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Abstract—In this paper we introduce some subspaces of fuzzy
entire sequence space. Some general properties of these sequence
spaces are discussed. Also some inclusion relation involving the
spaces are obtained.
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[. INTRODUCTION

The concepts of fuzzy set theory was introduced by
Zadeh [1]. Later on sequence of fuzzy numbers have been
discussed by Matloka [2] and developed by Mursaleen [3]
Nanda [4] and Savas [5], Tripathy and Dutta [6] and many
others. The sequence space I' of entire sequences was in-
troduced by Ganapathy Iyer [9]. The space I'(F) of fuzzy
entire sequences space was introduced by Kavikumar, Azme
Bin Khamis and Kandasamy [8]. Also Orlicz space of Entire
sequence of fuzzy numbers was introduced by Subramanian
and Metin Basarir [9]. In this article we introduce some
subspaces of fuzzy entire sequence space and some of their
properties are discussed

II. PRELIMINARIES AND DEFINITIONS

We begin with giving some required definitions and propo-
sitions and lemmas. A fuzzy number is a fuzzy set on the real
axis i.e. a mapping u : R — [0, 1] which satisfies the following
four conditions.

(i) w is normal i.e. there exists an xg € R such that u(xg) =

1.

(i) w is fuzzy convex ie. u[Az + (1 — Ny >
min{u(z),u(y)} for all z,y € R and for all A € [0, 1].

(iii) w is upper semi-continuous.

(iv) The set [u]p = {z € R:u(z) >0} is compact (cf.
Zadeh [1] ) where {z € R : u(z) > 0} denotes the clo-
sure of the set {x € R : wu(z) > 0} in the usual
topology of R. We denote the set of all fuzzy num-
bers on R by E’ and called it as the space of fuzzy
numbers. a-level set [u], of u € E’ is defined by
. = {teR:u(t)>A}, (0<A<])

Ho TV FeR ) > AL, (A=0).

The set [u], is a closed bounded and non-empty in-

terval for each a € [0,1] which is defined by [u], =

[u™ (), v™ ()]
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R can be embedded in E’ since each r € R can be regarded
1, (x=r)

0, (x#r).

Let u,v,w € E' and k € R. Then the operations addition,
scalar multiplication and product and division defined on E’
by

as a fuzzy number 7 defined by 7 =

utv=w<e [wa=Iul,+ v, forall «cl0,1]
< w (o) =[u (a),v (a)] and
wt = [uT(a),v(a)] for all a € [0,1]
[kulq = k[u]o forall «€0,1]
and ww =w & (W] = [u]av]le foral a€]0,1]
where it is immediate that
w™ (a) = min{u~ (a),v” (a),u” (a),v"(
ut (@), v (@), u’ (a), v (a)}
o

a),

and w'(a) =max{u"(a),v (a),u” (a),v

ut(a), v (a), u’(a),v" (o)}

% = w=[w]o = [ua/[v]a forall e l0,1]

~ @ @] | v
{min{[ur(a) u=(a) ut(a) ut(a) }]

[v]t () v=(a)” vT(a) v (a)

Let W be the set of all closed and bounded intervals A of real
numbers with endpoints 4 and A i.e., A = [A, A].

Define the relation d on W by d(A, B) = max{|A — B|}.
Then it can easily be observed that d is a metric on w (cf.
Diamond and Kloeden [10] ) and (W, d) is a complete metric
space. Now we can define the metric D on E’ by means of
a Hausdroff metric d as

D(u,v) = ot d([t]a, [v]a)

a)7

= max{|u (@) — v~ (@)}, [u" (o) —v" ()]}

One can extend the natural order relation on the real line to
intervals as follows:

A<B ifandonlyif A<B and A<B

The partial order relation on E’ is defined as follows. u < v
if and only if [u], < [v], if and only if ©v™ () < v~ («) and
ut(a) < vt (a).

