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Positive solutions for boundary value problems of
fourth-order nonlinear singular differential equations
In Banach space

Li Xiguang

Abstract—In this paper, by constructing a special non-empty
closed convex set and utilizing Monch fixed point theory, we
investigate the existence of solution for a class of fourth-order
singular differential equation in Banach space, which improved and
generalized the result of related paper.
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I. INTRODUCTION

HE singular differential equation arises in a variety of

applied mathematics and physics, in recent years, some
results concerning the boundary value problems of fourth-
order nonlinear singular differential equations have been ob-
tained by a variety of method. Thesis [1-2] investigated the
following equation:

{ a® @) + f(t,x(t) =0 te(0,1)

2(0) =2"(0) = z(1) =" (1) = 0

In thesis [1], the sufficient and necessary condition of solution
in C2[0,1] (N C?[0, 1] was got, where f(t, z) is sub-linear with
respect to x. In thesis [2], f(t, ) = a(t)g(z), this is a form of
variable separation. Thesis [3] investigated the equation with
integral boundary condition:

@ (t) + f(t,x(t)l) =6 te(0,1)
z(0)==z(1) = /0 g(t)z(t)dt

1
x”(@):x”u):/o h(t)x

Motivated by the work of [3-4], this paper investigates the
following equation in Banach space:

e (1) + f(tz(t) =0, te(0,1),
alx()fblx()—ﬁ
clx( )—l—dlx (W)zﬁ
agzr (O)—ng ( )
o’ (1) + daz” (1) =

where f € [J x P\ {0},P],J = (0,1), the nonlinear
term f(t,z) may be singular at ¢ = 0,1 and z = 6, i.e
If(t,z)|]| — oot — 0F,17, 0or z — 0F), a; > 0,¢; >
0,b; > 0,d; > 0(: = 1,2), by constructing a special non-
empty closed convex set and utilizing Ménch fixed point
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theory, we get the existence of positive solution for problem
(1). Comparing with the paper above mentioned, this paper
is different. First, the result is more generally; second, the
method is fixed point theory about cone, this is different from
thesis [4] completely. Last, the result exists in abstract space,
this is different from thesis [1,2,4]. The organization of this
paper is as follows, we shall introduce some definitions and
lemmas in the rest of this section, the main result will be
stated and proved in section 2, finally, we give a examples to
demonstrate our result.

Let (E,].||) be a Banach space, P is a normal cone in FE,
the normal constant of cone P is 1, the partial order induced by
cone<:x<ysy—zeP Let]=101],R" =[0,+c0),
we consider problem (1) in C[I, E]. Obviously (C[I, E, ||.]|c)
is also a Banach space, where ||.||. = IgleaIXH.’L'(t)H. x(t) is
solution of problem (1) if and only if z € C%(1)(C*(J)
and satisfies all equations of (1). If 2(3)(0+) and =) (1 — 0)
exist, we call it a solution of C®) (1), if x(t) > 6 for Vt € J,
we call it positive solution.

Suppose z(t) : [0,1] — E is continuous and
1 1

h%l / x(s)ds exists, we call general integration [ x(s)ds
+

s
is convergent in abstract space, similarly we can c?eflne the
convergence of other general integration in abstract space.

Denote o the Kuratowski non-compactness measure. In
this paper, we use «(.) and a.(.) to denote the Kuratowski
non-compactness measure in space E and space C[I,E]
respectively

For convenience, we list the following lemmas:

Lemma 1.1P1  Let S C C[I, E] be bounded and equicon-
tinuous in J, then a.(S) = sup a(S(¢)), where S(t) = {z(¢) :
tel
x e SHtel).
Lemma 1.2 Let H be a countable set of strongly

measurable function =z : I — FE such that there exists a
M € L[I,R"] such that ||z(t)|] < M,a.et € T for all

+ € H. Then a(H(t) € L[I, R*] and a({/x(t)dt\x e

HY) < 2/Ia(H(t))dt.

Lemma 1.3 Let E be a Banach space, and Q be a
closed and convex subset of £ and zo € Q. Assume that the
continuous operator A : @@ — @ has the following property:
V c @ is countable, V' C co(A(V) U{xo}) = V is relatively
compact. Then A has a fixed point in Q.
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Let G;(t, s) be the Green function of the following equation:

2 (t) =0, t € (0,1),
{ a;z(0) — bz (0) = 0,
ciz(1) +diz’ (1) = 0,

then
i)Y

i (Sg’l/)i (t) s ) )

=
S
&
=
»
N

Gi(t, S) =

where p; = a;c; + aid; + bicy, @i(t) = c; + di — cit, Pi(t) =
b; + a;t(i =1,2),0 <t < 1. Obviously we have

52‘Gi(t7 t)Gi(S, S) S Gi(t7 S) S Gi(s, 8), Gi(t7 S) S Gi(t, t)7

where §; = m( 1,2).

