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On a New Nonlinear Sum-difference Inequality
with Application

Kelong Zheng and Shouming Zhong

Abstract—A new nonlinear sum-difference inequality in two vari-
ables which generalize some existing results and can be used as handy
tools in the analysis of certain partial difference equation is discussed.
An example to show boundedness of solutions of a difference value
problem is also given.
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I. INTRODUCTION

HE sum-difference inequalities which provide explicit

bounds on unknown functions play a fundamental role in
the development of the theory of finite difference equations.
During the past few years, motivated and inspired by their
applications in various branches of difference equations, many
such inequalities have been established. For example, see [1],
[2], [7], [9] and the references given therein. In particular, Ma
and Cheung [7] considered

B
p(u(m,n)) < a(m,n) +b(m,n) Y c(s,n)p(u(s,n))
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+e(s, 1)), (1

where a(m,n), b(m,n), ¢(m,n) and d(m,n) have certain
monotonicity.

In this paper, we investigate more general nonlinear sum-
difference inequality as follows,
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where we do not require the monotonicity of a(m,n), b(m,n)
and fi(m,n,s,t). Our result can generalize the results in
[7] and be used more effectively to study the boundedness
and uniqueness of the solutions of certain partial difference
equation. Moreover, an example is presented to show the
usefulness of our result.
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II. MAIN RESULT

Throughout this paper, we denote Ng = {0,1,2,---
usual, the empty sum is taken to be 0. Assume that

}. As

(A1) a(m,n),b(m,n) and ¢(m,n) are bounded and nonneg-
ative for m,n € Ny and a(co0, 00) > 0;

(A2) fr(m,n,s,t) (k= 1,2) is nonnegative for m,n, s, t €
No;

(A3) wg(u) (kK = 1,2) is continuous and nondecreasing
function on [0, c0) and positive on (0, 00). They satisfy
the relationship w; o wo, that is, Z—f is nondecreasing

n (0, 00).
and define that

(Dl) d(m7 n) = SUPy<r,n<n,m,neNo CL(T, 77) and b(m7 n) =
SPpmST,nS’I],T,’WENo b(Tv 77)’

(DQ) fk (Tna n,s, t) = Squg-r,ngn,r,neNo fk(Ta 5, t);

(D3) Aju(m,n) =u(m+1,n)-u(m,n) and Azg(m,n,s,t)

= g(man78 + ]-7t) - g(mvnasvt)
(Ds) Foru > uy >0, Wi(u) = [ 34 e (k = 1,2). From

assumption (A3), Wy is strictly increasing so its inverse
W,:l is well defined, continuous and increasing in its
corresponding domain.

Theorem /: Under assumptions (A1)-(A3), if
Aqp(m,n)a(m,n) is nonpositive for m, n and nondecreasing
in n and u(m,n) is a nonnegative function for m,n € Ny
satisfying (2), then

u(m,n) < W{l[Wg(&(oo,n))

p(m,n) Z Z fa(m,n, s,t)

s=m+1t=n+1

i Aggz(m n,s,n) LG)
£ (W H(g2(00, 00,5 +1,00)))"
for m > M;,n > Ni, where
p(m,n)
~ B s—1 ~
b(m,n) Z c(s,m) H (1 + c(i,n)b(i,n)),
s=m+1 i=n+1
g1(m,n, s, t) =p(s,t)a(s,t),
ga(m,n, s, t) = Wi(g1 ( n,n,oo,t))
+p(m7n) Z Z fl(mﬁlﬂ'ﬂl)
T=m+1n=n+1
Asgi(m,n,7,t) @

= gwl g1(00, 00,7 + 1,00))’
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¢2(u) = z u), ¢1(u) = wi(u), Wy = I (Identity), and M
and NN are positive integers satisfying

Wi (a(oo, N1))

p(Mi, N1) Z Z fi(Mi, Ny, s,t)
s=Mi+1t=N1+1
n Z Aagk My, Ny,s,N1)

s=M; k 1gk(OOOOS—|—1OO)))

g/ = p_1o (5)
u

. w(2)’

Remark I: If wy, (k = 1,2) satisfies j ( y = 00, then
we may choose N; = 0 and M; = 0. As explalned in [9],
different choices of u; in Wj, do not affect our result.

