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Abstract—Nejad and Mashinchi (2011) proposed a revision for
ranking fuzzy numbers based on the areas of the left and the right
sides of a fuzzy number. However, this method still has some
shortcomings such as lack of discriminative power to rank similar
fuzzy numbers and no guarantee the consistency between the ranking
of fuzzy numbers and the ranking of their images. To overcome these
drawbacks, we propose an epsilon-deviation degree method based on
the left area and the right area of a fuzzy number, and the concept of
the centroid point. The main advantage of the new approach is the
development of an innovative index value which can be used to
consistently evaluate and rank fuzzy numbers. Numerical examples
are presented to illustrate the efficiency and superiority of the
proposed method.
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I. INTRODUCTION

ANKING and comparing of fuzzy numbers is one of the

main research problems in fuzzy set theory, and plays a
key role in the process of decision making, data analysis and
artificial intelligence. In uncertain environments, making the
right choice among different alternatives is a difficult task.
Selecting the optimum or the best alternative is completely
based on the ranking of fuzzy numbers. An efficient ranking
method for fuzzy numbers can be used to evaluate alternatives
and order them consistently so that a correct decision can be
made.

Since Jain [1] proposed the first fuzzy number ranking
method, many researchers have investigated various
approaches for ranking fuzzy numbers [1]-[11]. However,
some of these ranking methods suffered from some
shortcomings [12]. A number of studies used the concept of
centroid point in fuzzy number ranking methods [11], [13]-
[17]. Yager [11] first proposed incorporating the concept of
centroid point into the ranking method for fuzzy numbers.
Along this line of thinking, Mabuchi [16] suggested a centroid
index ranking approach with weighting function. Lee and Li
[15] investigated the concept of probability measure and its
use in ranking fuzzy numbers. Later, Cheng [13] suggested
using the coefficient of variation to improve Lee and Li’s
method [15]. Nevertheless, Cheng’s method still has some
drawbacks. Therefore, Chu and Tsao [14] proposed a ranking
method based of the area between the centroid point and the
original point to overcome the shortcomings of Cheng’s
method. Ramli and Mohamad [17] provided a detailed review
of several ranking methods based on centroid or ranking
index, and compared the effectiveness of these approaches.

In recent years, synthesizing the centroid point and the left
and right (L-R) deviation degree to form an index value has
attracted the attention of many researchers.
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This index value can be employed as a measurement for
ranking fuzzy numbers. Wang et al. [18] proposed a novel
method based on L-R deviation degree. The ranking of fuzzy
numbers is determined by their ranking index values, which
are determined by the relationship between transfer coefficient
and the L-R deviation degree. However, Nejad and Mashinchi
[19] pointed out that Wang et al.’s method is inconsistent in
ranking for some cases. Thus, they suggested an improved
approach based on the area of the left and the right side of
fuzzy number and the concept of centroid point to overcome
the shortcomings of Wang et al.’s method. Asady [20] pointed
out that the inconsistency between the ranking of fuzzy
numbers and their images is another shortcoming of Wang et
al.’s method and proposed a new method to resolve this issue.
However, several studies, Hajjari and Abbasbandy [21], and
Hajjari [22] pointed out that some of these ranking methods
[18]-[20] still cannot always provide consistent ranking results
for fuzzy numbers and their images. To overcome these
shortcomings, we propose a new epsilon-deviation degree
approach which is capable of ranking generalized and
symmetric fuzzy numbers consistently.

The rest of this paper is organized as follows. Section 2
briefly reviews the concept of fuzzy numbers. In Section 3,
several existing deviation degree based fuzzy number ranking
methods are reviewed. Their shortcomings are analyzed and
demonstrated through counter-examples. In Section 4, we
propose a new ranking approach based on epsilon-deviation
degree and define an innovative index for ranking fuzzy
numbers. The advantages of the proposed approach are
verified by numerical examples in Section 5. Finally,
conclusions are drawn in Section 6.

