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Multiple positive periodic solutions of a
competitor-competitor-mutualist Lotka-Volterra
system with harvesting terms

Yongkun Li and Erliang Xu

Abstract—In this paper, by using Mawhin’s continuation theorem
of coincidence degree theory, we establish the existence of multi-
ple positive periodic solutions of a competitor-competitor-mutualist
Lotka-Volterra system with harvesting terms. Finally, an example is
given to illustrate our results.
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I. INTRODUCTION

N nature, three-species system in which first species and

second species compete with each other and cooperate
with the third species occur frequently. For instance two plant
species competing for the same insectile pollinators or two
fungal species competing for the roots of the same three
species to form mycorrhiza form such competitor-competitor-
mutualist systems. These systems are also fundamental for un-
derstanding the evolution of mutualism by natural selection. A
mutant arriving in a mutualistic community will compete with
the resident type of its species. The competitor-competitor-
mutualist systems have been extensively studied by many
authors, see [1-6] and references therein.

In recent years, the existence of periodic solutions in
biological models has been widely studied. Models with
harvesting terms are often considered. Generally, the model
with harvesting terms is described as follows:

t=af(z,y) —h, y=yg(z,y) —k,

where x and y are functions of two species, respectively;
h and k are harvesting terms standing for the harvests (see
[7,8]). Because of the effect of changing environment such
as the weather, season, food and so on, the number of
species population periodically varies with the time. The rate
of change usually is not a constant. Motivated by this, we
consider the periodic non-autonomous population models.

In this paper, we investigate the following competitor-
competitor-mutualist Lotka-Volterra systems with harvesting
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terms:

t
(

zh(t) = 372(?5() (7“2(25) — ax(t)z1(t) 0
t

25(t) = w3(t) (rs(t) + as(t)z1(t)
+b3(t).LQ(t) —C3 (t)13 (t)) — }Lg(t),

where z71(t) and zo(t) denote the densities of competing
species at time t, x3(t) denotes the density of cooperating
species at time t. 7;(t), a;(t), b;(t), c;(t) and h;(t)(i = 1,2)
are all positive continuous functions denoting the intrinsic
growth rate, death rate, harvesting rate, respectively.

Since a very basic and important problem in the study of a
population growth model with a periodic environment is the
global existence and stability of a positive periodic solution,
which plays a similar role as a globally stable equilibrium
does in an autonomous model, also, on the existence of
positive periodic solutions to system (1), no results are found
in literatures. This motivates us to investigate the existence
of a positive periodic or multiple positive periodic solutions
for system (1). In fact, it is more likely for some biological
species to take on multiple periodic change regulations and
have multiple local stable periodic phenomena. Therefore, it is
essential for us to investigate the existence of multiple positive
periodic solutions for population models.

Our main purpose of this paper is by using Mawhin’s
continuation theorem of coincidence degree theory [9] to
establish the existence of eight positive periodic solutions for
system (1). For the work concerning the multiple existence of
periodic solutions of periodic population models which was
done by using coincidence degree theory, we refer to [10-13].

The organization of the rest of this paper is as follows.
In Section II, by employing the continuation theorem of
coincidence degree theory, we establish the existence of eight
positive periodic solutions of system (1). In Section III, an
example is given to illustrate the effectiveness of our results.

II. EXISTENCE OF MULTIPLE POSITIVE PERIODIC
SOLUTIONS

In this section, by using Mawhin’s continuation theorem,
we shall show the existence of positive periodic solutions of
system (1). To do so, we need to make some preparations.

Let X and Z be real normed vector spaces. Let L: Dom L C
X — Z be a linear mapping and N : X x [0,1] — Z be a
continuous mapping. The mapping L will be called a Fredholm
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mapping of index zero if dimKer L = codimIm L < co and
Im L is closed in Z. If L is a Fredholm mapping of index
zero, then there exist continuous projectors P : X — X and
Q:7Z — Zsuchthat InP = KerL and Ker Q =Im L =
Im (/-Q);and X = Ker LPKer Pand Z = Im L P Im Q.
It follows that L/pom raker p : (I — P) — Im L is invertible
and its inverse is denoted by K p . If is a bounded open subset
of X, the mapping N is called L-compact on Q) x [0, 1], and if
QN(Q2x10,1]) is bounded and Kp(I—Q) : Qx[0,1] — X is
compact. Because Im Q is isomorphic to Ker L, there exists
an isomorphism J : Im ) — Ker L.

