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Multiple positive periodic solutions to a periodic
predator-prey-chain model with harvesting terms

Zhouhong Li and Jiming Yang

Abstract—In this paper, a class of predator-prey-chain model
with harvesting terms are studied. By using Mawhin’s continuation
theorem of coincidence degree theory and some skills of inequalities,
some sufficient conditions are established for the existence of eight
positive periodic solutions. Finally, an example is presented to
illustrate the feasibility and effectiveness of the results.

Keywords—Positive  periodic  solutions;  Predator-prey-chain

model; Coincidence degree; Harvesting term.

I. INTRODUCTION

REDATOR-PREY phenomena occur commonly in eco-

logical systems, and they are always interesting topics of
population dynamics. For autonomous predator-prey systems,
i.e. all coefficients being constants, we usually pay much
attention to the existence and stability of their equilibria, espe-
cially positive equilibria; but we investigate the existence and
stability of periodic solutions for non-autonomous systems [1-
3], whose coefficients are time dependent. When the seasonal
effects, food supply, mating habits, etc., are considered, the
non-autonomous systems are necessary.

In recently years, the existence of periodic solutions in
biological models has been widely investigated by many
researchers (see[4-6]). Models with harvesting terms are often
considered(see[5-6]). Generally, the model with harvesting
terms is described as follows:

j“l - xlf($17$27x3) - h/v
-t2 - ng(w17x27'r3) - kv
i3 = z3h(z1, 72, 73) — I,

where x1, x2 and 3 are functions of three species, respec-
tively; h, k and [ are harvesting terms standing for the harvest
rate. Considering the inclusion of the effect of changing
environment, Dong et al.(see[4]) considered the following
model of ordinary differential equations with predator-prey-
chain system impulsive perturbation:

Ni(t) = Ni(8) (b (t) — ana () N1 (1)

. *a12( )V ( ) t# ty

No(t) = Na(t)( — ba(t) + asi (t) N1 (t)

) —ag(t)Na(t) — azs(t)Ns(t)), t#ty

Ns(t) = N3(t)( — bs(t) + as2(t)Na(t)
—ass(t)Ns(t)), t# ty

Ni(tf) = (14 Gir)Ni(te), t =t
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where 1 = 1,2, 3.

To the author’s knowledge, three-species periodic periodic
predator-prey-chain model with harvesting terms have not been
discussed in any generality, so we will consider the following
with harvesting T-periodic predator-prey-chain system :

Ny (t) = Ny(t)(ba(t) — au( )N (t)

. *alz( JNa(t)) — ha(t),

Na(t) = Na(t)( — ba(t) + a1 (t)N1(t)

_ —a22( )Na(t) — ass(t)Ns(t)) — ha(t),

N3(t) = N3(t )( ba(t +a32(t)N2(t)
—ass(t)N3(t)) — hs(t),

where b;(t), a;2(t)(i = 2,3), a;1(t)(i = 1,2), a;3(t)(i = 2,3)
are positive continuous w-periodic functions.

Since a very basic and important problem in the study of a
population growth model with a periodic environment is the
global existence and stability of a positive periodic solution,
which plays a similar role as a globally stable equilibrium does
in an autonomous model, also, on the existence of positive
periodic solutions to system (1), few results are found in
literatures. This motivates us to investigate the existence of
a positive periodic or multiple positive periodic solutions for
system (1). In fact, it is more likely for some biological
species to take on multiple periodic change regulations and
have multiple local stable periodic phenomena. Therefore it
is essential for us to investigate the existence of multiple
positive periodic solutions for population models. Our main
purpose of this paper is by using Mawhins continuation
theorem of coincidence degree theory [8], to establish the
existence of eight positive periodic solutions for system (1).
For the work concerning the multiple existence of periodic
solutions of periodic population models which was done by
using coincidence degree theory, we refer to [5-6].

The organization of the rest of this paper is as follows. Next
Section ,we will by employing the continuation theorem of
coincidence degree theory, we establish the existence of eight
positive periodic solutions of system (1). Finally, an example
is given to illustrate the effectiveness of our results.

II. PRELIMINARIES

For the readers’ convenience, we first summarize a few
concepts from [8].

