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Abstract—We demonstrate a way to count the number of Young _ — [X_J'fl+/1n-j+1] N
tableau of shape A = (k,k,---,k) with | A |= 1K by expanding {niy 220 ' b=
Schur function. This result gives an answer to the question that was put and Schur function associated to 4 is defined as
out by Jenny Buontempo and Brian Hopkins. detG
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. INTRODUCTION

Given a partiton A=(A,4,,---,4,) of p , a

semi-standard Young tableau of shape A SSYT” is an
arrangement of P boxes, A, in the first row, A, in the
second row sharing left border with the first row, etc., with each
boxes having a label from {1,2,---, p} such that labels weakly
increasing across rows and strictly increasing down columns. If
the labels increase across rows and down columns, then it

becomes a Young tableau of shape A . The following two

examples show a SSYT *#

(5,2,2,1) respectively.

and a Young tableau of shape

2 5 1 5 g 10

Let

a a a,

Xt X2 X;

X5t Xy Xy

Gpniay w03 = : : :
E a a,

Xpt Xp? X,

are integers and 0< X, <X, <---X, [1, p.142]. In

connection with Schur functions we define the partition A
associated with G as the nonincreasing sequence of
nonnegative integers

A= (2’1712"“’/%) = (an _(n _1)1an—1 _(n - 2)!“'3'1)1
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S, (X, Xy, roe X ) = ———2=2 02
pE " detG"{n;o,l,-lln—l}

In [2], Jenny Buontempo and Brian Hopkins considered
Young tableaux consisting of two rows of equal length counted
by the Catalan numbers and gave two combinatorial proofs.

In a recent paper [3], we succeeded to provide the unique LU
factorization of G{n;a,az,»--an} avoiding Schur function and
expressed any Schur function in an explicit form. Now we state
the results as follows:

1. G, can be factorized as G, =LU, , where

L, =[L, (i, )] is a lower triangular matrix with unit main

n

diagonal and U, =[U, (i, j)] is an upper triangular matrix,
whose entries are defined as follows:

Li=j;
0,i<j;
Xi a . i
L@, )= (M, j=Li>2
Xl
S LA
(Chys T s 22
Xj Aj
and
X ,i=1
P 0,i> j;
Un(lfj): a ) J
X'Bi=jz2
x2SEM (B, ji+1i>2.
where

A, =B, =x*™

A =185 T (A =Sy (A)SH T (AL) k>3 (LY

0y (Act)
A

ay—a; .
_XlZ 1,

A= S{a*’ﬁa*}(kal)—{S{a*’ﬁa*}(kal)}(S

Pa—>%d

),k>3;(1.2)
41
S{Xkﬁxk}(Akfl) = X, Substitutes for x, , in A,_,;

staaad(A ):=a, substitutes for a_, in A_,.
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2. The Schur function S, (X, X,,-*-X,) can be expressed as
a, a
_ Xll % stisn X ] Bi

Hlsi<jsn (Xi X )

S, (X1, X070 X,)
where B; are defined as above.

Basing on the above facts, we establish a method to count the
number of various Young tableaux, including those with more
than 2 rows, while remaining within a tableaux context.

Il. MAIN RESULT AND AN EXAMPLE
Now we are in a position to state the main theorem.

Theorem 1.1 The number of Young tableau of shape

A =(k,k, -, k) with | A |=IK is the coefficient of the term
X, X, =+ Xy in the expansion of S\ ) (X, Xy s ey Xy ) -

Proof. By definition, the Schur function S is the symmetric
function defined as:

SA(X11X2!"'XIk): ZXT: ZXFIX?Z.”XITK

TessyT? TessyT?
where | A |=1k , m. is the number of entries i in SSYT*
T for i=12,---,Ik . In particular, when

(mg,m,,---,m, ) =(11---1), then the coefficient of the
term X; X, --- X, is exactly the number of Young tableau of
shape A = (k,k,---, k) with | 4 |=1K.

Now let us take a look at the following example to see how to
count the number of Young tableau of shape A .