The Mawhin’s continuous theorem [9, p. 40] is given as
follows.

Lemma 1. (Continuation Theorem). Let L be a Fredholm

mapping of index zero and let N be L-compact on ) x [0, 1].

Suppose

(a) for each A € (0,1), every solution x of Lx = AN (z, \)
is such that x€0Q2 N Dom L;

(b) QN(z,0) # 0 for each x € 9N NKer L;

(¢) deg{JQN(x,0),QNKerL,0} #0.

Then the equation Lx = Nx has at least one solution lying

in Dom L N €.

For the sake of convenience, we introduce some notations

o
== d
f w/o f()dt

here f is a continuous w-periodic function.
Throughout this paper, we need the following assumptions:

(Hy) c3a1bl all Myl
rh > 2¢/cdhit;

(Hy) vl > 2\/a{‘/1hM,

(t)v fM =

fl'= min f

te0,w] clom f(t)

te[0,w)

—a1b3 >0

rh > 2~/thM,

(H3) T —bMI1 >0, 4T —adfA >0,
where
r— hl (cdallbl —a¥e Mpl, —ale 1)
e (rMal vl + aé‘”bér{” + alrMpdty’
N e D U T D
al1 a1(c3al1bl _‘13 C1 bl allbéwcé‘/f) ’
el M (rdalth + bhallr)! + abblrd)
T hhalth — ol el — albiel)

We also introduce six positive numbers as follows.

R P G el
- 2aM ’
_ rhaa/(rh)2—dadl hM
Ut 2607 )
B EeN i i
ZCéW

Theorem 1. Assume that (A1)-(As) hold. Then system (1)
has at least eight positive w-periodic solutions.

Proof: Since we are concerned with positive periodic
solutions of system (1), we make the change of variables:

1(t) = exp(ur(t)), w2(t) = exp(ua(t)), ws(t) = exp(us(t)).

Then system (1) is rewritten as

ui(t) = r1(t) —ar(t)e®
—by(t)e®2®) 4 ¢ (t)eus®) — hy(t)e— ()]
(1) = ra() — aa(p)e @
—by(t)e®2(®) 4 co(t)es(t) — hy(t)eu2(t)
uh(t) = ra(t) + ag(t)er®
+bg(t wa(t) _ 3 ( ) usz(t) _ hs( ) —Ug(f)
Let
X =27={u=(u1,uz,u3)" € C(R,R®) : u(t +w) = u(t)}
and define
3
lul| = max_|u;(t)], uwe€ X or Z.
Pt te[0,w]
Equipped with the above norm || - ||, X and Z are Banach
spaces. Let
ri(t) = ai(t)e"r® — \by (t)e"2")
N(u,A) = | ra(t) — )\ 2(t)e™ ﬂ — ba(t)eu=®
(t) + Aaz(t)e"r® 4 Abs(t)eu2®)
(t) uz(t) _ hl t eful(f)
+Ac2(t) us(t) — Py (t e*uz(t)
*Cg( ) uz(t) _ hg 7u3(t)
Lu= ’:d“l(ft) WeputPu—lfO tydt,u € X; Qz =
L[y z(t)dt, 2 E Z. Thus it follows that kerL R2ImL =
{z €Z: fo uz(t)dt = 0} is closed in Z, dlchrL =3=

codimIm L and P () are continuous projectors such that
ImL=KerL, Ker@Q=ImL=Im(I-Q).