Let X and Z be Banach spaces. Let L : DomL C X — Z
be a linear mapping and NV : X — Z be a continuous mapping.
The mapping L will be called a Fredholm mapping of index
zero if Im L is a closed subspace of Z and

dimKer L = codimIm L < oc.
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If L is a Fredholm mapping of index zero, then there exist
continuous projectors P : X — Z and ) : Z — Z such that
Im P=Ker L and Im L=Ker Q=Im (I — Q). It follows that

L‘DomLﬁKerP : (I - P)X — ImL

is invertible and its inverse is denoted by K p. If (2 is a bounded
open subset of X, the mapping N is called L-compact on
X, if QN(Q) is bounded and Kp(I — Q)N :  — X is
compact. Because Im @) is isomorphic to Ker L, there exists
an isomorphism J : Im@Q — Ker L.

In the proof of our existence result, we need the following
continuation theorem from Gaines and Mawthin [8].

Lemma 1. Let L be a Fredholm mapping of index zero and
let N be L-compact on X. Suppose:

(a)  for each X € (0,1), x € 0, Lz # ANz;

(b)  for each x € 90, QNx # 0;

(¢) deg{JQN,QNKerL,0} 0.
Then Lz = Nz has at least one solution in Q N Dom L.

Lemma 2. Let x > 0,y > 0,z > 0 and z > 2,/yz, for

Var—14
the functions f(x,y,z) = w and g(z,y,z) =
z
iz _ 14
#, the following assertions hold.
z

(1) f(z,y,2) and g(z,y,z) are monotonically increasing
and monotonically decreasing on the variable x €
(0, 00), respectively.

(2) f(z,y,2) and g(x,y,z) are monotonically decreasing
and monotonically increasing on the variable y € (0, c0),
respectively.

3) f(z,y,2) and g(x,y,z) are monotonically decreasing
and monotonically increasing on the variable z € (0, 00),
respectively.

Proof: In fact, for all x > 0,y > 0,z > 0, we have

of x+ 4yz>0 @_\/x2—4yz—x<0
dx 2, z2\/x? — dyz " Oz 224/x? — dyz ’
0 -1 1

R S T S,

dy x? —4yz dy 2 —4yz

0 - 2 — 4yz)?

of |~ oA

0z 422 /2% — 4yz

0y _ (a— /o~ ayep

= > 0.
0z 422\/22 — 4yz
By the relationship of the derivative and the monotonicity, the
above assertions obviously hold. The proof of Lemma 2 is
complete. |
For the sake of convenience, we denote by
—> [0

respectively, here f(t) is a continuous w-function.
Throughout this paper, we need the following assumptions:
(T1) bi{>+2\/aL{‘{ hit;
(T2) 21l1 — b5 > 2\/ag,hy;
(T3) allly bL > 2/akshk.

fl= min f(t), fM = mdx f)

teo,w) te0,w]

For simplicity, we also introduce some positive numbers as
follows:

e W GO
2a1
- abfif — bk £/ (adft} — bh)? 4a2L2h2L7
2a22
e abfif — bk £/ (aldl} —b})? — dafyhk
2a33

III. MAIN RESULT

In this section, by applying Mawhms continuation theorem,
we shall show the existence of positive periodic solutions of

(1).

Theorem 1. Assume that (T1) — (T3) hold, then system (1)
has at least eight positive periodic solutions.

Proof: By making the substitution z;(t) = exp{N;(¢)},
then system (1) is reformulated as

Il(t) = bl(t) - au(t)ezl(t) — alz(t)612(t)

_hl(t)e_ZI(t)a
ig (t) = —bz(t) + agl(t)ezl(t> - agg(t)e“(t) (2)
—ag3(t)e®3(t) — hy(t)e==2()

ig(t) = —bg(t) + a3z (t)ezz(t) - agg(t)ez3(t)
—hg(t)e=os),

Let
X=7= {1} = (Z’l,IQ,IS)T [ C(R’ Rg) : I(t+w) = I(t)}
and define
3
flz| =» max |z;(t)], x€XorZ
— 1e[0w]

