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New Stability Analysis for Neural Networks with
Time-Varying Delays
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Abstract—This paper studies the problem of asymptotically
stability for neural networks with time-varying delays.By establishing
a suitable Lyapunov-Krasovskii function and several novel sufficient
conditions are obtained to guarantee the asymptotically stability of
the considered system. Finally,two numerical examples are given to
illustrate the effectiveness of the proposed main results.
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I. INTRODUCTION

ECURRENT neural networks including Hopfield neural

networks (HNNs) and cellular neural networks (CNNs)
have been studied extensively over the recent decades [1]-[10]
and have been widely applied within various engineering fields
such as neuro-biology, population dynamics and computing
technology.Up to now,various stability conditions have been
obtained. But because of the hight speed of information
processing,there inevitably exist time-varying delays in neural
networks. Therefore, the problem of stability of recurrent
neural networks with time-varying delay is importance in both
theory and practice.

The problem of global asymptotically stability analysis for
delay neural networks has been studied by many investigators
in the past years. Through employing different Lyapunov
Krasovskii functionals and LMI technique stability criteria
were obtained. The following works have studied the global
asymptotically stability for delayed neural networks . In [5],
some sufficient conditions are obtained for existence and
global asymptotically stability of constructing a new Lyapunov
functional and using free-weighting matrix method,some more
less conservative criteria were obtained.In [11], By introducing
triple-integral terms and convex optimization approach,the
results obtained were improved further than [5].

Motivated by these observations, it is of great importance to
further investigate the stabilization problem of delayed neural
networks by making use of the delay interval of neurons.
In this paper, our attention focuses on the asymptotically
stabilization problem of a class of recurrent neural networks
with time delay.By choosing a new Lyapunov functional which
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fractions delay interval and employing different free-weighting
matrices in the upper bounds of integral terms to guarantee
the stability of the delayed neural networks. It is shown that
this obtained conditions have less conservatism. Finally, a
numerical example is given to show the usefulness of the
proposed criteria.

Notation: Throughout this paper, the superscripts ' — 1’ and
"T” stand for the inverse and transpose of a matrix,respectively;
R™ denotes an n-dimensional Euclidean space;R"™*™ is the
set of all m x n real matrices; P > 0 means that the matrix
P is symmetric positive definite, diag(...) denotes a block
diagonal matrix. In block symmetric matrix or long matrix
expression, we use (*) to represent a term that is induced by
symmetry,/ is an appropriately dimensional identity matrix.

II. PROBLEM STATEMENT

Consider the following neural networks with time-varying
delays:

(t) = —Cz(t) + Ag(2(t)) + Bg(2(t — 7(t))) + e))
z2(t) = (1)t € [-72,0] )
where z(t) = [z1(t),22(1),..., 2, ()]T € R™ is neuron

vector g(2(1))) = [g1(21(t)), g2(22(1)), - .-, g (2a (1))]T € R”
denotes the neuron activation function, A € R"*", B € R"*"
are the connection weight matrices and the delayed connection
weight matrices,C' = diag{cy,ca,...,c,} > 0. respectively,
w = [p1,p2,...,pn]T is constant input vector, T(t) is a
continuous time-varying function which satisfies.

71 <7(t) <72, 7(t) < w 3)

where 71,79 and wu are constants.
The following assumption is made in this paper.

Assumption 1. The neuron activation functions g¢;(¢) in (1)
are bounded and satisfy

v{SMSﬁ,x,yGﬂ,x#w:l,?,---,n
—y
)

Where ~;", 'yj' (i =1,2,...,n) are positive constants.
Assumption 1 guarantees the existence of an equilibrium
point of system(1)[13].Denote that z* = [27,25,...,25]T is
the equilibrium point. Using the transformationz(-) = z(-)—z*
system (1) can be converted to the following error system:

i(t) = =Cu(t) + Af(2(t)) + Bf (x(t — 7(1))) )
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where z(t) = [21(t),22(t),...,2n(t)]T € R™ is the neuron

vector, f(x(t)) = [fi(z1(t)), fa(z2(t)),. ., fu(z ()T €

R™ denotes the neuron activation function.
Let fi(z(t)) = gi(zi(-)) — gi(2}),i =1,2,...,n.we can get
__ hilwm®)
L)
Lemma 1 [12]. For any constant positive matrix Z € %",
Z = ZT > 0, scalars hy > hy > 0 such that the following
integrations are well defined, then

—(hg — hq) /:

SV?;fé(O):O,iZLQ,..wn (6)

T (s)Zx

hy
_ / T
ho

Lemma 2 [13].By (6) the following inequalities hold
;i (t)
o< [ 1) -
0

(s)ds <
. ™
(s)dsZ/h x(s)ds

2

i slds < [fiwi(t)) — i @i(8))ai ()

®)

;(t)
OSA b s — fi(s)lds < [y mt) + il (8) ]t
)

III. MAIN RESULTS
In this section, we propose a new asymptotically criterion
for the neural networks with time-varying delays system. Now,
we have the following main results.