I1. CONCEPT OF FUZZY NUMBER
In this section, the concept of fuzzy numbers is defined [7].
Definition 1.
A real fuzzy number A4 = (a,b,c,d,w) is described as any

fuzzy subset of the real lineR with membership function
f, which is given by

fH(x), a<x<b,
@, b<x<c,

Jat0= R, c<x<d, M
0, otherwise,

where 0 < @ <1 is a constant.

fr(x): [a,b] > [0,@]and £ (x): [c,d] > [0,@] are two
strictly monotonic and continuous, mapping from R to closed
interval [0,]. Since f¥(x) and fF(x) are strictly

monotonic and continuous, their inverse functions exist.
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Letg: :[0,@]— [a,b] and g% :[0,@]— [c,d] denote the
inverse functions of fF(x)and f¥(x), respectively. Since
fH(®): [a,b] > [0,@] is continuous and strictly increasing,
g4(x): [0,@]— [a,b]is continuous and strictly increasing.
Similarly, fF:[c,d]—[0,@] is continuous and strictly
decreasing. Thus, g%: [0,@]—[c,d] is continuous and
strictly decreasing. Both g’ (x):and g :should be integrable
In other words, both

on the close interval[0,@].

J:U gk (y)dy and Iow 2% (y)dy should exist.

Definition 2.

Let £ be the set of all fuzzy numbers. A trapezoid fuzzy
number 4 = (a,b,c,d;w)is described as any fuzzy subset of

the real line R, with the membership function f,(x) expressed
as [23]
@(x—a)

s a<x<bh,
b—a
() o, b<x<c, @
x)=
JA
M’ chgd’
d—c
0, otherwise,

If @ =1,then A4 is a normal fuzzy number; otherwise, it is
said to be a non-normal fuzzy number. If b #c, A4 is referred
to as a fuzzy interval [24] or a flat fuzzy number [25]. If
L,(x)and R,(x)are both linear, then A is referred to as a
trapezoidal fuzzy number and is usually denoted by
A= (a,b,c,d;w) or simply 4= (a,b,c,d)if @=1. In
particular, when b =c,the trapezoidal fuzzy number is
reduced to a triangular fuzzy number, and can be denoted by
A=(a,b,d;w)or A=(a,b,d) if @ =1.Thus triangular fuzzy
numbers are special cases of trapezoidal fuzzy numbers.

Definition 3.

For a fuzzy set 4, the support set of 4 is defined as
follows[26]

S(A)z{xeR:fA(x)>O}
The set of all fuzzy numbers is denoted by E. The image of
fuzzy number A= (a,b,c,d)is denoted
by -4 = (-d,—c,—b,—a) [27], [28].

III. REVIEW OF EXISTING APPROACHES BASED ON DEVIATION
DEGREE

In this section, the methods of Wang et al.’s [18], and
Nejad and Mashinchi [19] are briefly reviewed. Several
counter-examples are provided to indicate the shortcomings of
these approaches.

A.Wang et al.’s Method [18].
Definition 4.

For any group of fuzzy numbers, A4,4,,...,4, of E with
S=U7,8(4). and

=supS . The minimal and maximal

support sets S(4,), i=L2,.,n. Let

X =inf S andx

max

reference sets, A, and 4, are defined by Chen [23] as
M, ifxe S,
€4, () = X = Xy 3)
0, otherwise.
&, ifxe S,
gAmax (x) =3 Xmax ~ *min (4)
0, otherwise.

where S =U7_ S(4).

Definition 5.
For any group of fuzzy numbers, A4,4,,..,4, inE, let
A, and 4, be the maximal and the minimal reference sets of

these fuzzy numbers, respectively. The left and right deviation
degrees of 4, i=1,2,...,n are defined as

di = [, ()= 11 (e, ®)
di = [ (0= £ ), ©)

where,and g, i=L2,.,n are the abscissas of the

. L R .
crossover points of g, , g, ,and u, ,u, , respectively.