For convenience, we list the following assumptions:
(Hy) f € C[J x P\ {6}, P], and there exists a non-negative
measurable function K and m € C[R",R™] such that
vt e J,x & P\ {6} we have ||f(t,z)|| < K(t)m(|lz]]) -

(Ho) / Ga(s,5)K(s)m[C0105G1 (s, 58)Ga(s, s)r, Rlds <

+o0, VR > - > 0. where mfa,b] = sup m(v),

a<v<b
1
G1(s, s)Ga(s, s)ds

C
Q
(H3) There exists ¢* € P* (P* is a dual cone of
P
t

)y e € P\ {0}, ||¢*l = 1 = P*(e) such that for
€ J,x € P\ {0} we have ¢*(f(t,z)) > ¢(t) and
0<

/ Ga(s,8)¢(s)ds < +00.

(Hyq) There exists a L € L'0,1] such that for
any b > a > 0,B C Pb\Pmt e J we have

a(f(t,B)) < L(t)a(B )and0<4n/ Ga(s, s)L(s)ds < 1,
where P, = {z € P|||z|| < a},n = /Glss)s

We define operator T}, : C[I, R] — C[I, R] as following:

(Try)(t /ths

obviously Ty, : C[I, R] — CI, R] is completely continuous.
Lemma 1.4[61  Suppose that conditions(H;) — (H3) hold

and r(Tx) < 1, then for y € C[I,R], |lyllc = I?gqy(t)\,

there exists ||.||* which is equivalent to ||.||. satisfying

(W Trcyllz < “H g2, ¥y € I R;

@) llellz < N19lZ @9 € CILL Rl o) < (1), Vit € 1.

We define operator S : C[I, E] — C|[I, E] as following:

/ G1(t, m)v(r)dr,

)y(s)ds,y € C[I, R],

by (2) we have

Lemma 1.5 Problem (1) has a solution if and only if the
following problem (4)

()" () + F(t, (S0)(1) = 0,0 < s <t <1,
as(1)0) — a0 (0) =0 ()
e2(0)(1) = da(v) (1) = 0,

has a solution.

Proof: In fact, by (3), if « is solution of problem (1),
then v = 2" is a solution of problem (4); Conversely, if v is a
solution of problem (4), let 2 = Sv, by 3) " = (Sv)" = —v,
S0 x = Swv is a solution of problem (1).

By lemma 1.5, we only need to consider problem (4). In
order to overcome the difficulty caused by singularity, we
construct a cone

Q ={z € C[I, P]la(t) > 02Ga(t,t)x(s),Vt,s € I}, (5)

it is easy to see Q # 6 and Q is a cone in C[J, E], since
the normal constant of cone is 1, Vo € Q,t € I, we have
w(t) > 6, 2020 g
P2 . .
In order to use Monch fixed point theory, we construct a
special closed convex set:
/ G2 t <5

Gg(t, s)p(s)ds.e € W, so
W # (). Obviously, W is a closgd convex set, Vo € W we
have = # 0, so there exists a » > 0 such that

Fe, ﬂ W =40, (6)

where Pc, = {z € C[I, P]|||z||c < r}. We define operator A
as following:

w=A<bm$ﬂs

I1. CONCLUSION

Theorem 1  Suppose that conditions (H;) — (H3
then A: W — W is continuous.

Proof:  We first show Yv € W, Av is reasonable. For
v € W, it is easy to see

W ={z € Qlo*(z (s)ds,t € 1},

by Hj, it is easy to see z(t) =

(Sv)(s))ds,t € [0,1].  (7)

) hold,

ol —H/<ht7 ir|
8
< [ G, )
0
< lol.

1
where n = / G1(7,7)dr. On the other hand, by (5) we can
0

get
/ G1 t, T

/ G (1, 7)52Ga (7, 7)o (t)dr

> 5105G (1) / G (7, 7) G (7, 7)o (t)
= C6515,C (1, D)0(E),

743



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:7, No:4, 2013

since the cone is normal, we have

[(Sv)®)| = Co162G1(t, 1) lo(@) ]l
> 06163G1(t,1)Ga(t, V)|v]c,

combine (6), (8), (9) and (H;), we get
1£ (2, (Sv)O)]l < K (H)m[C8165G1(t, )Ga(t, t)r, nl|v]|.]-
By (H»), we have
1Av) (D)l

_u/ Golt, 5)f
/GQtS

< 400,

so Vt € I,(Av)(t) is reasonable and (Av)(t) € P, by
Lebesgue dominated convergence theorem, Av € C[I, P].
Now we show Vv € W, we have Av € Q. By (7),