Example 11.2 By using the recurrence formula (1.1)
and (1.2), we can get
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B i CRIEXE XXX 4 XX K XE 4 XXX
=[O = xET)OGT =% ) X XX Xg + 2X, X XgX 4 Xg + X3 Xg Xy X + Xy X Xy Xg
= (X =X (T = X)) + X X2X XZ A+ XIXEXE + X X XEXE + X2XZXZ
)L™ =X ) (%™ = %" ™) + X X XEXE + XX XEXE + XIXEXE + XT XX XE

= (X3 x0T =) XXX XZ A+ XXX XZ A+ 2K, X, Xy Xg X2 + X2 X X X2

2 2 2 2 2 2 2
+ X Xg Xe Xs 4+ XoXg Xe X5 + XX, X X5+ 2X, X X, Xe X
Now considering 4 = (2,2,2) = (2,2,2,0,0,0), then 1737576 7 T2 7576 T T T4 6 172747576

(a,,a,,a;,a8,,a;,385) =(0,1,2,5,6,7) and

2 2 2 2 2 2
+ X5 X, X Xg + 2X XX, X Xg + 2X, XX, Xs Xg + X3 X, X5 Xg

2 2 2 2 2 2 22,2
S22 (X1 X1 Xg. X X Xe) XXX XE + Xy XXX + XXX X2 + X2XEX
22 222 2y2 22
; B X X XEXZ A+ XEXEXZ 4 X XGXEXZ + X, Xy XX
I
_9etGo1o50m _ o FXIXEXE + X X XEXE + Xy X, XEXE + XX, XEXE
[10G=x)  JT0=x) + X2xZX2.
1<i, j<6 1<i, j<6 47576

2,22 2,2 2 2 2,2
=X, Xo X5 + XX XX, + X X, XX, + X X, X X . .. .
17273 T MLz T T et e T L2 T T Observing that the coefficient of the term X, X, X3X, X5 X, is

2,22 2 2 2 2 2,22
T Xy Xo Xy + X X Xg Xy 4 Xy Xp Xg Xy + Xy X3 Xy 5, which is exactly the number of Young tableau of shape
FXIXXEXE A+ XKEXEXZ + XZXEXgXs + XX, X2 X A1=(222).
F X XEXEXs + XTXEX X + 2X2 X, XXy Xs + 2X, X2 X5 X, X
FXZXZX, X + 2X Xp X2X, Xs + XIXEX, X5 + XP X, XX REFERENCES
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F XX XEXE + XEXIXE + X XgX2XZ + X, X X2 X2

222 22 2 2 22
+ X3 Xg Xe + X{ X5 Xg X + X Xp X3 Xg + Xy X5 X3 Xg

FXZXEX, Xg + 2X2 Xy Xy Xy X + 2K X5 Xg X, Xg + XXX, Xq
22X Xy X2 X, Xg + XEXEX, Xg + X2X, XoXg + X XEXZ X

F X2 X X2 X + 2% Xy Xg X2 Xg + X5 X X2 Xg + X XEXZ X,

F X, XXX + X2XE XX + 2K X, XX Xg + 2X, X5 Xy X Xg
+ XPXZ X Xg + 2%, Xy XXZ X Xg + XZXZ X Xg + 2X7 Xy X4 X5 X
2% X X, X X 2X7 XX, X X 5K, Xy Xy X, X X + 2X2 XX, X X
+ 2X, X5 X, Xs Xg + 2X, X2 X, X Xg + XZXG Xe Xg + 2%, X, X2 Xo X
FXIXZ X Xg + 2K Xg X2 X Xg + 2X, XX Xo X + X X2 X5 X
XX XX + X XEXE X + X. XXX + 2K, X, Xg XE X
FXIXXE X + X XEXEXG + X XEXEXg + X2X,XE X

F 2X, X, X, XEXg + XX XEXg + 2%, Xg X, XE X + 2K, X X, X2 X
FXIX, X Xg + X XEXE X + XpXEXEXg + XX XE X,

2,,2,,2 2 2 2 2 2,22
+ X; X5 Xg + X X5 X3 Xg + X X5 X3 Xg + X X3 Xg
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