Equipped with the above norm || - ||, X and Z are Banach

spaces. Let
b1(&1) — a11(€1)e™ ) — Nagg (&)™)
Nz, ) = | —b2(&) + a2 (&2)e™ &) — ay(&o)e™2(82)
—b3(&3) + asa(&3)e2(8) — ags(&5)ems (&)
—hy(&)e” z1(&1)
—)\a23(§2)ef’33(52) — h2(€2)e—12(52)
_h3(§3)e—z3(§3)
wherex e X,A € [0,1], Le = & = dﬂé(t)P _

LiJa)dt, 2 € X5 Qz =L [F2 dtzeZThenlt
follows that Ker L=R3 Im L= {z 6 Z: [, 2(t)dt =0}
is closed in Z, dimKer L = 3 = codim Im L, and P, Q are
continuous projectors such that

Im P=Ker L, Ker @Q=Im L=1Im (I — Q).

Hence, L is a Fredholm mapping of index zero. Furthermore,
the generalized inverse (to L) Kp : Im L — Ker P(|Dom L

is given by
1 w S
s)dsf—/ / z(s)ds
wJo Jo

Kp(z):/:z
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Then
f% Fi(s,\)ds
QN(z,\) = fQu 5(s,\) ds
o F3(s,\)ds
and
Kp(I = Q)N(z,))
fOFls)\ s—ffo foFl A) dsdt
= fo Fy(s,\)ds — L fo fo Fy(s, \) dsdt
5 F(s,A\)ds — i L [0 Fy(s, \) dsdt
+(%—f} f F1 s,A)ds
+(? - %) f S, )
+(§ - %) (87/\)
where

Fi(s,\) = b1(s)fan(s)ewl(s)f)\alz(s)em(s)fhl(s)ef’“(s),

Fy(s,0) = —ba(s)+a21(5)e™ ) —aga(s)e® () —Aags(s)e™(®)
—ho(s)e=72()
F3(5, )\) = —b3(S)-’—agg(S)EIQ(S)—a33(8)6z3( hg,(fj) —oa( )

Obviously, QN and Kp(I — Q)N are continuous. It is not
difficult to show that Kp(I — Q)N () is compact for any
open bounded set {2 C X by using the Arzela-Ascoli theorem.
Moreover, QN () is clearly bounded. Thus, N is L-compact
on ) with any open bounded set  C X.

Now, we are in the position of searching for an appropriate
open, bounded subset (2 for the application of the continuation

theorem. Considering to the operator equation
Lz =AN(z,\) Xe(0,1),

we obtain

i1(t) = A(b1(t) — ar1 (t)e™ ™) — agp(t)e™>®
,hl( Ye—m (D),

Ba(t) = A(—ba(t) +a21( )1 (®) — g, (t)em2 (™

—a23( )es(t) — hy(t)e=m2(1),

3(t) = A(—bs(t) + asz(t)e™®) — ags(t)ems™)
—hs(t)e —Is(t))7

Assume that © € X is a solution of Equation (2) for some

A € (0,1). Then there must exist &, n;(i = 1,2,3) € [0,w]
such that
(&) = maxa;(t) and  w;(n;) = minw;(f).

It is clear that z;(&;) = 0 and z;(n;) = 0(i = 1,2, 3). From
this and system (3.1), we have

0 =0b1(&1) — an1(&1)e™ ) — Naga(&r)e™2(&)
—h1(§1)€7w1<§1),

0 = —ba(£2) + a1 (&2)e™ (&2) — agy(&a)e™(2) (3)
,/\a23(§2)ex3(€2) _ h2(§2)6*w2(§2)’

0 = —b3(&3) + asa(&3)e™ ) — ags(&3)e™ (&)
—hs(&)e~ (%),

and

0= by(m1) — ar1 (n1)e“* M) — Xayy(ny e )
—hy (nl)e—ml(ﬁl)7
0 = —ba(n2) + ao1(12)e®(12) — agy(ny)e®2(12) 4
_/\(123(7]2)€Z3(n2) _ hz(nz)e—ﬁ(nz)’ S
0 = —bs(ns) + asa(ns)e2(™) — ag3(ns)er> ()
—h3(7}3)€7w3<"3).
According to the first equation of (3), we have

