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On Four Models of a Three Server Queue with
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Abstract—We study four models of a three server queueing
system with Bernoulli schedule optional server vacations. Customers
arriving at the system one by one in a Poisson process are provided
identical exponential service by three parallel servers according to a
first-come, first served queue discipline. In model A, all three servers
may be allowed a vacation at one time, in Model B at the most two of
the three servers may be allowed a vacation at one time, in model C
at the most one server is allowed a vacation, and in model D no
server is allowed a vacation. We study steady the state behavior of
the four models and obtain steady state probability generating
functions for the queue size at a random point of time for all states of
the system. In model D, a known result for a three server queueing
system without server vacations is derived.

Keywords—A three server queue, Bernoulli schedule server
vacations, queue size distribution at a random epoch, steady state.

1. INTRODUCTION

ITERATURE on queues is full of papers on vacation

queues with many different vacation policies. A majority
of these papers are on a single server queueing systems
compared to two-server or multi-server systems. To mention a
few single server queueing systems with vacations, we refer
the reader to [1], [9] [10] and [6], [7]. Some papers on two
server queueing systems and multi-servers queuing systems
with vacations have been studied by [2]-[5], and [8].

In this paper, we study four models of a queueing system
with three parallel servers which are entitled to take an
optional Bernoulli schedule vacation on completion of each
service. In model A, we assume that all three servers are
allowed to take a vacation after completion of service which
means that at times the system may be empty with no server
working. In model B, we assume that at the most two servers
can be on vacation at a time, which means that there is always
at least one server available in the system at all times. In
model C, at the most one server may be allowed to take a
vacation, which means that at least two servers are always
available in system. In model D, we assume that no server is
allowed to take a vacation, which means that all three servers
are always available in the system. We have assumed that
servers follow a Bernoulli schedule server vacations, which
means that after completion of a service, if a server is eligible
to take a vacation then it may take a vacation with probability
p or else with probability 1-p may opt to remain in the system.
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Note that the multi-server queueing systems studied by [2] and
[8] follow different vacation policies.

II. MODEL A: ALL THREE SERVERS CAN BE AWAY ON
VACATION AT A TIME

A. States of the System and the Underlying Assumptions
A, (t): The probability that at time ¢, all three servers are

available in the system, and there are n > (customers in
the system including those in service, if any,
e T (t): The probability that at time t, only two of the three

servers are available in the system, one is on vacation and
there are N> 0 customers in the system including those in
service, if any,

e O, (t): The probability that at time t, only one of the three
servers is available in the system, the other two servers
are on vacation and there are n>(Ocustomers in the

system including those in service, if any.
e N, (t): The probability that at time t, none of the three

servers are available in the system and there are n>0
customers waiting in the queue
As soon as a service is complete, the server which
completed the service is eligible to take a vacation of random
length with probability p or with probability 1-p, it may opt to
remain in the system.
Let 77dt be the first order probability that a server’s

vacation will complete during the interval (t,t + dt].

If two servers are already on vacation, then the third server
cannot take a vacation, which implies that there is always at
one server available in the system.

The three parallel servers provide one by one service to
customers, based on a first-come, first-served basis according

to an exponential distribution with mean service tlme; , H> 0.

Arrivals are according to Poisson process with mean rate
A(>0)

B.Steady State Equations
Assuming that the steady state exists, we define

A = It_im AMb, T,= It_im T.0. o =LmoO,t and
—0 —0 t—o
N, = Lim N, (t) to be the corresponding steady states of the
t—w

system. Employing the usual probability arguments based on
the underlying assumptions, we obtain the following set of
forward equations:
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(A+3p)A, = A, +1T, +3u(l- P)A,,;,n 23, ()
(A+2u)A, = A +1T, +3u(1- p)A,, @
(A+ A = A, +1T, +2u(1 - PA,, 3)

A =0Ty + (1= PA, &

(A+2u+mT, = AT +3upA,, +2u(1-p)T,,, +270,,
n>2,

)

(A+p+mT, =T, + 2upA, +2u(1- p)T,,+270,  (6)
(A+mT, = 1A + pu(1- p)T,,+210, @)

(}“ + /,l+ 2’7)On = lon—l + lu(l - p)on+l + 2/’1 an+l +3’7N
n>1,

" (8

(A+21)0, = (1 - P)O, + 24T, +37N,,n > 1, ©)