An absolute value |u| of a fuzzy number u is defined by

) max{u(t),u(-t)}, (t>0)
ul(t) = {07 .
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a-level set [|ul], of the absolute value of u € E’ is in the
form
[lulla = [u™ (a),v"(a)] where

[ul™ (o) = max{0,u” (a), —u™(a)}

Ju|" (@) = max{[u” ()], [u™ ()]}
Definition IL1. A sequence w = (uy) of fuzzy numbers is a
function u from the set N into E’.
The fuzzy number uy, denotes the value of the function at k € N
and is called the k-th term of the sequence. The set of all fuzzy

sequences is denoted by w(F).

Definition IL2. A sequence u = (ux) € w(F) is called
convergent with limit { € E' if and only if for every € > 0
there exists an ng = no(e) € N such that D(uy,u) < € for

all k > ny.

Definition IL3. A sequence v = (ur) € w(F) is called
bounded if and only if the set of fuzzy numbers consisting
of the terms of the sequence (uy) is a bounded set. That
is, a sequence (uy) € w(F) is said to be bounded if and
only if there exist two fuzzy numbers m and M such that
m < up < M forall k € N. In this article we define some sub
spaces T'(F,\), x(F) and T'(F, 1, d) of fuzzy entire sequences

space.

III. MAIN RESULTS

For each fixed k, define the fuzzy metric

D(ug,vr) = sup max{|ug (o) — vk_(oz)|1/k7
a€l0,1]
uf (@) = v (a)['/*}

Clearly (E’, D) is a complete metric space.
We define the space of all entire sequences of fuzzy numbers
by

I'(F) ={u= (u(k)) € w(F) : klim D(uy,0) =0}
—00
Theorem IIL.1. TI'(F) is a complete metric space with respect
to the metric
d(u,v) = sup D(ug,vg)
k

Proof: Let {u'} be a Cauchy sequence of fuzzy numbers
in I'(F). Then for given £ > 0 there exist ny € N such that

d(u®,u’) = sup D[ug), v,ij)] <e foralli,j>mny (1)
k

Since this is true for all k£, we have

D vy <& forall i,j > ng )

This leads to the fact that {u,(:)} is a Cauchy sequence of

fuzzy number in E. Since (E’, D) is a complete metric space,

{ugﬁ} — Uy, as i — o0.

Therefore, D(u/,(f)7 ug) < &, since this is true for all &,

supy, D(ul”  ug) < e implies that u() — u in I(F).

It is easy to see that u € I'(F).

Hence I'(F) is complete. |
Now we proceed to define some subspaces of I'(F).

Definition IIL.2. Ler A = () denote a fixed sequence of fuzzy
numbers such that i, # 0 for all k. We define the sequence
space T'(F, \) as follows:

D(F,\) = {u e T(F) : \u € T(F)}.

Theorem ML3. T(F,\) = T(F) if and only if
lim sup{D (A, 0)} < oc.

Proof: Suppose I'(F, \) = I'(F).
Let u € I'(F,\). Then Au € TI'(F'). Therefore for given
e > 0 there exist ng such that D(Agug,0) < e for all
k > ng. Suppose limsup{D(\g,0)} = co. Then there exist a
subsequence {ny} such that D(\,,,0) > M for some M > 0.
Therefore sup max { |\ (a)|V*, [\ ()|V/*} > M.

a€l0,1]

This implies that [\ ()% > M and |, (a)|Y/* > M.
Now, define a sequence of fuzzy numbers by

T, ifn=k,
Un,, = .
0, ifnk

Then u,, (o) =0 and u;} (a) = 1. Clearly (u,, €€ I'(F).
But |uf (a)A;,, ()% > M and |uf (o)) (a)|* > M,
which contradicts the fact that D(Agug,0) < e.

Conversely, Suppose lim sup{D(\, 0} < co. Then there exist
M > 0 such that D()\,0) < M for all k.

Obviously T'(F, \) C T'(F). Let u € I'(F'). Then D(uy,0) <
g/M. Now, D(Axug,0) < D(Ag,0) < D(ug,0) < € (see cf.
Talo [11]).

Hence \u € I'(F). From this we get I'(F') C T'(F, A).
Consequently, I'(F') = I'(F, ). This completes the proof M

Theorem IIL4. If A = (\y) and u = (uy) are any two fixed
sequences of fuzzy numbers and if {D(vi,0)} < M for all k
and for some M > 0, where yy, = K& then I'(F, ) C T'(F ).

