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Abstract—In this paper, the problem of estimating the optimal
radio capacity of a single-cell spread spectrum (SS) multiple-input-
multiple-output (MIMO) system operating in a Rayleigh fading envi-
ronment is examined. The optimisation between the radio capacity
and the theoretically achievable average channel capacity (in the
sense of information theory) per user of a MIMO single-cell SS sys-
tem operating in a Rayleigh fading environment is presented. Then,
the spectral efficiency is estimated in terms of the achievable average
channel capacity per user, during the operation over a broadcast
time-varying link, and leads to a simple novel-closed form expres-
sion for the optimal radio capacity value based on the maximization
of the achieved spectral efficiency. Numerical results are presented to
illustrate the proposed analysis.
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L INTRODUCTION

IMO communication techniques have been an important

area of focus for next-generation wireless systems be-
cause of their potential for high capacity, increased diversity,
and interference suppression. The study of multi-user MIMO
systems has emerged recently as an important research topic
due to the high capacity improvement that they can offer over
single-input-single-output (SISO) systems, [1,2].

The Shannon’s capacity of a single-user time-invariant
channel is defined as the maximum mutual information be-
tween the channel input and output. This maximum mutual
information is shown by Shannon’s capacity theorem to be the
maximum data rate that can be transmitted over the channel
with arbitrarily small error probability, [3]. Many practical
MIMO techniques have been developed to capitalise on the
theoretical capacity gains predicted by Shannon theory. An
overview of the recent advances in this area and practical
techniques along with their performance can be found in, [4].
In contrast to previous published works, in this work, a novel
method based on the maximization of the achieved spectral
efficiency, of estimating the optimal radio capacity of a single-
cell spread spectrum MIMO multiple-user system is presented.
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The spectral efficiency of the considered system is evaluated
in terms of each user’s achievable average channel capacity
(in the Shannon sense). This average channel capacity formula
would indeed provide the true channel capacity, if channel
side information were available at the receiver, [5].

The final equation, theoretically derived, to the author’s best
knowledge, is the first time such expression has been exposed
theoretically and in contrast to other previous reported works,
here, we avoided the exact evaluation of the characteristic
function (c.f) of the average channel capacity of MIMO sys-
tem or the Monte Carlo simulation, [1,6-9],. Numerical results
are presented to illustrate the proposed mathematical analysis.
However, in a future work a simulation process must be de-
scribed in order to compare with the theoretical results derived
here.

It must be noticed that, in the followed analysis, a fixed
number of simultaneously transmitting users is assumed. Al-
though a dynamic user population is a reasonable assumption,
the results derived in the paper, can be applied directly in a
MIMO SS system with a variable number of users, consider-
ing that the number of users per cell K, represents the mean
value of users per cell in a birth-death model describing the
variable allocation of users, [10].

1I. SYSTEM’S MODEL

A spread spectrum MIMO communication system is de-
scribed that consists of K simultaneously transmitting users,
each of them transmitting in parallel, via N7 different transmit-
ting antennas the same spread spectrum signal of bandwidth
W, after spreading the same signal of bandwidth W by the
system's processing gain i.e. G,=W,/W. Each system’s user
transmit a signal of bandwidth W, with average transmitted
power P=P, 1<i<K, without splitting the totally transmitted
power among transmit antennas as described in [2]. Firstly, we
denote as 7 the received signal-to-noise ratio (SNR), over the
signal bandwidth /7, in a non-fading additive white gaussian
noise (AWGN) environment from the i-th, 1<i<K, user, i.e.:

=P,/ NJW, 1<i<K )

where N, is the noise power spectral density. Without loss of
generality, we consider the case where the number N7 of trans-
mit and receive antennas Ny are equal.
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II1. TOTAL CHANNEL CAPACITY FOR OPERATION IN A NON-
FADING AWGN ENVIRONMENT

The problem to estimate the total channel capacity Cr avail-
able to all K users of the previous described SS MIMO sys-
tem, when operating in a non-fading AWGN environment is
examined. In such an environment, the channel capacity C;,
assigned to each user i, i.e. a single user’s conditional channel
capacity in the Shannon sense, when arbitrarily complex cod-
ing and delay is applied, will be expressed in the form, [3]:
B i<k @)
0" ss +R\/IA1