(A+37)N, =AN_, + p0O,,,,n =1, (10)

n+l1>

(A+3mN, = up0;,n>1, (11)
C. Steady State Average Queue Size at a Random Point of
Time
Define the following probability generating functions:

A(2) = iAn 2" T(2)= ZTn "5 0(2) :ionz" s
n=0 n=0 n=0

N(z)=ian”|z|<l (12)

We perform i(l)z"“ +(2)2° +(3)2° + (4)z, use (12)
n=3
and simply to obtain
[2(A—Az+3u)-3u(- p)|Az) =n2T (2)
+u(z2=(1-p)) Az’ +2u(z—(1-p)) Az-3u2(z-DA,

(13)

Similarly, we performz (5)z™" +(6)2% +(7)z, use
n=2
(12) and simply to obtain

[2(A-Az+2p+n)-2u(1-p)]T(2)=
3upAD)+ (2~ (- p)) T,z +24T,2 (14)
—up Az =2up Az+2720(2).

and again, we performZ(S)z”” +(9)z, use (12) and simply

n=1
to obtain

[2(A—Az+p+2n7)—u(1-p) |O(2) =
2upT(2)—=2u pTy+ u(z—(1-p))O, +37zN(2)

(15)

n+l1

and yet again, we perform Z (10)z

n=1

+(11)z, use (12) and
simply to obtain
[2(2 - 22+ 3n)- 1IN (2) = 1pO(2) - 10O,
We re-write (11), (12) and (13) in matrix form as follows:

9,2 -nz 0 0 || A2 K. (2)

3w 9,(2) —2m 0 \1T(@)| | Ky(@) | (16)
0  -2wp 95(z) -3nz|0(2) K;(2)
0 0 P 94(2) |[N(2) - 1p0,

where;
9,(2)=2(2 -2z +3u)-3u-p),

0,(2)=2(A=Az+2u+n)-2u(1-p)
0:(2) = 2(A =22+ pu+2n)~ u(1 - p)

9,(2) = [2(2 - 22+ 3n) - up]
K\(2)=u(z-(1-p)) Az +2u(z-(1-p)) Az-3u2(z-DA
Ky (2) = u(z = (1= P,z +2uToz - ip A2* - 24p AZ
K3(2) = =24 pT, + u(z (1 p))O, -

Now, we solve (16) for A(2),T(2),0(z) and N(z) and
obtain

_N@ _N.(@» _N,(2) and
A(z) ) T(2) D)’ O(z)—m
N(Z)ZM (17)
D(2)
where

N,(2)= Kl(z)[gz(z)g3(z)g4(z) —3upnzg,(z)—4u ang4(z)]
+K, (D) 729:(2)9,(2)=3upn’?’ |+ K, (2)(27°2°9,(2))
~6upy’z’

401



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:10, No:8, 2016

N, (2) =K, (2)[ 31pg,(2)9,(2) - 94 P’z ]
+K, (2)[9,(2)9,(2)9,(2) -3 p129,(2)]
+2n2K,(2)9,(2)9,(2) - 61 Pﬂzzzgl(z)oo

N,(2) =64°p’9,(2)K,(2) +2up 9,(2)9,(2)K,(2)
+K,(2)[9,(2)9,(2)9,(2) - 612P779,]
+0,[ 94’7’2 = 3upn29,(2)9,(2) |

N,(2) =184 p'K,(2)~244pg,(2)9; (2)K, (2)
+K, ()| 4pg,(2)9,(2) - 644 P’ |
-0, [ 14P9,(2)9,(2)9:(2) — 44 P29, (2) =34 P29, (2) |

D(2) =9,(2)9,(2)9;(2)9,(2) —31p129,(2)9,(2)

—411p129,(2)9,(2) —31p129;(2)9,(2) + 91’ P’ 2
Now, we have to determine six unknown probabilities,
namely, A,, A, A,, T,, Tyand O, which appear in the

right side of terms K, (), K, (z)and K, (Z) defined above.

In order to achieve this, we proceed as follows:
First of all, we have to utilize the normalizing condition

A1) +T(1)+0(1) +N(1) =1 (18)

Next, it can be verified that the common denominator
D(z) found above is zero at z=1. Since each of the generating

functions A(z), T(z) O(z) and N(z) are analytic inside the
unit circle | Z |=1and have a finite value at z=1, therefore their
numerators N (z), N,(z)>N;(z) and N, (z)must vanish at
z=1, thus giving us 4 equations in terms of the unknown
probabilities A,, A, A), T,,T,and O,. In addition to the

normalizing condition (18) and these four equations, we have
equations (3), (4) and (7) in terms of the same six unknown
probabilities A,, A, A, T,,T,andO,. Thus a total of 8

equations are sufficient to determine these six unknown
probabilities.