Hence, L is a Fredholm mapping of index zero. Furthermore,
the generalized inverse (to L) Kp : Im L — Ker P N Dom L

is given by
Kp(z) = / s)ds — —/ / t)dtds.
Then
L qu Fi(s,\)ds
ON(u,\) = if% Fa(s, \)ds
%fo F3(s,\)ds
and
Kp(I = Q)N(u, )
fg Fi(s,\)ds — L [ fg Fy(s, \)dsdt
= fo Fy(s,\)ds — fo fo Fy(s,\)dsdt
fo Fs(s,A\)ds — fo fo F3(s )dsdt
+(3- 1) f(ZF1 5, \)ds
- s .
+(z = 5) Jy Fals, A)d
where
Fi(s,A) = r1(t) — ay(£)e™® — Xby (£)ev2®
+Aer (t)e“i’(t) — hl(t)eful(t),
Fy(s,A) = ro(t) — Aag(t)e™® — by(t)eu=®
+Aca(t)e s ® — hy(t)ev2®)
Fs(s,)) = r3(t) + Aag(t)e"® + \bs(t)e 2

—cz(t)e D — hg(t)e v ),

126



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:4, No:1, 2010

Obviously, QN and Kp(I — Q)N are continuous. It is not
difficult to show that Kp(I — Q)N () is compact for any
open bounded set {2 C X by using the Arzela-Ascoli theorem.
Moreover, QN (Q) is clearly bounded. Thus, N is L-compact
on Q with any open bounded set Q C X.

In order to use Theorem 1, we have to find at least eight
appropriate open bounded subsets in X. Considering to the

operator equation Lx = AN (z,A), A € (0,1), we obtain
ur(t) = A(r(t) —a(t ) “1“) = by (t)e"2 ()

+/\Cl(t)e“3(t) 7u1(t))7
ub(t) = A(ra(t) — Aas(t)e i ba (f)en2(® .
FAca(t)es () — hy(t)eu2 (1), 3)
uy(t) = A(rs(t) + Aas(t)e ul(f) + Abs(t)er2®)

—ca(t)e"s ) — hy(t)e 1)),
Assume that v € X is an w-periodic solution of system (3)
for some A € (0, 1). Then there exist &;,n; € [0,w] such that

ui(&) = ax, u;(t),

ui(n;) = tg[loilb] u(t), i=1,2,3.

It is clear that u}(&;) = 0,u}(n;) = 0,4 = 1,2,3. From this

and (3), we have

(&) — al(ﬁl)eul(fl) — Aby (51)6“2(51)

+Aer (€1)ers &) — by (&)e " ) =0, (a)
ra(€2) — Aag(€2)e (52 — by(En)e2(2) @)
FAea(E2)e (&) —ho(&r)e2(82) =0, (b)

r3(€3) + Aag(€s)e" (&9) + Abs(€3)e? (&

—C3(§3) uz(§3) _ h3(£3) —us(§3) = () (C)

and

r1(m) — ax ()™ M) — by (1 )e2(m)
Fhea(m)ets ) — Ay (e =0, (a)
ra(112) = Aas(n)e (1) — by (i) ez (12) )
+/\02(712) uaz) — hy(np)e=2(n2) = 0, (b)
7”3(173) + )\a3(773) u1(n3) + /\b3(773) ug(ng)
—cg(n3)e®s () — hg(ng)e () = 0. (c)
(4)(a), (b) and (c) give
allem(fl) < ay(&)e ui(€1)
< 7'1(51) + ey (&1)ets (&)
1 +cl €u3(§3)7 (6)
blzeu2(§2) < b2(£2) uz(€2)
< r2(§2) + Aea(&p)e™s (€2)
< 7‘2 + ¢ M gus(€s) 7

and

Céeus(fs) < r3(&3) + Aas(n 3)6u1(€3) + )\63(53)6”2(53)
< M 4 aMem(&) 4 pM oua(a), ®)