Definition 6.
For a L-R fuzzy number4, =(m,,n,a,p),, the
expectation value of centroid is defined as [29].
n+p;
[0, ()
M=
[ fy @
For fuzzy numbers 4,,4,,...,4,, the transfer coefficient of
4, €= 1,2,.. pn)is given by [30].

(7

M. -M .
ﬂ = 1 min 8
4 Mmax _Mmin ( )
where M, =max{M,,M,,..M,},

M, =min{M ,M,,.. M and M__+M, . Based on (7)

and (8) the ranking index value of fuzzy number
A4,i=12,..,n is given by

min

2,
— M EM, =12,
1+df(1-2,)
4= qt ©)
4, M, #M,  i=12,.,n
1+d,

Using (9), the ranking order is defined as
1) 4> 4,, ifandonlyif d, >d, ,

2) 4, < 4;, ifand only if d, <dA/,
3) 4, ~ 4, ifand only if d, =dA,‘
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B. Nejad and Mashinchi’s Method [19].

Definition 7.

Let 4, = (a,,b,,¢,,d,,@), i=12,..,n be fuzzy numbers and
= max{d,,d,,...d,}. The left

>"n

a,, =min{a,,a,,...a,}, d

mi ma

area (Si ) and right area (s f ) of 4, are defined as
sh =, (@l ) = ay,)dy, (10)

sh =] (d o g (. (1
Addition of  two
4, = (a,,b,,d,)and 4

the value of d,df,4,, and (1- 4,) being equal to zero, where

triangular ~ fuzzy  numbers
=(a,,,,b,.,,d,. ) is used to prevent

n+l
a, =2b,—d,, b,=min{a,,i=1,2,...,n},
d,=(d+b))/2, d=min{d,,i=12,..,n},
a,,=(a+b,)/2, b, =max{d,,i=12,.,n},
d,, =2b, —a,,, a=max{aq,i=12,.,n}.
For any fuzzy number, 4, = (a,,b,,c,,d;@), the transfer
coefficient of 4,, i =1,2,...,n,is given by
where M, = min{M ,, M ... M},
M, =max{M ,M,,..,M,}. Based on (4) ~ (6), the ranking
index value of 4, is given by
sj’/”LA‘
st -2,
Using (13), the ranking order is defined as
1) 4 >4, ifand only if S, >S,,
2) 4, < 4;, ifand only if S, < SA/,
3) 4~ 4;,ifand only if S, =S,

(13)

C. Counter-examples

The drawbacks of these methods are analyzed and discussed
through three counter-examples as follows.

The first weakness to be considered in Wang et al. [18] and
Asady’s method [20] is the construction of transfer coefficient.
In these methods, transfer coefficient is constructed by the
expectation value of centroid to present the relative variation
of left and right deviation degree of a fuzzy number. However,
when either transfer coefficient indicates that the relative
variation of left or right deviation degree is equal to zero, the
left deviation degree and the right deviation degree
respectively, are worthless, as shown in Example 1.

Example 1.

Consider the following set of fuzzy numbers,
4,=02,4,6), 4,=(1,5,6), 4, =(3,5,6) adopted from [19],
as shown in Fig.1-3.

According to Wang et al.’s method [18], in set 1,
A=24,=0=>d =d,=0.it is concluded that transfer

coefficients (4,,4,) are equal to zero, rendering worthless the
left deviation degrees (df,d;).Similarly, in set 2,
MA=0, 4 =4=1=1-4,=1-1,=0=d, =d, =0.Transfe
r coefficients (A4,,4,)are equal to one and thus the right

deviation degrees (d,%,dY) become worthless.

.}

0 1 2 3 4 5 6
Fig. 1 Fuzzy numbers A4, 4, and A4, in Set 1 of Example 1

Example 2.
Consider the following sets of fuzzy numbers adopted from
[22], as shown in Fig. 4-5.