Remark 2: If wg(u) (k = 1,2) is continuous positive
function on (0,00) but the sequence of {wy(u)} does not
satisfy w; o< wag, we can take a technique of monotonization
of the sequence of functions wyg(u) that calculated by

w1 (u) := eren[(a)i] w1 (),
() = max {221 a ).

oc(0,u] w1y (6)

Clearly, wy(u) > wg(u) (K = 1,2) and the new function
sequence {w(u)} satisfies the assumption (As).

Remark 3: We take ¢(u(m,n)) = v(m,n), then u(m,n)
= ¢~ (v(m,n)). Furthermore, if let fi(m,n,s,t) = d(m,n)
f(S,/t), f2(m7 n,s, t) = d(m’ n) e(s, t)’, wy (U), = ( ) (u)
= ¢ (¢ (W)w(p~'(v) and W2 (v) = ¢ (u)=p (¢~ *(v)), (1)
can be reduced to form of (2). So the result in [7] is the special
case of our result.

Before we prove the theorem, the following lemma should
be introduced [8].

Lemma I: (Pachpatte[8]) Let uy,,an,b, > 0, ¢, > 0 be
sequences defined for n € Ng satisfying the inequality

m

Up, S an + Gn Z bsusa n e NO' (6)
s=n+1
Then
m s—1
Up, S an + Adn Z bsas H (1 + bz%), (7)
s=n+1 i=n+1

for 0 <n <m,m € Ny.

ITII. PROOF OF THEOREM
Proof. From the definitions (D;) and Ds, a(m,n), b(m,n)
and fi(m,n, s, t) are nonnegative and nonincreasing in m and
n. Meanwhile, a(m,n) > a(m,n), b(m,n) > b(m,n) and
fe(m,n,s,t) > fr(m,n,s,t). a(co,00) > 0 in (A;) implies
that a(m, n) > 0 for all m > Mj, n > N;. From (2), we have
~ B
u(m,n) < a(m,n) + b(m,n) Z c(s,n)u(s,n)

s=m-+1
2 o]
> 2

k=1s=m+1t=

o0

fk(m, n, s, tywg(u(s,t)). (8)
n+1

Let
Y(m,n) = a(m,n) +
2 0o e}
D2 Do Fulmonss unlu(s, ). ©)
k=1 s=m+1t=n+1
Then
~ B
u(m,n) <Y(m,n)+b(m,n) Z c(s,n)u(s,n). (10)
s=m-+1

Keeping n fixed, from Lemma 1, we obtain

u(m,n) <Y(m,n)
B s—1

() D elsm)Y(sm) T] (14 elim)bi,n)

s=m+1 i=n+1

L+bmn) Y elsm) [] (14 e

s=m-+1 i=n+1

n))J(11)

where we apply the fact that Y (m,n) is nonincreasing in m.
For convenience, let

p(m,n) =1+
B s—1
bim,n) Y c(s,n) [ (1+cli,n)b(i,n)), (12)
s=m+1 i=n+1

where it can be seen easily that p(m,n) is also increasing in
m and n. So (11) can be rewritten as

u(m,n) <Y (m,n)p(m,n)

= p(m7 n)&(mv n)

w(m,n, s, t)ywg(u(s,t))

+
=
E
S
Mw
Mg

+Z Z Z Fk(m’vnvsvt)wk(u(svt»v (13)

k=1s=m+1t=n+1

where
= p(m,n) fx(m,n, s,t). (14)

Obviously, p(m,n)a(m,n) and Fy(m,n,s,t) (k = 1,2) are
nonincreasing in m and n.

Take any arbitrary positive integers M and N with M >
My, N > Nj. From (13) we have an auxiliary inequality as
follows

Fk(m7 ’I'L,S,t)

u(m,n) Sgl(M,N,WLTL)

+Z Z Z Fp(M, N, s, t)wg(u(s, t))(15)

k=1s=m+1t=n+1
M, n > N, where g¢;(M,N,m,n) =
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Then z(oco,n) = 0. z(m,n) is nonnegative and nonincreasing we have

in m and n and satisfies
/Z(oo,n)Jrgl(M,N,oo,n) dr
z

u<m7 n) = (M7 N n) - Z(mjn) 17 (m,n)+g1(M,N,m,n) F(T)
Moreover, _ i /Z(s+1»n)+gl(M7N,s+1,n) dr
z(s,n 1 ,N,s,n w1 (T)
—A1z(m,n) s=m io )+91(M,N,s,n)
2 [e%9)
< Fy(M,N,s,t
=SS (M, Nym o+ 1w (u(m +1,1)) —s;wtgl ! )
k=1t=n+1 o n
+ [Fo(M, N, s,t)
<3SN R Nm+ 1) S:%;M:Zn;l
- (g1 (M, N, 5,t) + 2(s,1))]