' > (&)
= ann(&)e™ ) 4 haga (&)
+hy(&)e ™)
> aflezl(il) + h%e_zl(§1)7

namely,
afleﬁl(fl) — bi‘/[e’“(&) +h <o,
which implies that
Inly < z1(&) < Inlf. Q)
Similarly, by the first equation of (4),
Inly <z (m) <Inlf. (6)

The second equation of (3) gives

aévlllzr > al\/lfezl(fz) > a21(£2)ezl(£2)
= Dy(&2) + aga(£2)e™2(82) 4 Nagy(&y)e™3(82)
+h2€7w2(§2>
> by + agye? (") 4 hyem (&),
that is

azpe?? ) — (agilf — by)e™®) 4 hf <0,
which implies that

Inly < a9(é) < Inlyf. @)
Similarly, by the second equation of (4), we get

Inly < a2(n2) < Inljf. ®
The third equation of (3) gives

a521+ > aj\gel'x(£3) > a32(£3)8m2(§3)
= Db3(&3) + ass(€3)e™(E3) 4 hgemTs(Es)
> b3 + aL z3(€3) + hge—m;j(&j)’

that is
akye?3 (&) _ (M1F — pLyems (&) L pk <0,
which implies that
Inly < x3(&3) < Inly. 9

Similarly, by the third equation of (4), we get
Inly < x3(ns) < lnl3+. (10)
Moreover, from the first equation of (3), we have

b = bi(&) = an (€)™ 4 harz(&)em )
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+h1(£1)e—$1(§1)
> all(fl)em(&) + Aa12(§1)€m2(§1)
> a{zlem(&l) =+ a1L2l§
> aflezl(&),

which implies that

M

b
ZL’1(€1) < lna%
11

2mnH;. (11)

Similarly, from the first equation of (4), we obtain

hlLefwl(m) < hl(m)e’”l(’“) + an(m)e“('“)
< 011(771)611(”1)
+Aara (1))
+ha(ny)e” ™M)
= bi(m) <by,

which implies that
L

z1(n )>1n£W In Hi". (12)

From the second equation of (3), we have

a21l > a216z1(52) = 52(52) + a22(£2)8$2(52)
+Aags(€2)e3(E2) 4 hy(£y)e™2(82)
> bk + a§2e“(§2> > 0L§26“(52)7

which implies that
a%lf A -
z2(&) <In————=InH,. (13)

L
g

Similarly, from the second equation of (4), we obtain

ap{lf > ani(n2)e” 1) = by(ns) + aga(nz)e™ ")
+)\a23(772)613(772) 4 hze—wz(m)
> bk 4 hhemm20m)

which implies that

hi +
m = 111H2 . (14)
Ga1ly

x2(n2) > In

From the third equation of (3), we have

adle®=(83) > g9 (€5)e2(88)

= ba(Es) + aga()e™ ") + hge &)
> bkt agge”"(f’5> + hée_“(&)

> bf + adpe” (),

l-‘r

v

A3l

which implies that
ad! l+ b
23(€3) <In 2223 L In gy (15)
ass

Similarly, from the third equation of (4), we obtain
a%l; > ajj M o5 (n3) > a32(773) z2(n3)
= bz(n3) + asz(nz)e ©3(13) 4 e 3(1m3)
> b —+ (135613(773) + h§‘€713(n3)
> b 4 hfemms(m),

which implies that

L

x3(n3) > In 21nHj. (16)

3
M+ L
agzly — by

We claim that Inl; < InH; , InH;" < Inlf (i = 1,2,3).
In fact, employing Lemma 2 and (T1)-(T3) , we have

b b+

— 4aly T _ it h¥

21 — Ht
a1L1 2“%1 ! bM b
B UL AL
L 2aL ol L7
11 11
B W O RERE o bE
of 2af; o~
R G T A
L 2at ak, T LY
11 11
MiF b a1 — b+ \/ (1] — bh)? — dalyhd
a2Lz 2“22
hL
= 13> ﬁ = HJ,
azly —bs
R L L
2 2&22
< i vk My -
2‘122 a2L2 2
4 L IVIl+_bL [l+_bL — 4 hL
afbly — vk - a32t2 ag
afy 26L33
hL
_ o+ 3 _ gt
R L
l+ _ bL ]\ll+ _ bL —4 hL
- o azala (azzls 3)? ‘133
37 2ak,
< adfiy — vy adhiF -
2‘133 a§3 >
From (9)-(14), Vi = 1,2, 3, we obtain
lnHiJr < zi(m) < zi(&) < lnli+ a7
or
Inl; <ai(m) <z (&) <InH; . (18)
By (17) and (18), we have for all t € R, i € {1,2,3},
InH;" < z;(t) <Inl} 19)
or
Inl; <z(t) <lnH. 20)