Set1: 4, = (1, 2, 6), 4, = (2.5, 2.75, 3) and 4, = (2, 3, 4),
Set 2:
x—1, ifx €[1, 2],

fiy(0)=13-x,  ifxe[23],
0, otherwise.
[1-@-2°]"%  ifxefiay,

1/2
()= [1—i(x—2)2} , ifxe[24],
0, otherwise.

In set 1:

Applying Wang et al.’s method [18], the ranking order of
the three fuzzy numbers is 4, < 4, < 4, and the ranking
order of their images is—4, || -4, <-4, , which are not
logical. Using the method of Nejad and Mashinchi[19], the
ranking results are also unreasonable because the ranking
order of fuzzy numbers and their images obtained
are 4 < 4, < 4,, —A4, < —A, < —4,, respectively.

In set 2:

Using Asady’s method [20], the ranking order obtained
is 4, < 4,. However, the ranking order of their images is
-4, < -4,.

Finally, these methods may not obtain correct ranking order
when symmetric fuzzy numbers are involved. Wang et al. [18]
and Asady’s method [19] obtain the same ranking orders as
shown in Example 3.

Example 3.

Consider  symmetric  triangular  fuzzy  numbers
4,=(0.2, 0.5, 0.8), 4, =(0.4,0.5,0.6) adopted from [22], as
shown in Fig. 6. It can be verify that the centroid point of
A, and 4, are identical. According to Nejad and Mashinchi’s
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method, the ranking result of 4, and A4, conflicts with the
ranking order of their images. The ranking index values
obtained D, =0.148, D, =0.183.  Therefore, 4 < 4,.
However, DfA. =0.148, DfAZ =0.183 so the order of their

images is —4, < —A4,. Consequently, Nejad and Mashinchi’s
method is incorrect in this case. It can conclude that these
examples indicate that the existing approach [19] based on
deviation degree cannot rank fuzzy numbers correctly in all
situations.

0 1 2 3 4 5 6

Fig. 4 Fuzzy numbers 4,, 4, and 4, in Example 3

IV. THE PROPOSED EPSILON-DEVIATION DEGREE METHOD

To overcome the weaknesses of the existing approaches
based on deviation degree, we introduce an epsilon-deviation
degree method for ranking fuzzy
numbers 4, = (a,,b,,¢;,d,,@), i=1,2,..,n. The proposed
ranking index combines epsilon-transfer coefficient with L-R

area of fuzzy numbers. This index is reliable for ranking not
only generalized fuzzy numbers, but also symmetric fuzzy
numbers

Definition 8.

For any fuzzy number, 4, = (a,,b,,c,,d;@), the epsilon-
transfer coefficient of 4,, i=1,2,...,n, based on expectation

value of centroid of fuzzy number, is given by

81
Xy — Xy +5
T = (14)
Xy =Xy, +é
Where 0<g <1,
Xy, =min{x, ,x, ,..,x, }and
X, =max{x, ,X, ,..,X, }. Addingan approximate epsilon

to avoid transfer coefficient becoming zero is an advantage of
the proposed method.

Definition 9.

The innovative ranking index value is defined as:

& +d'r,
Di = % , (15)
&+ di (- Ti)

where i=1,2,..,n, p>0,0<¢, <1.

The left deviation degree and the right deviation degree [18]
based on the minimal and maximal reference sets are not
applicable to the calculation of the L-R area of generalized
fuzzy numbers with different @ . To overcome this limitation,
the L-R areas of triangular fuzzy numbers are defined as

L b b L
d, :I_ @, dx—j @, f, (x) dx
L (16)
=, (b _xmin)_wiL fA, (x) dx,

df = J.[: @, dx— J'[: @ fi(x

x
dx
=w,(x,,, —b)-o, I; f A’f x)dx.

an

The L-R areas for trapezoidal fuzzy numbers are defined as

d’ :If @, dx—J‘:’ @, f (x)dx

Fmin

a,+b,
= wi - 'xmin ’
2

‘max d! n
=" dx—J- @, [} (x)dx
¢ ¢ i

¢, +d,
= ZUi xmax - N
2

where x =min{x,,x,,...,x, } and x

= max{x,X,,..., X, }.

max

The ranking order is defined on the basis of the following
properties:
1) 4 > 4;, ifand only if D, >DA,,

2) 4, < 4,, ifand only if DA’ <D,,
3) 4,0 4;, ifand only if D, :DA,'
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Algorithm 1:
Step 1.