II. MODEL B: UP TO TWO OF THE THREE SERVERS CAN
BE AWAY ON VACATION AT A TIME
A. States of the System and the Underlying Assumptions
A, (t): The probability that at time t, all three servers are
available in the system and there are N 2> 0 customers in the

system including those in service, if any,
T (t): The probability that at time t, only two of the three

servers are available in the system, one is on vacation and

there are N> 0 customers in the system including those in
service, if any,

0, (t): The probability that at time t, only one of the three
servers is available in the system, the other two servers are on

vacation and there are N 20 customers in the system
including those in service, if any.

As soon as a service is complete, the server which
completed the service is eligible to take a vacation of random
length with probability p or else with probability 1-p he may
choose to stay in the system. However, if two servers are
already on vacation, then the third server cannot take a
vacation, which implies that there is always at one server
available in the system.

Let pdtbe the first order probability that a server’s vacation
will complete during the interval (t,t +dt].

The three parallel servers provide one by one service to
customers, based on a first-come, first served basis according

1
to an exponential distribution with mean service time; , HZ 0.

Arrivals occur one by one according to Poisson process
with mean rate (> 0)

B. Steady State Equationss
(A+3)A, = A +iT, +3u(1-p)A,,.n23, (19

(A+2p)A, = AA +1T, +3u(1- PA;, (20)
A+ A =AA, +1T, +2u(1 - p)A,, @2n
AA, =Ty + p(1—- P)A,, (22)

(A+2u+mT, = AT +3upA,,, +2ul-p)T,,,
+2n0,, n=2,

(23)

A+ pu+mT, = AT, +2pA, +2u(1 - p)T,,+270, (24)

(/1 + 77)T0 = :UpA1 + /1(1 - p)Tl 7+27700 (25

(A+u+2n7)0, =10, ,+u O, +2upT,,,n=1  (26)

n+lo ' =
(A+27)0, = 1 O, +2upT,,n=1(27)

Define the following probability generating functions:

A=Y A", T(2)=>T,2",0(2)=>.0,2"
n=0 n=0 n=0
|z]<1. (28)
C. Steady State Average Queue Size at a Random Point of
Time
Proceeding as we did in Model A, we get
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[2(A-Az+3u)-3u(1-p) |A@2)=7nZT(2) 29)
+u(z2=(1-p)) Az’ +2u(z-(1-p)) Az-3uz(z-1A,

[2(A—Az+2p+n)-2u(-p)]T(2)=3upA(2) (30)
+p(2=(1=p) T,z +2uT 2 - up Az =2up Az +2720(2)

[2(2- Az + p+2n)- ujO(2) = 31
24pT(2) =24 Ty + u(z -0,

We re-write (29), (30) and (31) in matrix form as follows:

9.( -nz 0 A@D)| |K(@2)
=3up 9,(2) -2m || T(2)|=|Ky(D)
0 2w ¢g:(0]|0(D)] K@)

(32)

where;
9,(2)=2(2 =22 +3u)-3u(-p),

0,(2)=2(A-2z+2u+n)-2u(- p)
0:(2)=2(A-Az+u+2n)-u
Ki(2) = u(z=(1-p)AZ* +2u(z-(1- p))Az-3uz(z-DA,
Ky(2)=pu(z-(-p) Tz +2uTyz—up A2* —2up Az
K,(2)=—2upT, + u(z-1))0,.

Now, we solve (32) for A(Z),T(z)and O(Z) and obtain

N@ 1 N@ and g, - N (33)
=50 TP b PP o)

where;
N, (2) =K, (2)]9,(2)9,(2) — 4upnz] +n2[K,(2)9:(2) + 212K, (2)]
N,(2) =3up K, (2)9;(2) + K, (2)9,(2)9;(2) + 272K, (2)g, (2)

N,(2) =0,(2)9,(2)9;(2) +21pg, (2)K,(2)
S3upnzKy(2)+64°p*K,(2)

D(2) =9,(2)9,(2)9(2) —4upnz 9,(2) —3upnz 9;(2)

All six unknown probabilities, namely, A,, A, A, T,
T, and O, which appear in the right side of terms K, (2),
K,(z) and K;(Z) can be determined as in Model A.