Theorem 1.For given scalars I'v = diag(yy,7v5 57 )
Ty = diag(yy, 7, - v )u > 0, the system (5) is
globally asymptotically stability if there exist the
symmetric positive definite matrices P, Q;(i = 1,2,3),

R;(i = 1,2,3), My, My, N1, Ny. positive diagonal matrices
A = diag(A1, A2y oy A\n), A = diag(01,02,...,0,), and
arbitrary matrices H;, Ho, W7,W5, such that the following
LMiIs hold:

en @1 Q2 0 e5 e O
* €929 Q3 0 0 0 0
* * €33 0 0 0 _H2
E=1 % * *  eqq 0 eyq 0 <0 (10)
* * * % es5 €56 0
* * * * * €66 0
* * * * * (rdrd

en1 = —PC — CP —2I',AC + 2I'MAC + Ry + Ry + Rs

+ CT Q1 + T3Qa + (12 — 71)2Q3]C — Q1 — Q2 + My
— 2"y Whls

€15 = PA—-CA— FlAA+F2AA+AC+ Wl(Fl +F2)
— T+ 75Qa + (12 — 1)?Qs]A + Hy

e = PB— CT[12Q1 +72Q + (12 — 71)?Qs]B
—T1AB +T2AB

ey = —Ri — Q1 — Q2,33 = —Ry — Q3 — Q2 — My

eqs = —(1 —u)(Rs + My + My) — 2I'1 Wal'y

eas = —(1 — u)(Hy — Hy) + Wa(T'y +T5)

ess = 2AN — 20A + AT[r2Q1 + 12Q2 + (12 — 1) Q3] A
+ Ny —2W

es6 = BA — AB + AT[r2Q1 + 12Qa + (12 — 71)?Qs] B

[Q1+73Q2 + (12 — 11)°Qs]B —

€66 — BT[T1
— 2Ws

(1 —u)(N1 — Na)

Proof: Construct a Lyapunov-Krasovskii function as the
follows:

Vi(ze) = Z Vi(zt)
where
a:l(t
Vi(zy) = +2Z/ i(s) —; s)ds

))ds]

i (t)
+/ 5:(vts — fils
0

Va(ar) = /t tn 27 () Ry (s)ds + /t th 27 () Ry (s)ds

t
+/ 27 (s)Rax(s)ds
t—7(t)

0 gt

3(xt) =71 $)Q1%(s)dsdb
—T1 t+9
0 gt

+ 79 / $)Q2(s)dsdl
—79 Jt460

2—71/ / a7 $)Qsx(s)dsdl
t+0

wm—[mbﬁ$rmlﬁﬂfﬂﬁs

(
+1i:”{é$JTP§<%}bagﬂds

The time derivative of V' (z;) along the trajectory of system
(5)is given by

V(-Tt) = Z"/i(ﬂ"t)

where

Vi(we) = 227 (8) Pi(t) + 2[(f7 (2(t)) — «” (£)T'1) A1)
+2[(a" ()T — [ (x(t)))Ali(t)

(11
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3
Va(xy) = xT(t)(Z R)x(t) — xT(t — 1) Ryx(t — )

— (L =7(0)2" (t = 7(t)) Raz(t — 7(t))
— 2T (t — 7)) Rox(t — )

3
< xT(t)(Z R)x(t) — 2T (t — 7)) Ryx(t — 1)

— (1 —w)aT(t —7(t))Rax(t — 7(t))
- mT(t — 7o) Rox(t — 72)
(12)

Vs(xy) = &7 (1) [72Q1 + 4Q2 + (12 — 11)?Q3i(t)
o /t T ()Qui(s)ds
o /t T (5)Qui(s)ds

— (12 — 71)/ s g'gT(s)Qg,g'c(s)ds

t—71

< @T (B[ Q1 + 13Q2 + (2 — 71)°Qs] ()

— [a(t) — 2t — 7)) Qula(t) — x(t — )]
— [x(t) — 2(t — 7)) Qala(t) — x(t — 72)]
— [zt — 1) —x(t — Tl)}TQ3[1:(t — 7o) —a(t — 1))

13)

Vi) = M@))T N | -
I T[M1M2 H17H2]

X

* Nl—N2

] [ R

(- (2)
x(t — 1)
L falt =)

< LZ”XE»}T ] ) -

[ et =) ]T [Ml ~ M, H —HQ]
fx(t—7(t))) * Nle N,
<L) - )
o x(t —72) ]
f(:r(t - 72))

(14)