From (6), (7) and (8), we get
rMal bl + béaé”r{‘/[ le M

eus(€s) ~
chalbh, —

l M M
adf vl — al bl

et (&) < ﬂ ! (r3" aibh +blgaé”r{‘/1 al b¥ )
ab al (chal bl — a Mpl, — ak pM M)
and
ev2(82) < ﬂ + ey’ (r3"al bl +b12a§”7={‘/f al by ]\/1).
b bh(chal bl — adl eMbly — al b el
That is
ui(&) < In ﬂ + 0]1\4(7"3 a1bl +b2a3 Tl _|_al béuré\/j)
o A — el o)
= H17 (9)
! 5 bl b le
U2(§2) < In (TLZ + CQZ(T? Lll’ll + a?wrll +71M ))
b by(chaibh — ag’cl’bh — ajby’c)’)
.= H, o
and
bl bl aM M LM M
uz(§3) < In r3l allz 2a3M7’1l +£§1A34 5
C3 1b a3 &) b a1b3
:= Hj. an

It follows from (5)(a), (b) and (c) that

hlleful(m) < hl(,,h)e*ul(nl)

< 7‘1(771) + ey (mr)etstm)
+ C]VI U3(§3>

—u2(n2)

hlzeﬂ”“”) < ha(ng)e
< 7”2(772) + Aca(nz)ets(2)
+ CM us(ﬁs)

and

hé€7u3(7]3> < 7.3(773) + )\a3(773)eu1(7]3) + /\b3(773)€u2(7]3)
< ¥ +ad Meuler) 4 béwe“2(52)7

which imply that
ev1(m)
hl (chaibh — ag’el’ bl — afbi bl
1037 c3”) + e (rifaibh + b afry’)’

>
r{w(c:sallbl —a

eu2(n2)
o Rh(chal by — adf bl — albd )
ol (chalbhy — bhadl e}’ + bt (ry albh + a3 bhr)
and
o <, Hh{chatth — adfelibh — ahprcd)
cy(rylaybh + agbhr!" + airy i)
That is
u1(m)
o In ht (cdallbl a¥ TeMpl — le 2
it (chahby — aybiley) + e (ryfaibh + b3 af )
= Hy, (12)
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or

uz(n2) Inly <ui(t) < Hy. (22)
! / M.
> In l l(c?'alle*AjS c1'by *allbl )M — From (10), (13), (17), (18), we obtain
ral (chahby — bhatlc)) + 3 (ry"aibh + a3 bhri)
= Hs (13) Hy < us(t) <Inu- (23)
and or
ws(ns) Inuy < ug(t) < Ho. (24)
o 1 Da(caaibh — a3 Cljbl —ayby’ ) From (11), (14), (19) and (20) it follows that
(Y alth T af Worl T ar§Tb])
= HG (14) H6 < U3(t) <Ilnwv_ (25)
From (4)(a), we obtain or
a1 (&1)e? &) — i (&)e ) 4 hy (&) Invy < us(t) < Hs. (26)
= Me(61)e"3 () — by (&)e 2(E))eur (&) Obviously, Inly,Inus,Invs, Hy, Hy, Hs, Hy, Hs and Hg
are independent of . Now let
from (Hjs), we have © € (Ho i)
uy(t) € 4,100
M 2 L ui (€ M
apf 1) — i ©) 4 it > 0, Q) = {u = (u1,u2,u3)’ € X/u2(t) € (Hs,Inu_) },
that is us(t) € (Hg,Inv_)
wi(&) >Inly or u1(&) <Inl_. (15) ui (t) € (Hy,Inl_)
Similarly, from (5)(a), we get { (ur, uz,us)" € X / us(t) € (Inuy, Hy) }
us(t) € (Hg,Inv_)
up(m) >Inly or wui(m) <lnl_. (16)
From (4)(b), we obtain ui(t) € (Hy,Inl
{u (u1,ug,u3)T € X / ua(t) € (Hs,Inu_) }
by(£2)e2(62) — ry(&5)e" (%) + hy(&) us(t) € (Invy, H)
= Mea(€2)e¥s(€2) — gy(&y)et1(82))euz(82)
(5% (t) H4,lnl
from (Hjs), we have = {u ul,ugyud) c X/u2(t) lnu+,H2 }
M e2ua(&2) _ ploua(&a) 4 pM 5 uz(t) € (Invy, Hy)
that is w1 (t) € (Inly, Hy)
u2(&2) > Inuy or wuz(&) <Ilnu_. a7 {u (ur, ug,uz)" € X/“Q(t) (Hs,Inu_) }
uz(t) € (Hg,Inv_)
Similarly, from (5)(b), we get
ug(n) > Inuy or ug(n) <lnu_. (18) ui(t) € (Inly, Hy)
=qu= ul,ug,u?,) eX / ut) € 1nu+,H2
From (4)(c), we obtain us(t) € (Hg,Inv_)
c3(€3)e® e () — ry(&5)e"s (%) + hy (&) (t) € (Inly, Hy)
uy (&: w2 (€3 U u niby,
= Maa(§a)e* @)+ by(Ea)e™( ), {u (u1,u2,u3)" € X/u;(t) Hflnu1 }
hence us(t) € (Invy, Hy)
Céwe?"s(fs) réeu:s(&s) + hgff >0, and
: ( ) € (In l+7H1)
that is Qg = {U = (Ul,UQ,U3) € X/ ( ) 1HU,+,H2) }
uz(€3) > Invy or wuz(€s) <Ilnw_. 19) us(t) € (Invy, Hs)
Similarly, from (5)(c), we get Then Q,(i = 1,2,3,4,5,6,7,8) are bounded open subsets of
X, NQ =0,i#j.i,j=1,2,34,56,7,8. Thus Q;(i =
uz(n3) > Invy or uz(nz) <lnv_. (20)  1,2,3,4,5,6,7,8) satisfies the requirement (a) in Lemma 1.
. Now we show that (b) of Lemma 1 holds, i.e., we prove
F 9), (12), (15), (16), bt
rom (9, (12), (13), (16), we obtain when u € 9Q; NKerL = 0Q; N R, QN (u,0) # (0,0)7,i =
Hy <wup(t) <lnl_ 21 1,2,3,4,5,6,7,8. If it is not true, then when v € 09Q; N
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KerL = 0Q; N R3,i = 1,2,3,4,5,6,7,8, constant vector u
with u € 09,1 = 1,2, 3, satisfies