_ / Ga(t, 7) f(, (Sv) (7)) dr

> 6Ga(tyt) | Gals, ) f(r, (So)(r))dr
0
= 02G2(t,1)(Av)(s),Vt,s € I,
this implies AW C Q. Next we show AW C W. Vv € W,

by (H3)a
o ((Av)(t —¢*/G2t5
/ G2 t S

/ths

this implies AW C W. Last, we show A is continuous. Let

Vi,v € W satisfying || Vi, — v]|. — 0(n — +00), take Ry =

max{sup ||vp|le, [|v][c}, s0 VE € I, [V, (t) — v(t)[| — O(n —
n

+00).
y / “””2 5, (Sva)(s))ds

By (7), we have
awz( ) ,
[ 2 fs. ($v2)(s))s]

< / ””muf( (Sva)(5)) s

N / wz( 9222(3)) £(c (Su,)(s))]ds
=g(t),

exchange the integration order and use condition (Hz),
1

/ / 62“’2 €220 s, (Sun) ) s

/ / wafale) 9222(8) ) 1 (S0, )(5)) s

< 2/ Ga(s, s) m[Cd105G (s,5)Ga(s, s)r, R]ds
< +o00,

Sv)(s))ds

m[C6105G1 (L, t)Ga(t, t)r, nl|v|]ds

Sv)(s))ds)
s, (5v)(s)))ds

||(AUn)

s0 ||(Avy,) (t)|| € L[0,1], forany ¢y, ¢ € I, v, € W, we have

II(AUn)(t1) (Avn) (E2)]
1 (v ]

< / ’ (Ava) (8)]dt,

by the absolute continuity of Lebesgue integration, {Auv,}
is equicontinuous on I, by Lebesgue dominated convergence
theorem,

[|(Av,)(t) = (Av)(t)]| — 0(n — ), Vt € I,

so for ¢t € I,{Av,(t)} is relatively compact, by Ascoli-
Arzela theorem {Aw,} is relatively compact in C[I, E], so
we claim that ||Av, — Av|l. — 0(n — oo. If this is false,
then there exists e > 0 and {v,,} < {v,} such that
|Avy, — Avlle > eo(i = 1,2,3...), since {Av,} is relatively
compact in C[I, E], then {Av,,} has a convergent subse-
quence, no loss of generality, we still assume lim Av,, =y,

11— 00
consequently, lim ||Av,, — y||c = 0, contradicts to y = Av,
21— 00
so A is continuous in W.

Theorem 2 Suppose that conditions (H;) — (Hy4) hold.
If
I U aVu s >0 (9)
Lom 1, vu > 11 >0,

where )\ is the first eigenvalue of T, then problem (1) has
at least one positive solution.

Proof: By (9), there exists Rs > maxz{rs,1} and 0 <
6 < 1 such that

[71, ] < (5/\1(1, Yu > Rg (10)

Let Thy = 0MTry, Yy € C[I,R], then T} : C[I,R] —
C[I, R] is a bounded linear operator, A; is the first eigenvalue
of Tk, 0 < 0 < 1,r(Tf) = 6 < 1, by lemma (1.5), there
exists ||.||% which is equivalent to ||.||. such that Yy € C[I, R]
we have | Ty ()] < S5 ly|;. Let

e <
1
M:/ Ga(s,8)K(s)m[C6162G (s, 5)Ga(s, s)r, Rds,
Jo

by (Hz), M < +oc. Choose Ry > max{Rs, 24}, where

= [[M][z. Let Wi = {v € WI[ly@)|z < Ra,y(t) =
[|Sv(t)||}. Next we show AW, C Wi. Yo € Wy, let y(t) =
[|Sv(t)]|, define e(v) = {t € I | y(t) > R3}, by (6) and (10),
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we have

/ Gat, s) K (s)m(]|(Sv)(s)[)ds
_jl Ga(t, s) K (s)m([[(Sv)(s)[)ds
I\e(v)
+/ Ga(t, s)K(s)m(]|(Sv)(s)l)ds
/I\ » 2(t, 8) K (s)m[C6,62G1 (s, 5)Ga(s, 8)ro, R3)ds

-MM/ G (t, ) (5)]|(S0)(5) s

/GQtS

+5)\1/0 Gg(t,s)
— (TE) ) + M.

8)m[C8102G1 (s, )G (s, s)r2, R3]ds

(s)[I(Sv)(s)l|ds

By lemma (1.4), we have

[Avlz < |[[Txy+ M|

!T§y|\2+M*

ﬁ%yl\’éﬁ;f\f* (11)
7 Ra+ SRy

Ry.