From (6), there exist positive diagonal matrices W7, Wo,such
that the following inequalities hold:

— 2T (@(t)) Wi f(x(t) + 227 ()W (L1 + o) f(2(t))
— 22T ()T Wi Tax(t) > 0
(15)

= 2fT (@t — () Waf (x(t — 7(8)) + 227 (t — 7(1)) W2
x (T + Do) f(z(t — 7(t))) — 22T (t — 7(£)) L1 Wal'y
x z(t—71(t)) >0

(16)
From (11) — (18) we can get
V() < g"(t)Eg(t) <0 (17
where
g(t) =[z(t),z(t — 1), x(t — 72),2(t — 7(t)), f(2(1)),

Fla(t—7(0))), f(a(t —72))]"

(18)
This means that the system (5) is asymptotically stable, which
complete the proof. |

Remark 1.Theorem 1 gives a stability criterion for system
(5) with 71 < 7(t) < 79,7(t) < w, where u is a given
constant. In many cases, v is unknown.Considering this case,
there have the following corollary.

Corollary 1.For given scalars I'y = diag(v{ , V5 * V)
Ty = diag(yi vy ,---,7) , the system (5) is globally
asymptotically stable if there exist symmetric positive definite
matrices P, Q;(1 = 1,2,3), R;(i = 1,2), My, M, Ny, No.
arbitrary matrices Hy, Hy, W1,Ws, positive diagonal matrices
A = diag(A1, A2, ..., ), A = diag(d1,09,...,0,), such
that the following LMIs hold:

(&

1n Q1 Q2 0 e e 0
* €929 Qg 0 0 0 0
* * ezz 0 0 0 —Hs
E =1 % * *  eqqs 0 eyq 0 <0 (19)
* * * ¥ es5 €56 0
* * * * ¥ egp 0
* * * * * * (rdrd

e11 = —PC — CP —2I)AC + 2I'MAC + Ry + Ry + R3
+CT Q1+ 13Q2 + (2 — 11)°Qs]C — Q1 — Q2 + M
=2 Wil

€15 = PA — CA — FlAA+F2AA+ AO+ Wl(Fl +F2)
— T Q1+ 75Q2 + (12 — 11)?Qs]A + Hy

e = PB — CT[72Q1 + 72Q4 + (12 — 71)?Qs] B
~T1AB +T2,AB

€2 =—R1 — Q1 —Q2,e33=—FR2 — Q3 — Q2 — M>
eq4 = 21 W59, €46 = W2(F1 + FQ)

ess = 2AN — 2AA + AT[72Q + 12Q0 + (12 — 11)%Q3)A
+ Ny —2W

es6 = BA — AB + AT[72Q1 + 72Q2 + (12 — 11)2Q3] B

€66 = BT[Tle + T22Q2 + (Tg — T1)2Q3]B —2W,

) . o |My—My, H,—H,
Proof: Choosing Rz = 0, . N, — N,

Theorem 1,0one can easily obtains this result.

=0in
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TABLE 1
ALLOWABLE UPPER BOUND OF 72 WITH VARIOUS u

u 0.6 0.8 0.9 1.2
[14] 2.9219 1.7428 1.3246 1.2165
[15] 2.9334 1.7557 1.3423 1.2323
[16] 2.9876 1.7750 1.3747 1.2612

this works 00 [e's) [e%S) 00
TABLE II

ALLOWABLE UPPER BOUND OF 79 WITH VARIOUS u

u 0.4 0.45 0.5 0.55

[17] 3.99 3.27 3.05 2.98
[18] 4.38 3.60 333 323
[19] 4.39 3.67 3.46 341
[20] o) [e9) o) o)
Theorem 1 00 00 00 00

IV. EXAMPLES

In this section,we provide the simulation of examples to
illustrate the effectiveness of our method.

Example 1. Considering the system (5) with the following
parameters:

2 0 1 1 0.88 1
e=fp sl A=

I'y = diag(0,0), I’y = diag(0.4,0.8)

First,the maximum delay bounds 7, are shown under 7y = 0
and different « are list in Table 1.

Example 2. Considering the system (5) with the following
parameters:
{1.5 o} Ao {0.053 0.0454}

=10 oz 0.0987 0.275

B_ 0.2381 0.9320
~10.0388 0.5062

'y = diag(0,0), Ty = diag(0.3,0.8)

Table II lists out the comparison results on the maximum delay
bound allowed via the methods in recent paper and our new
established criterion.

V. CONCLUSION

In this paper,a new stability analysis for neural networks
with time-varying delay is proposed. A suitable Lyapunov
functional has been proposed to derive some less conservative
delay-dependent stability criteria by using the free-weighting
matrices method and the convex combination theorem. Finally,
two numerical examples have been given to illustrate the
effectiveness of the proposed method.
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