f: 7”1 dt — fO a1 ul(t) f ( )e_"l(t>dt = O,
Jo r2(t)dt — fo ba(t uz<t>dt Jo ha(t)e "2Mdt = 0,
Jo ra(t)dt — [ es(t u3<f>dt— Jo ha(t)e=m=Mdt = 0.

Thus there exist three points ¢;(i = 1,2, 3) such that

ri(t1) — a1 (tr)e"* ) — hy(ty)e
7‘2(t2) — bg(t2)€u2(tz) — hg(tg)e
Tg(tg) — Cg(tg)€u3(t3) — h3(t3)67u3(t3) = 0

Following the arguments of (21)-(26), we have

—ui(t1) — 0,
ug(tg) — 07

Hy < ul(t) <lInl_ or
Hs < ug(t) <lnu_ or

Inly <wi(t) < Hy;
Inuy < wuz(t) < Ho;

Hg <ug(t) <lnv_ or Invy < wug(t) < Hs.

Then u € (N R3oru € VN R oru € Q3 N R or
ueUNRPorue QsNREorue QgNR>oruecQyNR3
or u € Qg N R3. This contradicts the fact that v € ; N R3,
i1=1,2,3,4,5,6,7,8. This proves that (b) in Lemma 1 holds.

Finally, we show that (¢) in Lemma 1 holds. Note that the
system of algebraic equations:

ri(t1) — ar(ty)e” — hy(tr)e™® =0,
72(t2) — ba(t2)e? — h,2(t2)e y—
73(t3) — cs(ts)e” — ha(ts)e™ =0,

has eight distinct solutions since r{ > 2/aMhM, 7

by R and r{ > 24/cMRA1;

