

ఒೖ∙௘௫௣ ሺିఒሻ

୻ሺ௞ାଵሻ
,                         𝑖𝑓 𝜆 ൏ 20

𝑁ቀ𝜆, ඥ𝜆 ൅ ሺ𝛾 ∙ 𝜆ሻଶ ቁ,      otherwise
     (14) 

 
Although (14) provides a real number of stock, the actual 

stock value for products at retail needs to be discrete. The 
probabilistic selection of the two stock values around 𝑠ሺ𝛼ሻ௧ to 
approximate the real number of 𝑠ሺ𝛼ሻ௧  under many trials is 
proposed. 

 

ቊ
𝑃൫𝑋 ൌ 𝑠൯ ൌ 1 െ ሺ𝑠 െ 𝑠ሻ

𝑃൫𝑋 ൌ 𝑠 ൅ 1൯ ൌ ሺ𝑠 െ 𝑠ሻ
         (15) 

 
where 𝑠 is the integer part of a real number 𝑠. 

D. POS Data 

This research uses POS data of 326 chain stores of a 
Japanese leading convenience store company, Seven-Eleven 
Japan Co., Ltd. The POS data covers every purchase at cash 
registers, and daily records of delivery and disposal for each 
shop and product, during the 153 days from June to October in 
2010. Daily time series on sales, delivery, and disposal for each 
shop and product are obtained with the POS data. 

Sales data of the food products which are wasted more than 
75% of sales days are used in this research. There are two 
reasons for this selection. The first one is that the aim of our 
research is to reduce food waste and verify that the method can 
reduce an actual large amount of food waste. The other one is a 
technical reason. The sales data with many sold-outs do not 

represent the underlying demand, which means the estimated 
demand with the method cannot be verified, especially when 
the estimated demand is higher than sales. The selected sales 
data are mainly on food items processed in shops, such as 
frankfurter sausages, French fries, and fried chickens. The data 
used in this research are summarized in Table I.  
 

TABLE I 
POS DATA USED IN THIS RESEARCH [5] 

Product Shops Total Disposal Total Sales Price 

frankfurter sausages A 11 6030 22,200 150 

frankfurter sausages B 8 2670 4291 150 

frankfurter sausages C 2 635 1970 150 

French fries A 22 8532 21,653 155 

French fries B 25 11,939 30,350 155 

French fries C 2 921 2615 165 

fried chicken A 72 40,140 171,193 165 

fried chicken B 33 17,098 152,790 105 

fried chicken C 10 4464 14,869 105 

grilled chicken A 3 1164 3075 105 

grilled chicken B 12 4253 8651 105 

grilled chicken C 13 4873 19,272 105 

potato croquette 1 452 759 80 

skewered beef 1 297 331 120 

(Total number) 215 103,468 454,019 - 

 

 

Fig. 1 Mean and standard deviation of the 19 aggregated POS data; 
Dot-dash line: 𝜎 ൌ √𝜆, Dashed line: 𝜎 ൌ 𝛾 ∙ 𝜆, Solid line: 𝜎 ൌ

ඥ𝜆 ൅ ሺ𝛾 ∙ 𝜆ሻଶ, where 𝜆 is the mean and 𝛾 (=0.12) is the proportionality 
constant of Taylor's law 

 
In this study, these 215 sales data are aggregated to consider 

the case that the sales amount is large. Specifically, the sales 
data is aggregated for each day in various ways, such as for 
each product (ex. all data of 'frankfurter A'), for each product 
kind (ex. all data of 'frankfurter'), and all products. Fig. 1 shows 
the mean and standard deviation of obtained 19 aggregated data, 
which ensures these aggregated data follows Taylor's law. 

This study assumes the cost ratio is 0.7, which is the typical 
value shown in the company's investor relations [15]. 
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Fig. 2 Sales time series with random number simulation; Green line: 
sales, Orange line: stock, Blue line: disposal, Gray line: underlying 

demand, and Magenta line: estimated demand mean 

III. RESULTS 

A. Verification with Artificial Time Series 

Before using actual POS data, artificial time series generated 
by random number simulation is used to verify the method. Fig. 
2 illustrates the simulated sales time series with the method. 
The gray line indicates underlying demand which is generated 
by random number simulation assuming the demand 
distribution (8) and demand mean value in a sine curve shape 
(the mean value 3000, the amplitude 1800 and the periodicity 
150). The proportionality constant 𝛾 of Taylor's law is assumed 
to be 0.1. The orange line shows stock, the green line denotes 
observed sales, the blue line is disposal, and the magenta line 
illustrates the estimated mean value of the demand. Here, the 
stock value for each time t is estimated with (10) using the 
estimated demand at time t-1. The sales observation is 
generally censored at the stock value, which can be confirmed 
in the zero values of disposal. The estimated demand mean 
value in the magenta line follows the non-stationary changes of 
demand with censored sales data. The Root Mean Squared 
Error (RMSE) between the estimated and the assumed mean 
value is 6.9% on average with 100 sets of random numbers. 