I IAIA A

this implies that Yo € W; we have Av € W;. Since A is
continuous, by lemma (1.5) we only need to show A has a
fixed point in C[I, P]. Let V. C W; be a countable set and
satisfying

v ceo{{u}| JAV)},ue W (12)

where AV = {Az|xz € V'}. First we show V' is relatively com-
pact in C[I, P]. In fact, by (12), we have a.(V) < a.(AV).
by theorem 1, AV is equicontinuous in I, by thesis [7] we
have

V(1) ¢ eof{u()} [ J(AV)(1)

combine lemma 1, we have
(
=max a((AV)(t)), (13)

where (AV)(t) = {z(t)]lr € AV}. Next, we estimate

a(AV)(t). by (7) and lemma 2 we have
oV(t) = a((AV)(#)
_Oc{/ Ga(t, s)f (s, (Sv)(s))ds|lv € V})

<2/(bt$(ﬁ(b%xnweVD
2/ 6 8)L(s)a({(Sv)(s)|v € V})ds
<4/ / Ga(s,8)L(s)G1(s, 7)a(V (7))drds

<4/ Ga(s,

—477/ Ga(s,s)L

combine (13) and (H4) we have a.(V) = 0, this implies
that V is relatively compact in C[I, P], consequently, our
conclusion follows from lemma 1.3.

Example: Let E = [* = {& = (21,22, ..., Tn,...) : SUp |

IN

ds/ G(t,7)drac(V)

(s)dsa(V),

T |< 400}, for z € B, let ||z|| = sup | z, |, then (&, |.||)

is a Banach space, and P = {x € E" xn > 0mn=12..}
is a normal cone in E, the normal constant is 1. Consider
the following infinite system of scalar nonlinear differential
equations:

—aD(t) = —2t (14 In(1+2y)

+%(tx2n + —anl)) t € (0,1);
sup ||
i>1
2,(0) =z, (D) =2, (0) ==, (1) =0,n=1,2,...
(14)
Problem (14) can be regard as the form of problem (1), where

T(f) = (ml(t)’m2(t)v )7f(f) = (f17f27 )7

— cost
falt,z) = m(l +In(1 +x,)
+%(tl’2n 4 arctant )),t c (O7 1)7 (15)
sup ||
1>

it is easy to see f(¢,x) is singular at t = 0,1 and = = 4, now
we check (H1)-(H4) hold. Take k(t) = L__ obviously

f € Ol x P\ {0),P) by (15) we Nave || (. 2)]| <

m( 2||z|||| + —&=, so (H;) holds and K (t)

1
Vi(1—t)’ m(v) =
10 get

H I
1420+ oL YRy > r1 > 0, it is easy

N\:l

wl>|

mlri, Ri] = sup m(v) <1+2R; + —=—

v€[r1,R1] \/ﬁ
1

and / Vs(l—s)ds =
0

(16)

T [ ds

g,/(; 7%5(1 = s) =T, SO
/0 s(1 —8)K(s)m[s?(1 — 8)2ry, Ry]ds

g/lx/s(l—s)(1+2R1+ 2
Jo

= Z(1+2R) + rr
< +o00.

s(1—s)y/r1
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0 (Hz) holds. Take ¢* € P* such that Vo € E satisfying
¢*(x) = x1, take @(t) = \/——’ s0 ¢*(f(t, ) = o(t) >

t(t—1)'
0,t € (0,1),x € P\ {0}, and

/013<1_3>¢<8>ds </:m— 5

so Hs holds. Let g(t,x) = (q1(t,2),q2(t,2)...,),p(t,z) =

(p1(t,x), p2(t, z)...,) where q,(t,z) = \}%,pn(t,m) =
arctant ): SO fn(t,$) < Pn(h $)+qn(t,ﬂﬁ)y

t
ny/t(1-t) (@on + \/sup\xi|

i>1
forany ¢ > d > 0,B C P.\ Py it is easy to see
«(B) i i
alq(t,B)) < m,t € (0,1). By using the diagonal
method, we can choose a subsequence such that «(p(¢, B)) =
0,50 a(f(t,B)) < —2B_ ¢ ¢ (0,1). Vy € C[I, P], we have

(Twy)(t) = /0 Ga(t, s)K (s)y(s)ds
1 (17)

1
< /0 s(1— S)\/ﬁdSHyHc

= slylle-
by (17), r(Tk) < Z, 50 Ay > £, combine (16) we have

us
2

m[ry, u 1+ 2u+

8
lim < lim VA 2< —< )\
T

u——+o00 u u——+00 U

so (Hy) holds. To sum up, (H1)-(H4) hold. By theorem (2),
problem (14) has at least one positive solution.
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