Calculate dand dfof each fuzzy number, according to
(16) and (17).
Step 2.

Determine the transfer coefficient 7, through (14).

Step 3.
Obtain the ranking index value D, using (15).

Step 4.

Rank fuzzy numbers 4,4,,...,4,based on the ranking
index value using Definition 9.

V.NUMERICAL EXAMPLES

In this section, the reliability and superiority of the epsilon-
deviation degree method are demonstrated through the
following examples. These examples address the shortcoming
of existing deviation degree based methods by Wang et al.
[18], Asady[20], and Nejad and Mashinchi [19]. In addition,
the ranking results are compared with previous studies to
validate the proposed method.

Consider the three counter examples discussed in Section 3.

Letg, =107, &, =107 in all the examples.
Example 1.
Set I:

Following Algorithm 1, the ranking index values obtained
areD, =2.949, D, =5.757, D, =15.384.The ranking order

of fuzzy numbers is therefore 4, < 4, < 4,. The ranking

order of their images
is—4, > -4, = -4;sinceD_, =0.339, D_, =0.174,
D_, =0.065.

Set 2:

According to Algorithm 1, we have

D, =0.049, D, =0.126, D, =0.09, D_, =20.494,
D, =7957, D_, =11.119.The ranking order of fuzzy
numbers is therefore 4, > 4, > 4, and the ranking order of
their images is -4, > -4, > —A4,.It can be seen that the
ranking result is reasonably using the proposed method.

Set 3:

Applying the proposed method, we
obtainD, =0.133, D, =0.2.18, D_, =7.516, D_, =4.589.
The ranking orders of the fuzzy numbers is 4, < 4,, consistent

with the ranking order of their images —4, > —4,.The result

agrees with most of the existing approaches [3, 19, 20, 31]. It
can be concluded that the epsilon-deviation degree overcomes

the shortcoming of L-R deviation degree becoming worthless
in existing deviation degree based methods.

Example 2.

Set 1:

By using the proposed method, we
have D, =0.174, D, =0.284, D, =0.404. The ranking
order of fuzzy numbers is therefore 4, < 4, < 4.
Since D_, =5.757,

D‘Az =3.522, D_A3 =2.473, the order of their images

is—4, > —4, > —4,.The ranking order of fuzzy numbers is

consistent with that of their images. Therefore, the proposed
approach resolves the shortcomings of existing deviation
degree based methods [18]-[20].

Set 2:
Using the proposed method, we
obtainD, =0.612, D, =0.072, D , =1.631,and

D_, =1.397.Consequently, the ranking order of the fuzzy

numbers is 4, > 4, and the ranking order of their images
is—A, » —4,. The results agree with the results obtained by

Asady’s method [20]. It can be seen that the ranking results of
the proposed method are both consistent and intuitive.

TABLEI

COMPARING THE RANKING RESULTS OF THE PREVIOUS STUDIES OF EXAMPLE 2

Method Index value of fuzzy Index value of their images
numbers

Abbasbandy 2.25 2.75 3 225 275 -3
and Hajari
(2009)

ALl A, <A —A -4, --4
Wang et al. 0.417 0 1.167 0 2.119 0
(2009)

A, < A, < 4 —A, = —A L -4,
Asady 3.5 0 4 0 6.5 0
(2010)

A, < A < A4, —A, = —A L -4,
Nejad and 0.184  0.220  0.281 1.40 1.65 1.27
Mashinchi
(2011)

4, < 4, < 4, —A, = —A, = -4,
Asady 2.743 2.75 3 - -2.75 -3
(2011) 2.743

4, < 4, < 4, —A, = -4, = -4,
Proposed 0.174  0.284 0404 5757 3522 247
method

4, < 4, < 4, —A, = -4, = -4,

Example 3.