Fig. 3 illustrates the dependency between the disposal and 
the profit which is estimated with the following procedure. The 
artificial demand time series is generated assuming demand 
distribution (8). Using (12), the optimal stock for each target 
disposal ratio between 0.5 and 1.0 is determined. Comparing 
the demand and the stock values, the amounts of sales and 
disposal for each time are obtained. The profit is estimated with 
(13) assuming the cost ratio 0.7 and the price 1. Each series in 
Fig. 3 is obtained with various proportionality constant γ of 
Taylor's law. The γ value is 0.12 for the magenta series, 0.05 
for the green series, and 0.3 for the orange series. The demand 
mean value is assumed to be 3000 for these series. The navy 
series is a reference which demand mean value is 10 where 
Taylor's law is not obvious. For all series, 10,000 random 
numbers are used. The dashed line for each series is the 
theoretical dependency of the profit on the disposal obtained 
with (12) and (13). The obtained values of the profit and the 

disposal fit well to the theoretical dependency. 
Fig. 3 provides essential information for waste reduction 

when the amount of sales is large. Specifically, a small profit 
loss realizes substantial waste reduction, especially in the case 
that the proportionality constant γ of Taylor’s law is small. 
While 3.5% profit loss is required to half the disposal compared 
to that of optimal stock at the sales mean value 10 (the navy 
line), 1.2% profit loss is needed to half the disposal at the sales 
mean value 3000 and γ= 0.12 (the magenta line). The γ=0.12 is 
the actual value of processed food items shown in Table I [6]. 

 

 

Fig. 3 Simulated dependency of the profit on the disposal for each 
target disposal ratio between 0.5 to 1.0; Green series: demand mean 

value 𝜆 3000 and proportionality constant γ of Taylor's law 0.05, 
Magenta series: 𝜆 3000 and γ 0.12, Orange series: 𝜆 3000 and γ 0.3, 

and Navy series: 𝜆 10 (Taylor's law is not obvious) 
 

 

Fig. 4 An example of aggregated POS data; Green line: sales, Orange 
line: stock, and Blue line: disposal 

B. Verification with POS Data 

 Fig. 4 is an example of aggregated sales time series 
described in the Methods section. The green line indicates the 
sales, the orange line shows the stock and the blue line denotes 
the disposal for each day. In Fig. 4, 103,468 food items in total 
are disposed of in 153 days. The profit in the period is 
9,566,715 yen assuming cost ratio 0.7 and price 150.  

Fig. 5 is an example of simulated sales time series with the 
method using the same aggregated POS data as in Fig. 4. The 
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gray line indicates the underlying demand. Here, the demand is 
assumed to be the same as sales in the aggregated POS data. 
The green line shows the observed sales, the orange line is the 
stock, the magenta line is the estimated demand mean, and the 
blue line denotes the disposal. The disposal and the profit in 
Fig. 5 are 9,449 and 18,157,830 yen, respectively. The disposal 
is reduced to 9.1% (9,449/103,468) and the profit is increased 
to 190% (18,157,830/9,566,715) with the method. 

 

 

Fig. 5 Simulated sales time series with the method using the 
aggregated POS data; Green line: sales, Orange line: stock, Blue line: 
disposal, Gray line: underlying demand, and Magenta line: estimated 

demand mean 
 

 

Fig. 6 Disposal of shops and simulated results for the 19 aggregated 
POS data; Green plot: shop, Magenta plot: the method targeting 

maximum profit, and Navy plot: the method targeting half disposal 
 

Figs. 6 and 7 show the disposal and the profit of actual shops 
and simulated results on the 19 aggregated POS data. In Figs. 6 
and 7, the green plots are the disposal and the profit of shops, 
the magenta plots are these of the method targeting maximum 
profit (i.e., target disposal ratio 1.0), and the navy plots are 
these of the method targeting half disposal. The target disposal 
ratio is set to 0.455 to obtain the half disposal to compensate for 
the deviation between the target and obtained disposal ratio, 
which is explained in the reference [5]. The method 
outperforms shops in the disposal and the profit for each 19 
aggregated sales time series. Comparing the results of shops 

and these of the method targeting maximum profit, the disposal 
is decreased to 9.5% (median), and the profit is increased to 
225% (median). In Fig. 7, some green plots are not shown 
because the total profit is negative for a large amount of 
disposal in shops. 

 

 

Fig. 7 Profit of shops and simulated results for the 19 aggregated POS 
data; Green plot: shop, Magenta plot: the method targeting maximum 

profit, and Navy plot: the method targeting half disposal 
 

 

Fig. 8 Profit and disposal of the method targeting half disposal divided 
by that of the method targeting maximum profit; Green plot: disposal 

ratio, and Magenta plot: profit ratio 
 
To examine the estimation that a small profit loss realizes 

substantial waste reduction, the results of the method targeting 
maximum profit and these of the method targeting half disposal 
are compared. Fig. 8 shows the ratio of the profit and the 
disposal which are obtained with dividing the result of the 
method targeting half disposal by that of the method targeting 
maximum profit. The typical value (median) of disposal ratio 
shows 48.3% and that of profit ratio is 99.4%. It is verified that 
approximately 1% profit loss realizes half disposal at γ=0.12. 

IV. CONCLUSION 

The non-stationary demand estimation and stock 
determination methods are examined in the case of large sales 
numbers, where the abnormal fluctuation scaling caused by 
Taylor’s law is apparent. Artificial time series and actual POS 
data verified the effectiveness of the methods for food waste 
reduction with maintaining a high profit. The way of pricing the 
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cost of waste reduction shows that a small profit loss realizes 
substantial waste reduction, especially in the case that the 
proportionality constant γ of Taylor’s law is small. POS data 
verified that around 1% profit loss realizes half disposal at 
γ=0.12 which is the actual γ value of processed food items used 
in this research. The method is expected to reduce waste 
keeping a high profit in retail and the other sectors especially 
with large sales numbers. 
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