wr(g1(M, N,m +1,1) + z(m + 1,t)).  (18)

i Aggl (M, N,s,n)
Since Asgy (M, N,m,n) = Aip(m,n)a(m,n) is nonpositive w1(g1(00, 00,8+ 1,00))

and nondecreasing in m and n, so

_ Alz(m7n) + A391(M7 Nvman)
wl(z(m+ 17’”’) +91(M, N,m + 1an))

s=m

The definition of W3 and z(co,n) = 0 show

Wi(z(m,n) 4+ g1(M, N,m,n))
< Z Fy(M,N,m +1,t)

oo oo
< Wi(g1(M, N,o00,n)) + Z Z Fi(M,N,s,t)

f=ntt s=m+1t=n+1
+ [Fo(M,N,m +1,t) ER
t:;—l + Z Z [F2(M7N7S7t)
M, N,m+1,t)+ z(m+ 1, s=mlt=ntl
¢2(g1( Aggz(M(]V m n)))] ¢2(91(M’ N7 S,t)) + Z(S,t))]
Cwi(z(m+1,n) + g1 (M, N, m +1,n)) _ Z (Ag(gl(M’ ]:f71n2>o)) 0
0 wi1{g1(00, 00, )
s=m
< Y FR(MN.m+11)
t=n+1 or equivalently
+ 2 AN =(m,n) < (M, N,m, )
¢2(91(M, N,m +1,8) + 2(m +1,1))] + 3 S B(M N, s ) (WH (E(s,1) 1)
N A3gl(M7 N7m7n) (19) s=m+1t=n+1
wl(Z(m +1, n) + gl(oo, oo, m+ 1, OO))
where
where ¢o(u) = Tﬁgzg Noticing that
Z(m,n) = Wi(z(m,n) + g1 (M, N, m,n)),
z(m+1,n)+g1 (M,N,m+1,n)
_/ ar gg(M,N,TTLﬂ”L):Wl(gl(M,N,OOﬂl))
z(m,n)+g1(M,N,m,n)) w1 (T) 0 o
z(m+1,n)+g1(M,N,m+1,n) + ) (Af’ N, s, t)
e 7d7" 7 i Asg1(M,N,s,n) 22)
w1(z(m+1,n) + g1 (M, N,m + 1,n)) = w1 (g1(00, 00,5 4 1,00))
_ Alz(m7n)+A391(M7N7mvn) .
wi(z(m+1,n) + g1 (M, N,m + 1,n)) Letting
< > R(M,N.m+1,) Z(m,n)
t=n+1 [e%e) [e%s)
o = Y > B(MN,s t)g(Wy H(E(s,1))(23)
+ ) [B(M,N,m+1,t) s=mt1 t=nt1
t=n+1
d2(g1 (M, N,m+1,t) + z(m + 1,1))] from (21), we get
A391 (M7 N7 m, ’I'L)
w1 (g1 (00, 00,m +1,00)) E(m,n) < g2(M, N,m,n) + Z(m,n). (24)
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On one hand,
/2(m+1,n)+g2(M,N,m+1,n) dr
z

(m.n)+92(M,N,m.n) G2(W (7))
Z(m+1,n)+g2(M,N,m+1,n)
o

2(m.n)+g2(M,N,m,n)
dr
G2 (W H(Z(m + 1,n) + g2 (M, N,m + 1,n)))
A1Z(m,n) + Azga(M, N,m,n)
(W L (E(m + 1,n) + go(M, N,m + 1,n)))

< Y F(M,N,m+1,t)
t=n+1
A392(M7N7m7n)

B ¢2(W171(g2(007 00, m + 1’ OO)))

on the other hand,

)

/h(?ﬂ-‘rl,’ﬂ) dr
nmmy  d2(W (7))
R o
h(m,n) wa (Wi (7))
/Wfl(h(mﬂwn)) dr
- W (h(m,n)) wa(T)
= Wo(W H ((m + 1,1))) — Wa (W (h(m, n))).

