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New exact solutions for the (3+1)-dimensional
breaking soliton equation
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Abstract—In this work, we obtain some analytic solutions for
the (3+1)-dimensional breaking soliton after obtaining its Hirota's
bilinear form. Our calculations show that, three-wave method is
very easy and straightforward to solve nonlinear partial differential
equations.
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|I. INTRODUCTION

N recent years, many kinds of powerful methods have been

proposed to find solutions of nonlinear partia differential
equations, numerically and/or analyticaly, e.g., the variational
iteration method [1], [2], [3], the homotopy perturbation
method [4], [5], [6], [7], [8], parameter expansion method [9],
[20], [11], spectral collocation method [12], [13], [14], [15],
[16], homotopy analysis method [17], [18], [19], [20], [21],
[22], and the Exp-function method [23], [24], [25], [26], [27],
[28].

The (2+1)-dimensional nonlinear breaking soliton equation
has the following form

Ugrry = 07 (1)

this equation describes the (2+1)-dimensional interaction of
the Riemann wave propagated along the y-axis with a long
wave propagated along the z-axis [29]. Wazwaz [30] intro-
duced an extension to equation (1) by adding the last three
terms with y replaced by z. His work, enables us to establish
the following (3+1)-dimensional breaking soliton equation

Ugt — Agyly — 2Ugpply —

Ugt — 4“1 (uwy + uwz) - 2ulL (uy + uz)_
(umzmy + Uzzzz) = 07

@

where u = u(z,y, 2,t) : Ry x Ry x R; x Ry — R.

Recently, Dai et a. [31], suggested the three-wave method for
nonlinear evolution equations. The basic idea of this method
applies the Painlevé analysis to make a transformation as

u="T(f) ©)

for some new and unknown function f. Then we use this
transformation in a high dimensional nonlinear equation of
the general form

'):07 (4)
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where u = u(z,y, z,t) and F is a polynomia of » and its
derivatives. By substituting (3) in (4), the first one converts
into the Hirota's bilinear form, which it will solve by taking
a specia form for f and assuming that the obtained Hirota's
bilinear form has three-wave solutions, then we can specify
the unknown function f. For more details see [31], [32]. In
this paper we solve equation (1) by the three-wave method
and obtain some exact and new solutions for it.

I1. THE (3+1)-DIMENSIONAL BREAKING SOLITON
EQUATION

In this section, we investigate explicit formula of solutions
of the following (3+1)-dimensional breaking soliton equation

Ugt — AUy (Ugy + Ugs) — 2 Ugy (Uy + uy)— ®)
(uzmzy + uzzrz) =0.

To solve this equation we suppose that
0=y+kz (6)
then equation (5) reduces to

Ugt — 4 (k+ Dugugg — 2 (k + Dugpug —

()
To solve equation (7), we introduce a new dependent variable
u by

uw=2(nf), (8)

where f isan unknown real function which will be determined.
Substituting equation (8) into equation (7), we have

[2(ln f)z}zt —4(k+ 1) [ (In f) Z]z [2 (In f)z]ﬂ’*
2(k+1) 2(In f)a]es [2(In f)a]o ©
—(k+1)[2(In f)z)zzee =0,

which can be integrated once with respect to x to give
2(n f)lee = 3 (k + 1) [2(In f)lae (210 f)]zo—
1((111 Haze (0 f)zo— (10)

(I f)za (I f)aze) = C,

where 9710, = 1. Taking C = 0, therefore, equation (10) can
be written as

(k + 1)[2(111 f)]a::m:() + 20,

(DD +D3Dg)f - f+2 (20,1 (D(In faw - (In fzg) = 0,

(11)

(k + 1)uIZI9 =0.
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where the D-operator is defined by

D;anlngD?f(xvyyzvt) -g(x,y,z,t) =

[f(xl7 Y1, 21, tl)g(x27 Y2, 22, t2)}7
and the right hand side is computed in
TI=T2=2T, N=Y2=Y, 21 =22=2, t1 =tz =1t.

We suppose that

(’9;1(D$(1n Pz - (0 f)ze) =0, (12
note that to have a correct solution for eguation (5) we must
consider (12) in our algebraic systems of equations, which
that will be our modification from the three-wave method.
Therefore, by our assumption, equation (11) reduces to

(DoDy+ D3 Dg)f - f = 0. (13)

Now we suppose that the solution of equation (11) as

f(z,&t) =e % +6; cos (&) + 6z e 14

where

and a;, b;, ¢;, §; are some constants to be determined later.
Substituting equation (14) into equation (13) and equating all
coefficients of sin(&s), cos(&2), exp(&1) and exp(—¢&1) to zero,
we get the following set of agebraic equation for a;,b;,c;,
8, (i=1,2)
3 agzalbl + 3&12172(12 - kb2a23 + 3 ka12b2a2 + C1a7
fkaq?’bl — a13b1 — b2a23 — ag2C2 + 3ka22a1b1 = 0,
ka23b1 + 3b2a22a1 - 3a12b1a2 - ka1352 + c2a1
-3 ka12b1a2 +3 kb2a22a1 — a13b2 + (123()1 + cra2 = 0,,
—4 ]{)(5126L23b2 - 461261,23()2 - 612(1262 — 16 k‘a1353b1
—16 04135351 + 4(31(1153 = O,
(16)
and from our assumption, that is, from equation (12) we have
a2461 — a13a262 — a23a1bz + a22b1a12 = 0,
—4 a12a22b2 + 4a13a2b1 -+ 4a23b1a1 — 4a14b2 =0.
17)