C‘i,r = W\IO& []+1—;\s,t ) = Wslong

where the suffices ‘¢’ indicates the #-th, =1,... Ny, transmit-
ting/receive antenna, ‘ss’ indicates the SS system and /7, is
the spread signal-to-interference plus noise ratio (SINR) re-
ceived from the #-th, =1,... Ny, receiving antenna of the i-th,
1<i<K, user and P4, is the Gaussian distributed total multiple-
access interference (MAI) power expressed as:

Nr K
Pui=Y>.> P, =N(K-1)P ,1sisK,1st<N; (3

t=1 j=#i

without including interfering transmitted power from other
transmit antennas of the same user assumed, in the presented
analysis, negligible. Then, according to eq.(3), [';, will then
be:

P
I—‘i:st = : (4)
N+ N (K=1F,
equivalently expressed as:
r
(5)

r.. . = i
"G+ N (K-

Then, the total channel capacity Cr available to all K users and
for all the N (=Np) transmitting antennas, will be equal to the
sum of the corresponding individual rates, i.e.,:

N, T NT
C, =33C, =KSW, log,1+7,,)=

t=1 i=l t=1

Iy
=KN,W_log,| 1+ : = (6)
G,+N,(K-1)T,
KT,

=N, W_log,| 1+ :
! G N (K-

1

due to the fact that, in practice, [, is well below unity (in
linear scale), [11].

IV.  OPTIMAL MIMO RADIO CAPACITY IN A RAYLEIGH
FADING ENVIRONMENT

We consider now the previously described SS MIMO sys-
tem operating in a Rayleigh fading environment. The Rayleigh
fading channel assigned to each transmitting user is modelled
as a tapped delay line, [12]. In addition, we assume that all the
associated spread spectrum signals are received by an opti-
mum maximal-ratio combiner (MRC) RAKE receiver. In par-
ticular, each user’s MRC RAKE receiver has M, taps corre-
sponding to M resolvable signal paths, on the condition that
the transmitted signal bandwidth W is much greater than the
coherence bandwidth W, of the fading channel, [12,13],
given by:

MW T 1 (N

where T,, is the total multipath delay spread of the Rayleigh
fading channel and [.] returns the largest integer less than, or
equal to, its argument. Although the number of resolvable
paths Mc may be a random number, it is bounded by eq.(7).
Assuming that for all K users, all the M branches are selected
and combined, the average received SINR <y;, > in the /-th,
I=1,...M, branch of the corresponding i-th, 1<i<K, MRC
RAKE receiver, resulting from the signals of all K
simultaneously transmitting users and all Ny antennas, can be
written as:

Np K Np
N z ZYI,i,ssj| = ZE[Yz,l,ss Tt Yk ] ®)
P

;  t=1 t

where (.)=E[ .] indicates the average value. Since the K
received signals are independent identically distributed (i.i.d.)
random variables, each of which corresponds to a SINR that
follows a chi-square distribution with two degrees of freedom,
we can write that:

idss™ :NT Kr iss,t (9)

Then, the probability density function (p.d.f.)) of the
combined SINR vy, ;, at each MRC RAKE receiver’s output
will be given by, [13,14],.:

p(y ) 1 (%—,Lm
ilss

M=y, 1 )

where <y; ;> is given by eq.(9).

)Mc—l

,1<i<Kk  (10)

We now estimate the average total channel capacity <Cr>
available to all K users, under the previously described MRC
RAKE reception. Following eq.(6), the total channel capacity
Cr is averaged over the pdf of the combined SINR v, at the
MRC RAKE receiver output, so that:

<CT> = NT WSS J.log 2(1 + yi,l,s‘s jp(yi,[,ss' }Iyi,l,ss (1 1)
0

and taking into account eq.(10):

1434



International Journal of Electrical, Electronic and Communication Sciences
ISSN: 2517-9438
Vol:3, No:7, 2009

R 1 M1 Vilss (12)
G ) =N, |log(I+y,,,) Ve € exz{ = }fy
(=Nl ) K

ilss,

Clearly, this capacity estimation indicates the average chan-
nel capacity that appears at the MRC RAKE receiver output in
the form of the average best recovered data rate from all K
active transmitting users, [13]. Therefore, we can write that:

(MC—]) /.<Vi,1,ss>MC | (13)

from which, the average channel capacity per user, <C;>,
normalised over the system bandwidth W, will be given by:

GCl_1G) N7 s I e, [ ), (14)
T S S { <y>} '

58

where <y;; >, used in eq.(11), has been changed now to <y>.
Assuming that the MIP has equal path strengths on the aver-
age, the SINR after path-diversity applied, in each of the K
USers, <Y,y 1= <Yp> =N KI st ? will be given by, [15]:

< YI'ptlss >:MC <Y[,l;s >:MC NTKI—;SS/ (1 5)

where the new suffice 'pf' refers to the path-diversity reception
applied. However, in general, the multipath-intensity profile
(MIP) in a Rayleigh fading environment is exponential, but,
here, MIP is assumed discrete and constant, so that the "re-
solvable" path model can be considered to have equal path
strengths on the average. Then, combining eqs (14) and (15),
the average channel capacity per user <C;,>, normalized over
the total system’s bandwidth W, when operating in a Rayleigh
fading environment and expressed in (bits/sec/Hz), is found to
be:

<

) () NTwlo ) I Mt { Vp,}j (16)
= = e ) ex Yot
k] e ()" (1

We now address the problem to finding the number of users
K which maximizes the average channel capacity per user
<C; >, K=K, given an average transmit power constraint and
keeping the total allocated system’s bandwidth W constant
(the subscript 'op' refers to the optimal value). Then, the prob-
lem of finding the optimal X, can then be stated as follows:

T () Vo
log[1+ P a7
max;[ ogli 1) Mo D)1y, T >

The combined average spread SINR after diversity recep-
tion i.e., Nipuss >=MeN KT, that maximizes eq.(17),

1,88t
equals to 6 dB, [16, 17], i.e.,

< Yi,pt,[,.v.\' >= MCNTUi,.Y.v,t = ]00.6 (1 8)
using directly eq.(15). Combining eq.(5) and eq.(18), the op-
timal K, can be found directly, as following i.e.:

_ 3'9(Gp _FiNT)

= 19
”  N,T.(M.-3.9) )

The optimal number of users K, given by eq.(19), is plotted
in Fig. 1 as a function of the SNR I (expressed in dB) where,
in addition, the following values are assumed: (i) totally con-
stant allocated system’s bandwidth: W,=10MHz, (ii) signal
bandwidth: W=30KHz, (iii) number of transmit (receive) an-
tennas: Ny=2, (iv) total multipath spread of the Rayleigh fad-
ing channel: T,=3psec. In addition, in Fig. 2, the optimal K,
is plotted as a function of the number of transmit (receive)
antennas: Ny, for I'; =0dB (indicative value), W,=10MHz,
W=30KHz and T,=3usec. However, an integer value for the
number N7 of transmit (receive) antennas is selected in prac-
tice. As it can be seen directly from Fig. 1 and Fig. 2, the op-
timal number of users K,, of a SS MIMO system, is de-
creased as the SNR I over the signal bandwidth W or the
number of transmit Ny are increased, indicating that a compli-
cated signal processing scheme must be applied in order to
reduce the MAI power that appears, in a such system, since
the total MAI power reduces the system’s radio capacity
achievable.
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Fig. 1 Optimal radio capacity K,, of a single-cell SS MIMO system
versus the average received SNR 77 (expressed in dB) in a Rayleigh
fading environment
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Fig. 2 Optimal radio capacity K,, of a single-cell SS MIMO system
versus the number of transmits antennas N7 in a Rayleigh fading
environment

V. CONCLUSION

In the presented work, the optimal radio capacity of a single-
cell SS MIMO system, operating in a Rayleigh fading envi-
ronment, that maximises the achieved spectral efficiency, in
terms of the average channel capacity available to each active
user, with additional path-diversity reception, is estimated. A
mathematical novel, simple and general expression for the
optimal number of users is derived theoretically, which indi-
cates finally the need for the application of an appropriate
signal processing scheme in order to reduce the total MAI
power and then to increase system’s radio capacity. However,
a simulation process and the future extension of this work for
the multi-cell case are needed in order to compare with the
theoretical results derived here and for the application of these
results to a practical scenario.
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