Proof: Suppose {D(v,0)} < M for some M > 0.
Then sup,efo 1) max { | (@)%, |, (@)[V*} < M.

() @[
1/k

< M. From this we get

This implies that < M and

()" (@
Iy | < MM, ()],
and ’u;} < M‘AZ(Q)Iv

luh| < M\ (@)] (G
|| < M [N (a)]  (3b)
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Let w € I'(F,\). Then Au € I'(F). Therefore for given
e > 0 there exist ng € N such that D(\ug,0) < ¢/M for
all k£ > ng.

This implies that

D e max{ | ()~ (@) /%, | () (@)/4) < /M.
This means that |(\gup)”()|'/* < &/M and
|(Awur)t(@)|V/* < /M. From this we get

I\ (@ (@) <e/M, [N (@)wl(a)] <e/M @)

Using (3) and (4) we get

i (@) ()] = i ()] fug (0)] < M,
NG (@ (@) < M- — = ¢

Similarly we have |u; (a)u) (@)] < e
and |pf ()uy (o)) < & |pf(a)uf(a)] < e. Hence
SUDgeo,1) Max{| ()~ (@) V¥, [(urur) T ()[4} <.
This implies that D(ugug,0) < . Thus u € T'(F, p). |
Remark: The condition stated in Theorem IIL5 is not nec-
essary. Let us, now define a sequence (\;) = (), where
k € E’ and py = (1) for all k.
Then {D(~x,0)} and {D(ux,0)} are bounded sequences.
Thus by Theorem IIL4, I'(F, \) = I'(F, u) = T'(F).
Therefore I'(F, \) C I'(F, p).
But {D (£.0)

T'(F, \) is endowed with two topologies, one is the metric
topology inherited from I'(F'), its metric being

is unbounded. O

d(u,v) = sup{ sup max{|uy (@) — vy (a)|/*,

k a€l0,1]
jui (@) = vy ()]}

where u,v € T'(F,\). The other is the metric topology dx
given by
dx(u,v) = supy, Dy (ug, vk ), where

Da(ug,vg) = sup max {|A; (@) *Juy; (@) = o ()[VF,
agl0,1]

X (@) fuf () = v ()[V*}

and E' is complete with respect to D).

Theorem IILS5. If limsup{D(\;,0)} < oo then d is finer
than d)\.

Proof: To prove the result, it is enough to prove
that if {ux} is a sequences of fuzzy numbers converg-
ing to w in [['(F,\),d] then the sequence converges to
w in [['(F,\),d)]. Consider the identity mapping I from
(T(F,A),d) to (T'(F,\),dy) defined by u — u. Take u = 0,
where 0 is the zero element of T'(F). Since (ux) converges to
w = 0 in (D(F,\),d), given € > 0 there exists a positive
integer no such that d(u,0) = sup D(ug,0) < e for all

k > ng.
Let U = limsup{D()\,0)}

d(,0) = sup { sup max {I\7 (@) Ju (@))%,
k a€l0,1]

AT (@)1 ()] /¥ }
< Usup{ sup max {Ju (o)'/%, Ju ()]"/*} }
k a€l0,1]
< Usup D(u,0) < Ue
k

Hence (uy,) converges to 0 in (I'(F, \),d,). |

Theorem IIL6. (I'(F,\),dy) is a complete metric space if
and only if
liminf{D(\g,0)} > 0.

Proof: Let {u'} be a Cauchy sequence of fuzzy numbers
in T'(F, ). Therefore for given ¢ > 0 there exist no € N such
that dy (u?, u?) = sup Dy (u,(c”,u,(g)) < ¢ for all 4,5 > ng.
Since this is true for all k, D) (ug), ul(f)) < eforalli,j > ng.
This implies that

sup { sup max {| Ay (e)["/*o ™ (@) — ™ (@)%,

k agl0,1]

