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Abstract—In this study, a minimal submaximal element of
LIT(X) (the lattice of all intuitionistic topologies for X, ordered by
inclusion) is determined. Afterwards, a new contractive property,
intuitionistic mega-connectedness, is defined. We show that the
submaximality and mega-connectedness are not complementary
intuitionistic topological invariants by identifying those members of
LIT(X) which are intuitionistic mega-connected.
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. INTRODUCTION

HE submaximality was defined and characterized by

Bourbaki ([2], [11]). It is worth mentioning that the
submaximality is a significant condition for maximal
topologies of many topological invariants (e.g. connectedness,
quasi-H-closure and pseudo-compactness) [4]. Arhangel’skii
and Collins have carried out a detailed study of how the
submaximality affects the structure of familiar topological
spaces and groups [16]. Dontchev has presented several
characterizations of submaximality [8]. Also Dontchev and
Rose have approached submaximality via topological ideals as
well as related it with some allied concepts [9]. Recently, the
submaximality has been studied prominently by many
researchers [3,10].

Let LT(X) be the family of all topologies definable for an
infinite set X forming a complete atomic and complemented
lattice (ordered by inclusion). For a given member t of
LT(X), having property P, if all members of LT(X) weaker
(stronger) than t have the property P, then a topological
invariant property P is called contractive (expansive). For a
given contractive (expansive) property P, a member t of
LT(X) is called maximal P (minimal P) if t has the property P
but no stronger (weaker) member of LT(X) has not property
P.
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An expansive property P and a contractive property Q are
called complementary when the minimal P members of
LIT(X) coincide with the maximal Q members.

“T, and “all proper closed sets are finite’; door and “filter-
connected’; Tpand nested; disconnected and principal of order
two” are some examples of complementary topological
invariants ([4], [12], [13], [17]).

The main purpose of this article is to identify those
members of LIT(X) (the lattice of all intuitionistic topologies
for X, ordered by inclusion) which are minimal submaximal
by using the definition of intuitionistic submaximality [15]
and show that submaximality and megaconnectedness in
Intuitionistic topological spaces are not complementary
topological invariants.

Il. PRELIMINARIES

The idea of “intuitionistic fuzzy set” was suggested by
Krassimir T. Atanassov [1]. Later, D. Coker has presented the
classical version of this concept [5]. The definitions which are
actively used in this paper, are listed below.

Definition 2.1. Let X be a nonempty set. An intuitionistic set
(IS for short) A is an object having the form

A=<X, Ay, A> (or A=<Ay, Ap>),
where A; and A; are disjoint subsets of X. The set A is called
the set of members of A, while A, is called the set of
nonmembers of A [5,1].

Definition 2.2. Let X be a nonempty set and A and B be in the
form A=<A;, A,>, B=<B;, B,>, respectively. Furthermore, let
{A;: icl} be an arbitrary family of 1S’s in X, where A=<A®,
A®> then;

a) D=<,X>, X=<X,>

b) AcB if Aj.cB; and A,oB,

C) A-B if AoB; and A,cB>

d) A°=<A, A;>here A°complementary of A

e) NA =<nA® UA®> and UA =< UA® A A®> [5].

Definition 2.3. An intuitionistic topology (IT for short) on a
nonempty set X is a family = of 1S’s in X containing & and
X which is closed under arbitrary unions and finite
intersections. In this case the pair (X, t) is called an
intuitionistic topological space (ITS for short) and any IS in ©
is known as an intuitionistic open set (I0S for short) in X, the

42



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:1, No:1, 2007

complement of such an 10S in X is called an intuitionistic
closed set (ICS for short) in X [6,7].

Example 2.4. Any topological space (X,t) is obviously an
intuitionistic topological space with the form;

t={A: Aet} whenever we identify a subset A in X with its
counter pair A=<A,A%>,

Example 2.5. Let X={a,b,c,d} and consider the family == {,
X, Ty, Ty, T3, T4, Ts,_Ts}, where Ty=<{a},>, T,=<{b},J>,
T3=<{c},@>, T,=<{a,b},a>, Ts=<{b,c},>, and
Te=<{a,c},J> Thenz isIT on X.