Following Algorithm 1, the ranking indices of the fuzzy
numbers are D, =D, =1 so04, ~ 4, . The ranking of their

image is —4, ~-4, sinceD_, =D , =1. Apparently, the
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results of this example show that the revised approach can
tackle the case where the centroid point of the fuzzy numbers
is the same.

The superiority of the epsilon-deviation degree method is
shown by employing the attitude of decision maker to rank
symmetric fuzzy numbers consistently. In addition, the
proposed method ranks similar fuzzy number with strong
discrimination, as demonstrated by Examples 4 and 5.

Example 4.
Consider the three fuzzy numbers A4 =(1,1,1,15),
4, = (-2, 4, 10), and 4, = (O, 2,6,8 ), as shown in Fig.S8.

Using Algorithm 1, we have

D, =0.489, D, =0.341,and D, =0.341.In this case, the L-
R deviation degree and the expectation of centroid point of
fuzzy ~ number  of 4, and A,are  equal, ie.

diz =d' =3, d;z :d; =17, MAz :MAx =4. As a result, the
ranking order is 4, > A4, ~ 4,.

2 0 2 4 6 8

Fig. 5 Fuzzy numbers A4, 4, and A4, in Example 4

10 12 14 16

Example 5.

Consider the three triangular fuzzy
numbers 4, =(5,6,7), 4, =(5.9,6,7),and
4, =(6, 6, 6,7),as shown in Fig. 9. The ranking index values
obtained are D, =1, D, =1.309,and D, =1.350. The order

of the fuzzy numbers is therefore 4, < 4, < 4,. The order of
their images
is—4, = -4, = -4;since D_, =1, D_, =0.7634,

D_, =0.7407. As can be seen from Table 2, the ranking result

obtained by the proposed approach agrees with most of the
previous approaches.

VI. CONCLUSION

This study proposes an epsilon-deviation degree approach
based on deviation degree. There are four advantages of this
approach which overcome existing deviation degree methods.
First, an epsilon-transfer coefficient is proposed to overcome
the problem of the L-R deviation degree becoming worthless.
Second, a reliable ranking index is suggested to avoid the
inconsistency between the ranking order of fuzzy numbers and
that of their images, which exists in existing deviation degree

based approaches [8-10]. Third, the proposed approach ranks
symmetric fuzzy numbers effectively by considering the
optimism index. Lastly, the computation procedure of the
proposed approach is simpler than existing approaches. These
high-quality characteristics of the proposed method make it a
valuable tool for comparing and ranking fuzzy numbers.

3 59 6 7
Fig. 6 Fuzzy numbers 4,, 4, and 4, in Example 5

TABLE II
COMPARING THE RANKING RESULTS OF THE PREVIOUS STUDIES OF EXAMPLE 5

Method Index value of fuzzy Index value of their
numbers images
Abbasbandy 6 6.075 6.083 -6 -6.075  -6.083
and Hajari
(2009)
A < 4, < 4, —A = -4, - -4,
Wang et al. 0.000 0.620 0.750 0333 0020 0
(2009)
A4 <=4, <4, —A = -4, - -4,
Asady (2010) 0.666 0.960 1 0.66 0449  0.428
A4 =4, < 4, —A4, -4, -4,
Nejad and 0.5 0.938 1 0.285 0.154  0.142
Mashinchi(201
D
A <4, <4 —A, =—A4, - -4,
Asady (2011) 6 6.225 6.25 -6 -6.225  -6.25
A <4, <4, -4, = -4, = —A4,
Proposed 1 3.381 3.817 1 0.296 0262
method
4 =4, < A4, —A4, -4, - -4,
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