Therefore,
/Z(m,n)Jrgg(JVI,N,oo,n) dr

Smm) boa (M. N.mm)  S2(Wi (7))
00 /E(s+1,n)+gz(ﬂ4,N,s+1,n) dr

$2(Wy (7))

IN

s=m 7 2(s,n)+g2(M,N,s,n))

i i Fy(M, N, s,1)

s=m+1t=n+1
_ Z _Al3g2(M> N7 S, n) , (25)
¢2(W (gQ(O0,00,S+1,00)))

s=m 1

IN

that is,
W2(Wf1(é(m’n) +g2(M7 N? m, n)))
< Wg(Wl_l(fé(oo, n) + g2(M, N, 00, n)))

+ Y. > F(M,N,s,t)

s=m+1t=n+1
[eS)

_ Asga(M, N, s,n)
s=m ¢2(W171(g2(007 0,5 + 1, OO)))

o0 o0
=Wa(gr(M,N,00,n)) + > Y Fo(M,N,s,t)
s=m-+1t=n+1

- A392(M7N757n)
- — , (20)
s=m ¢2(Wl (gz(O0,00,S—l— 1’00)))
where we apply the fact that Z(co,n) = 0 and

g2(M, N, 00,n) = W1(g1(M, N,o00,n)). From (17) and (22),

we get
u(m, n) < g1(M, N,m,n) + 2(m, n) = Wi (Z(m, n))
< Wit (g2(M, N,ym,n) + 2(m,n))
< Wy [Wa(g1(M, N, 00, n))

+ > > F(MN,s,t)

s=m+1t=n+1
_ = ABgQ(]\/I7NaS7n)
S 22(Wi (g2(00, 00,5 + 1, 00)))

for m > M and n > N. Replacing m and n by M and N in
(27) respectively, we have

] 27

u(M,N) < Wz_l[Wz(Ql(M> N,o0,n))

+ Z Z F2(M7Nasat)

s=M+1t=N+1
> Asgo(M, N, s,N)
s=M ¢2(W171(g2(007 0, s + 17 OO)))

]

Since M and N are arbitrary, we replace M and N by m and
n and get

u(m,n) < Wy [Wa(gi(m,n, 00,n))

+ Z Z Fy(m,n,s,t)

s=m+1t=n+1
oo

_ Azga(m,n,s,n)
s=m ¢2(W1_1(g2(007 o0, s + 1, OO)))

for m > M; and n > N;. From (12) and (14),
g1 (M, N, 00,n)=p(co,n)a(co,n) = a(oco,n). Hence, it fol-
lows from (28) that

ey

u(m, n) < WQ_l[W2 (d(oov n))
+p(m,n) Z Z fa(m,n, s,t)
s=m-+1t=n+1

> A3g2(m7n787n)

= (Wi H(ga(00, 00,5 + 1,00)))

B

This completes the proof. O

IV. APPLICATION TO A DIFFERENCE EQUATION

Consider a nonlinear difference equation

B
v(m,n) =a(m,n)+ 3 G(s,n,v(s,n))

s=m-+1
o0 o0
+ Z Z H(m,n,s,t,v(s,t)) (29)
s=m+1t=n+1
for m,n € Ng, where v(m,n) is an unknown function for
m,n € Ng. Suppose that
|G (m,n,v(m,n))| < c(m,n)fo(m,n)],
[H (m,n,s,t,0(s,1))| < fi(m,n, s, hwi(|v(s, t)])
+f2(m7 n, s, t)wQ(‘U(Sv t)|)7
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where wy x ws holds. If v(m,n) is a solution of (29), then

B
u(m,n) < a(m,n) + Z c(s,n)u(s,n)
s=m-+1

oo o0

£35S flmon,s, hwg(uls, 1)), (30)

k=1s=m+1t=n+1
where u(m,n) = [v(m,n)| and a(m,n) = |a(m,n)|. Apply-
ing Theorem 2.1, we have

u(m,n) < W{l[WQ(EL(oo?n))
+p(m,n) Z Z fa(m,n,s,t)

s=m+1t=n+1
+ —
s:z’m G2 (Wi (g2(00, 00, 5 4+ 1,00)))

Azga(m,n,s,n)

] G

where p(m,n) = 14 30,4 e(s,n) [T, (1 + (i)
and other functions are defined in Theorem 2.1. Clearly, (31)

implies the boundedness of solutions of equation (29).
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