Definition 2.6. Let t;and 1, be two IT on X. Then 1, is said to
be contained in t, if Get, for each Gez; In this case, we also
say that t, is coarser than 1, or 1, is finer than z; [7].

Definition 2.7. Let (X, ) be an ITS and A=<A,A,> be an IS
in X. Then the interior and closure of A are defined by:
int(A)= U{G;i: G is an 10S in X and G,cA}
cl(A)= n{Ki: Kjisan ICS in X and AcK;} [7]

Definition 2.8. Let (X, 1) be an ITS and A=<A;,A,> be an IS
in X. The set A is called z-dense in X if cl(A)=X .

Example 2.9. Let us consider the ITS (X, 1) where
X={a,b,c,d,e} and
2= {&, X,<{ab.c}{e}><{c.d}{e}><{c}{e}>,
<{c}.{d.e}> <{ab,c.d}{e}>}
if we let B=<{b,c}{d}>, then
int(B)=<{c},{d,e}> and
cl(B)=X . Therefore, B isa dense IS in X.

I1l. SUBMAXIMALITY AND MEGACONNECTEDNESS
ININTUITIONISTIC TOPOLOGICAL SPACES

A topological space (X, t) is submaximal if every dense
subset of X is t -open [2]. The concept of submaximal
intuitionistic space was defined by Ozcelik and Narh [15]. In
this section the definition of submaximality for an ITS is
given. In addition, some characterizations of the
submaximality on IT are investigated.

Definition 3.1. Let (X, 1) be an ITS. Then teLIT(X) is called
the submaximal intuitionistic topology (IT-sub for short) if
every t-dense subset of X is an 10S in X [15].

Example 3.2. Let X={a,b}and the family
={Q, X, {a}@>, <{b} &>, <{a}{b}> <0,&>, < {b}>}
isan IT-sub on X.

Remark 3.3. As the following example indicates, it is not
necessary that the intuitionistic form of a submaximal space is
submaximal.

Example 3.4. Let X={1,2} and 1= {J,X{1}, then the
topological space (X, t) is submaximal. The intuitionistic
form of 7 is 1= {&, X, <{1}{2}>} and A=<{1},T> is a -
dense IS but A is not an 10S. As a result, <t is not an IT-sub
on X.

Theorem 3.5. The submaximality is an
intuitionistic topological invariant.

Proof. Let 14, 1, in LIT(X) such that t;cz, and z; is IT-sub.
Take A as a t,-dense IS then A is a z;-dense IS. Since z; is an
IT-sub, Ais at;-10S. Then Ais a 1,-10S so 1, is a IT-sub.

expansive

Theorem 3.6. Let X be a non empty set and A be an IS. Then
M(A)={G: AcG or GcA} is a IT-sub member of LIT(X).
Proof. Let us take A=<A; ,A,>.

If B=<B;,B,> is any IS, since <&, A,UB;> is an 10S

then cl(B) c < A,uB; O >.

If A;uB=X then cl(B) #X

If A,uB=X then (Az)CCBlv A1CBl, B,cA, and E is an

10S.

Therefore M(A) is submaximal IT on X

McCARTAN [12] has shown that M(A) ={G:AcG or
GcA, @ #AcX } is a minimal submaximal member of
LT(X). The following example shows that M(A) is not a
minimal IT —sub member of LIT(X).

Example 3.7. Let X={1,2,3} and A=<{1}{3}> be an IS.
Consider the IT-sub members of LIT(X)

M(A)={<{1}.{3}><{1}{2,3}>,<,{3}><Z,{2,3}>,
<@ {1,3}><{1},0><{1,2} {3}>,<{1,2},&><{1,3}, &>,
<{1,2,3},&><,{1,2,3}>} and

={<2{3}> < {2,3}> < {1,3}><{1,2} {3}>,<{1,2},
@>,<{1,2,3},@><3,{1,2,3}>}

Since 1 is coarser than M(A), M(A) is not minimal
submaximal IT member of LIT(X).

Theorem 3.8. Let X be a nonempty set and A is any subset of
X. The family

3(A)={< &,B>: AcBc=X } U {<C,D>: (A)’cC, Dc(C)* }is
a minimal IT-sub member of LIT(X).