Clearly, In ll?t and In H;—L are independent of \. Now let

Q= { o= (r1,20,23)7 € X :InH < a1(t) <Inlf,
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HY < ao(t) < Inly, HY < x3(t) <Inld},

Q= { z= (xl,zg,xg)T e X: lan <xi(t) < lnlf,
HY < ao(t) < Inilf,ly <ax3(t) <InHy},

Q3 = (21,29, 23)" € X :InHt < 21(t) < Inl,

Iy <ao(t) <InHy , Hi <x3(t) <Inly},

Il
—

Q= { z=(z1,20,23)7 € X :InH < z1(t) <Inlf,
I3 <z2(t) <InHy,ly <z3(t) <InHy},

Qs = { o= (z1,20,23)T € X :Inl] <z1(t) <InH,
HY <ao(t) <Inlf,Hy <x3(t) <Inlf},

Q= { z=(x1,20,23)7 € X :Inl] <z1(t) <InH,
HY <a9(t) <Inlf,ly <a3(t) <InHj},

Q= { z=(z1,20,23)7 € X :Inl] <z1(t) <InH,
I; <xa(t) <InHy ,Hi <x3(t) <Inlf}

and

Qs= { z= (xl,xg,xg)T €X:Inlf <z1(t) <InH,
I3 <z2(t) <InHy,ly <z3(t) <InHj}.

Then Q,(i = 1,2,3,4,5,6,7,8) are bounded open subsets of
X, NQ = @i # j). Thus (i = 1,2,3,4,5,6,7,8)
satisfies the requirement (a) in Lemma 1.

Now we show that (b) of Lemma 1 holds, i.e., we prove
when z € 9; NKer L = 0Q; N R3,QNz # (0,0,0)T,i =
1,2,3,4,5,6,7,8. If it is not true, then when =z € 0Q; N
Ker L =0Q,NR3 i=1,2,3,4,5,6,7,8 constant vector = =
(w1, 20, 23)T with x € 8Q;,i = 1,2,3,4,5,6,7,8 satisfies

0= f(;u b1 dt*fo a11 Tldt f: alg(t)e“”2dt
_ng —Zldt

0=-— dt+ fO (121 Zldt— fO a9 ) T2dt
— fgj a23 stt — fO h2 _IZdt

0=-— dt+j0 CL32 lzdt—fo a33 1sdt
ffo h3 e~ 3dt = 0.

In terms of differential mean value theorem, there exist three
points ¢;(¢ = 1,2,3) such that when z € 09Q; N KerL =
o NR3i=1,2,3,4,5,6,7,8,

Fl (07 tl)
FQ(Oa t2)
F3(0,t3)

If for x € 0% N KerL = 9% N R, QN(z,0)
(0,0,0)T holds, then the constant vector z € 0Q;(i =
1,2,3,4,5,6,7,8) satisfies

QN(:E, 0) =

F(Ovtl) = Oa

F(0,t2) =0
and

F(0,t3) =0,

Then z € Q3N R2orz € QoNR3orz € Q3N R? or
€ WNR3 orx € QsNR3, orz € QgNR3, or z € Q7 NR3,
or z € QgNR3. This contradicts the fact that z € 9Q;NR3, 5 =
1,2,3,4,5,6,7,8. This proves (b) in Lemma 1 holds. Finally,
we show that (¢) in Lemma 1 holds. Note that the system of
algebraic equations:

by (tl) — an(tl)e“ — hl(tl)e 1

—bQ(tQ) + agl(tg)e”“ — (122(752) T2 — hg(tg) T2 =0,

—b3(t3) + agg(tg)e” — a33(t ) hg(tg) T3 = ().
has eight distinct solutions since (7'1) — (7'3) hold,