IV. MODEL C: ONLY ONE OF THE THREE SERVERS CAN
BE AWAY ON VACATION AT A TIME

A. States of the System and the Underlying Assumptions
A, (t): The probability that at time t, all three servers are
available in the system and there are n >0 customers in the

system including those in service, if any,

T,(t): The probability that at time t, only two of the three
servers are available in the system, one is on vacation and
there are n>0customers in the system including those in
service, if any,

Let pdtbe the first order probability that a server’s
vacation will complete during the interval (t,t +dt].

As soon as a service is complete, the server which
completed the service is eligible to take a vacation of random
length with probability p, or else with probability 1-p, it may
choose to stay in the system. However, if one server is already
on vacation, then the second server cannot take a vacation,
which implies that there are always at least two servers
available in the system.

If one server is already on vacation, then another server
cannot take a vacation, which implies that there are always at
two servers available in the system.

The three parallel servers provide one by one service to
customers, based on a first-come, first served basis according

to an exponential distribution with mean service time —, #>0-
Y7

Arrivals occur according to Poisson process with mean rate
A(>0)

B. Steady State Equationss
(A+30)A, = A +0T, +3u(-P)A,,,n 23, (34)

(A+2wA, = A +1T, +3u(l- p)A,, (35)
A+ A = A, +1T, +2u(l - p)A,, (36)
AR = 1T, + (1= p)A, (37)

(A+2u+mT, = AT +3upA, +2ud-p)T ,, (38)
n>2,

A+ pu+mT, =T, + 2A, +2u(1- p)T,, 39)
(A+ 77)T0 = ypA +u(l- p)Tl > (40)
Define the following probability generating functions:

A(2) =§:An 2", T(2)= iTn 2", 0(2) = ionz” )
n=0 n=0 n=0

lz|<1. (41)
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C. Steady State Average Queue Size at a Random Point of
Time

Proceeding as we did in Model A, we get

[2(A-Az+3u)-3u(1-p)|AZ)=n2T(2) 2)
+u(z-(1-p)) Az +2u(z2-(1-p))Az-3uz(z-)A

[2(A-Az+2pu+n)-2u(1-p)|T(2) =

3upA)+u(z—(1-p)Tz+2uTz—up Az’ ~2up Az
(43)

We re-write (42) and (43) in matrix form as follows:
|: 9 —nz i| |:A(Z):| _ {K1(Z)}’ (44)
=3 9, D][T(@D)] [K,(2)

9,(2)=2(2 =22 +3u)-3ul-p).

where;

0,(2)=2(A—Az+2u+n)-2u(-p)
K (2) = u(z-(1-p)AZ" +2u(z-(1-p))Az-3uz(z-1)A,
Ko@) = uz-(-p)Nz+2uTz-mpAz* -2p Az

Now, we solve (32) for A(2),T(z)and O(Z) and obtain

A(Z): NI(Z) and T(Z)= NZ(Z) (45)
D(2) D(2)

where;
N,(2) =K,(2)9,(2) + 12K, (2)

N,(2) =3upK,(2) + 9,(2)K,(2)
D(2) =9,(2)9,(2) = 3upnz

All five unknown probabilities, namely, A,, A, A, T,
and T, which appear in the right side of terms K, (z) and
K, (Z) can be determined as in Model A.

V. MODEL D: NO SERVER CAN BE AWAY ON VACATION
(ALL THREE SERVERS ARE ALWAYS AVAILABLE IN THE
SYSTEM)

In this case, we let p=0, Tn =0, On =0 and Nn =0,
in the main results of any of the above three models.

T(z)=0, O(z)=0 and

Consequently, we get

N(z) =0 and

[2(A=Az+3p)=3u|A@2) = u(z-1) AT +24(2-1) Az
=Buz(z-1)Az

This gives

A = uz-1)A2’ +2u(z-1)Az=3u2z-DAZ (46
[2(2— Az +3p)-3u]

Alternatively, the above substitutions in the basic equations
(1) to (11) gives

(ﬂ' + 3#)An = ﬂ'An—] + 3IUAn-H ’n = 3’ (47)

(A+20)A, = IA ++342A, 48)
(A+ A =AA +21A,, (49)
AA, = LA, (50)

Solving (47)-(50) recursively, we obtain

A, :[IJ(%]” ;ﬂ »n=0,12 ... (51)
A (YA
0 (”!j[#j

The result in (51) is a known result of the M/M/3 queue.
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