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I. INTRODUCTION

HE names fractional calculus is concerned with the
generalization of differentiation and integration to
fractional order. There are number of ways of defining
fractional derivatives and integrals.
We begin by recalling S.F. Lacroix [9] definition of mth
derivatives for y = =", where n is a positive integer as

d™y  (m!)
dzn  (n—m)!

x'll,*'ln (1)
A vital development in the field of fractional calculus was laid

down by L. Euler, N.H. Abel, J. Liouville, and B. Riemann.
For the function f(x), expanded in series form

= Z cn exp(anx) (2)
n=0

Liouville defined the fractional derivative of order v by

DZ{f(x)} = Z enay exp(an) (3)
In 1931, Euler extended the derivative formula
DM =AA=1),..A=n+1)22"", (n=0,1,2,..)
_ P()‘ + 1) Z)\—n (4)

A=n+1)

In the last few years fractional calculus became one
of the most intensively developing areas of mathematical
analysis. Its field of applications is in almost every field of
science, engineering, and mathematics. Several applications of
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fractional calculus are in fluid dynamics, stochastic dynamical
system, astrophysics, probability theory and statistics, image
processing, nonlinear control theory, plasma physics etcetera.
Some of the definition and notations used in this paper are
as follows:
Appell’s gave four hypergeometric functions of two
variables given by [6].
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In 2002, M.A. Khan and G.S. Abukhammash [5]
generalized the Appell’s functions of two variables and
introduce 10 Appell’s type generalized functions M;, ¢ =
1,2,...,10 by considering the product of two 3F% function,
but we use only seven hypergeometric functions as mentioned
below:
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Lauricella  [1], generalized the Appell double
hypergeometric functions F},...,F; to functions of n

variables, but we use only two FXL> and ng) are defined by
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In 1963, Pandey [7] established two interesting Horn’s type
hypergeometric functions of three variables while transforming
Pochhammer’s double-loop contour integrals associated with
the Lauricella’s functions Fz and Fr as given below:
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II. FRACTIONAL DERIVATIVE RELATIONS

In this section we derive certain types of fractional
derivative relations are as follows:
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where, Re(a) > 0, |z| < 1, ‘;"12 < 1, ‘fﬁi < 1 and

F) is defined by eq. (17) at n = 3
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where, Re(a) > 0, |z| < 1, Jwiz| < 1, ’1%) <1and F,
is defined by saran [8]
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where, Re(a) > 0, |z lwiz| < 1, ‘{Jﬁ <1

and F®)[z,y, 2] is triple hypergeometric series defined by
Srivastava (see [4], p. 428).
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III. FRACTIONAL INTEGRATION RELATIONS
The rule for fractional integration by part is in the form
b

/ DY, o {f(@)}g(z)da = /b £(2)

a

where D(” 0,7) and D( denotes the operators of fractional
derivatives (of order ) Wthh can be defined, if Re(v) < 0,

by the following integrals

D{, pig(x)}dz. (39

x

Diunlf@} = 57 =07 war (o)
and
. b
Do)} = g =0 o )
If f(x) and g(x) are funct‘ions defined by
x) =Y Bib—x)7t" (42)
5=0

then the fractional derivatives are obtained by differentiating
these series term-by-term and applying the definition (1).

In this section, certain forms of integrals have been found
by adopting the technique defined by (39) for different types
of hypergeometric functions as mentioned below:
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Proof: By using ([3], p. 276, eq. 7)
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0
with the aid of (1), we see that
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Substituting in the last integral and using the fractional
integration by part formula (39), one obtains

1
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0
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Now, the use of binomial theorem and (1), gives

’
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using the above relation in the last integral (45), we get the
required result.

Next, we obtain some more integral representation for the
Appell series F3 defined by (7), by using fractional integration
by part as given below:
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Proof of (46): Applying the integral relation ([3], p. 279, eq.
17),
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Now, by using (1), we see that

ua—l o 5 _ dﬁ—a ﬁ
o) L") = Gy {ms)

(1- uw)_“}
Substituting this in last integral (49), and by using the formula
(39), we get
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Further, by using the binomial theorem and (1), we obtain the
required result (40).

The proof of integral relation (47) is similar to the proof of
(46).

Proof of (48): Making the use of ([3], p. 279, Eq. 16),
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that
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Substituting this in last integral (51) and by using the formula
(39), we get
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[
Thus, by using the binomial theorem and (1), one obtain the
required result (48).

Particular cases:

M If we put p = «, p = @ and pu = B in (48), which
immediately reduced into (46).
(IT) If we put p = B, p’ = B’ and p = « in (48), which

immediately reduced into (47).

In the present text, we derive the integral representations for
the functions Ms and M by using the technique of fractional
integration by part as given below:
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where Re(¢’) >0, Re(d—¢) >0, || <1, |yl <1

Proof of (53): By using ([5], p. 73, Eq. 4.6)
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Substituting this in last integral (55) and using the formula
(39), we get
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Thus, with the aid of (1), we obtains the required result (53).

Proof of (54): By using ([5], p. 76, Eq. 4.14),

a,b,c; 1
(R Bt ] F d
Mo T,y = /u d el
d—c)
d7e7e/; 0
a,b;
x Fy uz,uy | du (57)
e

1379



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:8, No:10, 2014

Moreover by adopting the rule of (1), we see that

uc+r+s—1 _ dc —c { F((‘ +r+ S) cl+r+s—1}

Cd(w)e e |\ I(d +r+ s)u
substituting this in last integral (57) and use the formula (39),
we get
a 7b 7C ;
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’
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Further, again by using (1), we obtains the required result (54).

{a- u)d*H}duj—:Z—; (58)
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