(xT7yT7Z1) (1n$1+7h’1$2+71n$3+)
(x3,93,23) = (Inx14,Inzay, Inzs ),
(23,93,23) = (Inz1y, Inzs_,Inws ),
(z1,y1,2:) = (nzyy,Inze ,Inzs ),
(z5,95,25) = (Inz1_,Inzo, ,Inws ),
(l'g y67 g) (lnml 71I1£L'2+71I1$3 )7
(z3,y7,25) = (Inzy_,Inze_,Inzz,),
(z5,Y5,28) = (Inzq_,Inze_,Inzs ),
where
S b1 (t1) £ /(b1(t1))? — dax (t1) ha (t1)
1 )
+ 2(111(t1)
_ani(t2)ziy — bo(to)
To4 =
2a92(t2)
N V(a1 (ta)z11 — ba(t2))? — dagy(t2)ha(t2)
2(122(t2) ’
_aza(t3)way — b3(t2)
T34 =
2&33(t3)
" V(as2(ts)zay — b3(ts))? — dass(ts)hs(ts)
2a33(t3) ’

It is easy to verify that

Inl; <lnz; <InH; <InH <lnz;, <Inl.

3

Therefore,

*

(21,97, 21) € Q1, (3,3, 23) € Qa, (23,93, 23) € O,
(4,91, 23) € Qu, (25,5, 25) € Qs, (25, Y5, 25) € Qo
(I;,y;72;) € Q77 (‘Tévygvzg) € QS

Since Ker L = Im ), we can take J = I. In the light of the

definition of the Leray-Schauder degree, a direct computation
gives for i =1,2,3,4,5,6,7,8,

deg{JQN,; NKerL, (0,0,0)7} = ~1or1 #0,

here, J is taken as the identity mapping. So far we have proved
that Q;(i = 1,2,3,4,5,6,7,8) satisfy all the conditions in
Lemma 1. Thus, system (2) has at least eight positive periodic
solutions in €2, that is system (1) has at least eight positive
periodic solutions. This completes the proof. ]

Remark 1. From the proof of Theorem 1, we can see that
if the harvesting terms hl(t) = h2(t) = h3() = 0,
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system (1) has at least one positive periodic solution, but
we could not conclude that system (1) has at least eight
positive periodic solutions because we could not construct
O, =1,2,3,4,5,6,7,8 satisfying Q; N Q; = ¢. Therefore,
adding the harvesting terms to population models can make
biological species to take on multiple periodic change regula-
tions and have multiple local stable periodic phenomena.

IV. AN EXAMPLE

Example 1. Consider the following periodic predator-prey-
chain system with harvesting:

. 4+ sint
Ni(t) = Ni(t) 3+sint—+173m]\71(t)
9+ sint 9+ cost
: 5+ cost
No(t) = N2(t)[727005t+%]\71(t)
5+ cost 5+ cost
“ig M- g M) @D
2+ cost
100 ‘it
Na(t) = Na(t) —3—sint++17;mN2(t)
4 +;mt]\73(t)} B 8+1((:)ost.

In this case, b1(t) = 3 + cost,ba(t) = 2 + cost, bs(t) =
3+ Sint,au(t) = @,alg(t) = 9+15mt7a21(t) =

0
Bl an(t) = Sl an() = S an() -
8+1s(1]nt (133(15) _ 4+Smt,h1 (t) _ 9+§88t7h2(t) _ 2+2cgst and
hs(t) = 8£95L Since
L=\ /aMnd =2,/ > x —
b]LI b]u _ 4
C = Al anht _ 0.05,
2a11
O O aRRE_
Qafl
+_ L +_ L L 1L
abf1f — bk +/(adf1} —b§)? — dadyh
I = 272 1309,
2a22

a1 — vk =6.97, 24/alyhk =0.32,
aldly — bk =10.51, 2\/akhk =1

then
2=0bl>2/aMhM =1,
WiF — bk =6.97 > 0.32 = 2¢/ak,h,
aldly — bk =10.51 > 1 = 2y/akhk.

Hence, all conditions of Theorem 1 are satisfied. By Theorem
1, system (21) has at least eight positive 27-periodic solutions.
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