V@0 (@) = (@) Fy <e (3)
Let L =liminf{D()\;,0)}

= liminf{ sup max{\)\;(aﬂl/k, |)\Z(o¢)|1/’“}}

a€l0,1]
(6)
Using (5) and (6) we get
[l (@) = uf’ ™ (@) /% < — and ™

|u,(:)+(oz) _ u,(ch(oz)Il/k < % for all 4,5 > ng ®)

Hence {u,(:)} is a Cauchy sequence in E’ and since (E’, D)
is complete,
{ug)} —u  asi— 00 9)

Hence D(ug),uk) < ¢ for all ¢, j > no.
Letting 7 — oo in (7) we get

[ (@) = (@) < and
|u](€i)+(a) _UZ(Q)‘l/k < %
Now
g (@))% [ul? = (0) = up (a)/* <& and
INE @15 u?* (@) — uf ()| F < &
Hence

sup sup. ma { [N (@) [ (@) — i (a) /%,

k «a€l0,1]

AT @I [0 (@) = uf (@) /] < e
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Thus v — u in (T'(F, \), dy).
Since each (u?) is in ['(F) we have
D", 0) < % (10)
Using (9) and (10),
D(/\kuk,ﬁ) < D()\k,ﬁ)D(uk,ﬁ) (See [11])
< D(A, 0){D(ux,0) + D(u{”,0)}
< (5 E)
- L'L
Hence u € I'(F, ). Thus I'(F, \) is complete.
Conversely suppose lim inf{D(\z,0)} = 0.
Then there exist a subsequence {D(Ag,0} which is steadily
decreasing and tends to zero.
Consider a sequence {P,} of polynomials where P,(z) =
14+a™ 42"+ .- 442", Clearly this sequence is a Cauchy
sequence in (I'(F, \), dy).
But it fails to converge to a point in (I'(F, ), dy).
This completes the proof. ]

We now define the subsequences x(F') and I'(F,1,d) and
we show that they are complete.

Definition IIL.7. For each fixed k, we define a fuzzy metric

Dy (uy,v) = sup max {|klu; (o) — klvg, (a)|MF,

a€l0,1]

[kl (o) = klof ()] ¥}

where u = (ug) and v = (vg) are sequences of fuzzy numbers

and we can easily see that (E', D,) is complete.

Definition IIL8. The subspace x(F) of T'(F) is defined by
X(F) = {u = (u) €T(F): lim D, (uy,0) = 0}.

In other words given € > 0 there exists a positive integer

no € N such that D, (ug,0) < ¢ for all k > ny.

Theorem IIL9. x(F) is a complete metric space (See [10]).
Definition II1.10. For each fixed k we define a fuzzy metric
by

D(ug,vr) = sup max {kluy () = vy ()",

agl0,1]

kluf () = v ()%}

where u = (uy) and v = (vy) are sequences of fuzzy numbers
and it is clear that (E', D) is complete.

Definition III.11. We define the subsequence I'(F,1,d) of
I(F) by

D(F,1,d) = {u= (u) € I(F): klln;oﬁ(uk,ﬁ) =0}

In other words given € > 0 there exist ng € N such that

D(uk, 0) <eE.

Theorem IIL12. T'(F,1,d) is a complete metric space with

respect to the metric d(u,v)sup D(ug, vg).

Theorem IIL.13. x(F) is a proper closed subspace of
I(F,1,d).

Proof: Consider the sequence (uy) defined by (uy) =
(&) where k € E'.
Then (ux) € T'(F, 1,d) but (ug) & x(F).
Therefore x(F') is a proper subspace of I'(F, 1, d).
Let v € I'(F,1,d) be a limit point of x(F).
Then there exist a sequence (u?) in x(F) such that u® — u.
Therefore for given € > 0 there exist ng such that

d(u',u) = sup(u,(:')7 u) <e forall k> ny.
k

This implies that k[|u,(:)7(a) — u ()]M* < ¢ and
k[Jul"™ (a) — uf ()[]V/* < & for all k > ny.
Now our aim is to prove u € x(F).
(Ll (@]'* < (Ll (@) ]1/*
o+ [ZK]u” (o) = i (o) V"
< [2kluf) ()] + (£R)/H
Therefore u € x(F') and is closed. [ |
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