Proof. First of all we show that §(A) is IT-sub on X . We
look at the following cases:

Let E=<E;E,>bean IS.
i) If E;cAthen < J,A>e3(A) so cl(E) c< J,A> #X
ii) If E,cA then either Eecd(A) or <

J,AUE;>e8(A). This implies that cl(E) c
<AUE; &> #X
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iii) If Ac E; then either E;=X in which case
E=Xed(A) orcl(E) c <E;,@>=X

iv) If AzE ;and E ;A then either E€3(A) or cl(E)

< <AUE; &> #X

These cases show that 5(A) is an IT-sub.

Let = be an IT-sub and © < 3(A). If any IS E in the
family {<C,D>: A°’cC,D=C*} is §(A)-dense then E is z-dense.
Since z is IT-sub, E is an z-10S. On the other hand, all the IS
in the form <&, X\{x}> where xe A® must be t-10S, because if
<, X\{x}> is not an t-10S then the 1S <X\{x},J> is t-dense,
this contradicts whit the submaximality of z. This implies that
all the IS in the family {<&,B>: AcB,BcX}are 1-10S. From
this 3(A)=1

Definition 3.9. ze LIT(X) is called megaconnected if there
exist no IS of X which is

both 10S and is "sandwiched" (that is there exist non-empty
proper ICSs F;, F, such that F;cAc F,) between non-empty
proper z-ICS of X.

Corallary 3.10. The mega-connectedness is a contractive
invariant.
Proof. This immediately follows from the definition 3.9.

Corallary 3.11. 5(A) is a megaconnected member of LIT(X).
Proof: In the family {<&,B>: A < B, BcX}, there is no 10S
which contains any ICS different from & and in the family
{<C,D>: A°cC,DcC*%}, there is no 10S which is contained by
any ICS different from X. This means there is not any 10S in
8(A) which is sandwiched. Therefore, 5(A) is megaconnected.
Following example shows that 3(A) is not a maximal
megaconnected member of LIT(X).
Example 3.12. Let X ={1,2,3,4} and A={4}which is a subset
of X. Consider the following families:

8(A)=<J {4}> <2 {1,4}><2,{2,4}> <2 {3,4}>,
<{1,2,4}><3,{1,3,4}>,<3,{2,3,4}><,X>, <{1,2,3},>,
<X,J>, <{1,2,3},{4}>}

andz=8(A)u{<{1},{2,3,4}>,<{1},{4}><{1}.{2,4}>,
<{1},{3,4}>} where 1 is the megaconnected member of
LIT(X).

Result 3.12. From theorem 3.8, corollary 3.11 and example
3.12, the submaximality and megaconnectedness are not
complementary intuitionistic topological invariants.

Theorem 3.13. Let X be a non-empty set and A, a hon-empty
subset of X. The family N(A)={<B,C>BcA° ,AcC,
BNC=g}{<D,E> A°cD, EcD% is a maximal
megaconnected member of LIT(X).

Proof. Let teLIT(X) such that N(A) < z= . Then t must
contain at least one of the following sets:

B=<F;G;>, where Az G;

C=<F,,G,>, where AcF,
D=<F;,G5>, where F:cA
We should look at the following cases:
i) If Bex then either BeN(A) or since 10S’s <A° U
Gy, &> and <, FiuUA> are N(A)-open, then
these 10S’s are z-open. This implies that IS’s
<@,A"UG>cB and Bc<F,UA, @> are 1-ICS’s
which means that 10S B is sandwiched between
these ICS’s.
ii) If C ez then either C=X or with the above
argument C is sandwiched between ICS’s <@, A°
U Gy>cCand C < F,, &>,
iii) If Dez then either D= or D is sandwiched
between ICS’s <@,A°UGs>c D and D « <@,A>.

This show that te LIT(X) is not megaconnected and N(A) is a
maximal megaconnected member of LIT(X).

IV. CONCLUSION

In this study, we have shown that in intuitionistic
topological spaces the submaximality and mega-
connectedness are not complementary.  Further studies can
define contractive topological invariant property which is
complementary  with  submaximality in intuitionistic
topological spaces.
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