Solving the system of equations (16) and (17) with the aid of
Maple, yields the following cases:

A. Case 1
bl _ %701 _ b2a1(a12—(;?;1122)(1c-!—1)7
(18)
o = by (a1® — kag® + 3kar® — ag®) , 02 = Jiiﬁaz

for some arbitrary real constants a1, as, b, k and §;. Substi-
tute eguations (18) into eguation (8) with equation (14), we
obtain the solution as

f (ZE, Y, 2, t) = 67£1 + 61 COs (52) + 52661
and

—aje”¢ — &y sin (&) az + draref?

t) =2
u(@y,2,1) e~81 4 §1 cos (&) + daelt

(19)

for
& = a1z + b2(l1Ely2+kz) n baar(—3 a22+kc;1:73 ka,22+a12)t’
and
§2 =
as® + by (y + kz) + (3 a1%by — kboas? + 3 ka1?by — baas?) t,
and
by = — oy

If 52 > 0, then we obtain the exact breather cross-kink solution

—2a1y/d2sinh(& — 8) — 61 sin (&2) as
24/85 cosh (&1 — B) + 1 cos (&2)

u(z,y,z,t) =2

for 1
/8 = 5 1n(§2)
If 52 < 0, then we obtain the exact breather cross-kink solution

—2a1y/—02 cosh(§ — B) — &1 8in (&) ag

@y zt) =2 2+/—dysinh(&; — B) + 81 cos (&2)
for
=1 In(-6)
=3 5).
B. Case 2:

a1 = iag,co = 0,b0 =0,c1 = —4 a22b1 (k + 1) (20)

for some arbitrary real constants as, b1, k, 61 and d-. Substitute
equation (20) into equation (8) with equation (14), we obtain
the solution as
f(@,y,2,t) = e 46y cos (&) + Gpe™
and
—iage™¢ — &y sin (&) ag + iaasett
e~¢1 + &y cos (&) + daelt

u(z,y,z,t) =2 (21

for
£1 = iCLQCE + bl (y + kz) - 4(122b1 (k + 1)t

§2 = asg®.
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We make the dependent variable transformation in eguation
(21) as follows
oy = —1 Az, (22)

where A, is real. We obtain new form for equation (21) as

follows

nge*q + 467 sin (é;) A2 + (521426&;
e~81 + 0y cos (&2) + daefi

u(‘rvy»th):Q

(23)
for

& = Aga +by (y +kz) +4 A%y (k+ 1)t

fg =— A2 Z.
If 55 > 0 then we obtain the exact breather cross-kink solution

—2 Ap\/0z sinh(& — ) + idy sin (§3) Ay

U(«T,yvzvt) =2 2\/@(105}1(&-;‘ —ﬁ)‘i‘(sl COS(&;)

for

1
6= 3 In(6).

If 55 < 0 then we obtain the exact breather cross-kink solution

—2 Ag\/—02 cosh(&5 — B) + id1 sin (&) Ag
2 /=9y sinh(&F — B) + 61 cos (£3)

u(x,y,z,t) =2

for 1
0= 3 In(—d2).

C. Case 3

ayp = iaz,bl = ibg,
(24)
c1 = —1 (8 kb2a22 + 8b2a22 + CQ) ,52 = %
for some arbitrary real constants as, bo, co, k and §;. Substitute
equation (24) into equation (8) with equation (14), we obtain
the solution as follows

f(x,y,2,t) = e 5 + 8 cos (£2) + dae®t

and

—iage ™% — &y sin (£2) ag + i2a0et

2
e~ + & cos (&2) + daebt (25)

u(z,y,z,t) =2

for
& =iasx + ibo (1/ + k'Z) —1 (8 kb2a22 +8 b2a22 + CQ) t

Eo = asx 4+ bo (y + kz) + cot
and )
)
by = %.

We make the dependent variable transformation in equation
(25) as follows

(26)

a9 :7:142,
by =i By, (27)
c2 = 1Oy,

where Ay, B, and Cy are rea. We obtain new form for

equation (25) as

Ay (e7$1 — &y sinh (&) — d2e81)
e¢1 + 1 cosh (£3) + gefi

u(z,y,z,t) = =2 (28)

for
& = Asx + Boy + Bakz + (8 BokAs® + 8 BoAs® — C) t

E; = Asx + Boy + Bokz + Cst.
If 55 > 0 then we obtain the exact breather cross-kink solution

Az (2 V3 sinh(¢ — ) — b sinh (£5))
21/85 cosh(&; — B) + 61 cosh (£3)

u (3?7y>27t) =-2

for )
1 5
B=5m@) . G=-.

If 55 < 0 then we obtain the exact breather cross-kink solution

Az (2V/=02 cosh(&f — ) — 81 sinh (€3))
2\/=0d2sinh(&] — 3) + 61 cosh (&3)

u(x7y7zvt) = -2

for
1
0= 5 ln(752) 5 62 = 74 .

I1l. CONCLUSIONS

In this paper, we introduced a modification of three-wave
method, and we obtained some analytic solutions for the
(3+1)-dimensional breaking soliton eguation in its bilinear
form. We can apply this modification when a PDE does not
have a bilinear closed form. By comparison of three-wave
method and another analytic methods, like HAM, HTA and
EHTA methods, we can see that the new idea is very easy
and straightforward which can be applied on another nonlinear
partial differential equations.
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