(27,97,27) = (lnz_,Iny_,Inz_),
(z5,y5,23) = (Inz_,Iny_,Inz,),
(z3,93,25) = (Inz_,Iny;,Inz_),
(z},y5,21) = (Inz_,Iny,,Inzy),
(z%,y5,22) =(Inzy,Iny_,Inz_),
(z§,v5,2¢) = (Inzy,Inyy,Inz_),
(z%,y5,25) = (Inzy,Iny_,Inzy),
(25, Y5, 25) = (Inay, Inyy, Inzy),
where
Ty = 1(t1) i\/rl (t1))? — dar(t)ha (t)
2a1(t1) ’
Yy = 2(t2) + \/(7“2@2))2 — 4a2(t2)h2(t2)
* 20 (t2) )
 r3(ts) £ 1/(rs(ts))? — das(ts)hs(ts)
Z4+ = .
203(t3)

It is easy to verify that

Hy<lnz_ <lnl_ <Inly <lnzy < Hy,

Hs <lny_ <lnu_ <lnuy <lny; < H
and

Hs <Inz_ <Ilnv_ <lnvy <lnzy < Hs.

Therefore

(21,91, 21) € u, (23,93,23) € Qa,
(23,3, 23) € Qs, (3,91, 25) € Qu,
(25,935, 25) € U5, (26,5, 2) € Do,
(27,97, 27) € Q7, (25,95, 25) € Qs.

Since Ker L = Im @, by putting J = I, then a direct
computation gives for i = 1,2,3,4,5,6,7,8,

deg{JQN (u,0),,; NKerL, (0,0)"}

*al(tl)l‘ + hl(tl 0 0
= sign 0 —bo(ta)y* + L(w) 0
0 0 — 03(t3)z + hd(ts)
Since
hi(t
(t1) — ar ()" — 1;*1) —0,
ha(t
(t2) — ba(t2)y™ — Qy*2) =0,
halt-
(1) — ealt)z” ~ 21—,
then
deg{JQN (u,0),9,; NKerL, (0,0)"}
= sign[(ﬁ (tl) — 20,1 (tl)x*)(rz(tg)
—2ba(t2)y")(rs(ts) — 2c3(t3)z")].
Thus

deg{JQN (u,0),; NKerL, (0,0)7} = -1 or 1,

where © = 1,2,3,4,5,6,7,8. So far, we have proved that
Qi(i = 1,2,3,4,5,6,7,8) satisfies all the assumptions in
Lemma 1. Hence, system (2) has at least eight different w-
periodic solutions. Thus system (2) has at least eight different
w-periodic solutions. This completes the proof of Theorem 1.

|

Remark 1. From the proof of Theorem 1, we can see that if the
harvesting terms hy(t) = ha(t) = h(t) = 0, system (1) has at
least one positive periodic solution, but we could not conclude
that system (1) has at least eight positive periodic solutions
because we could not construct Q;,1 = 1,2,3,4,5,6,7,8
satisfying Q;NQ; = 0. Therefore, adding the harvesting terms
to population models can make biological species to take on
multiple periodic change regulations and have multiple local
stable periodic phenomena.
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III. AN EXAMPLE

Example 1. Consider the following competitor-competitor-
mutualist Lotka-Volterra system with harvesting terms:

#(t) = a1 () [—”fé‘é‘” - H5an )

2 sin 8+-cos 1 2+4sin
+106(t) 2(t) + +1O(t) z5(t) _+1T6(t)’
(1) = a) | E5EY - 22550 (1)
| : @7)
— 20, (1) + SOy () | — et

8
o~
—

~
=

I

raf0)[ 2552 4 2580,

n 3+ls(i)1:)(t) Lo (t) _ 8+sin(t) T3 (t)

_ 9+sin(t)
10 100 -~

Then system (3.1) has at least eight positive periodic solutions.

: l 1 M _ 3 ,M_ 3 _M_
Proof: In this case, a; = 15, a7 150 02" = {f5,a3 =
b]\/[ bl _ 1 bA[ 3 bM _ 4 M _9 Cl _

1;)07 1)06 10072 1g°78 ~ Tp00 1 T J00 0L T

1 ¢ J(,ov = 10763 v T07303 T/ITO’TI = 103072 =
10377“3 = 15 M = 355, 03" = 135, hi . By a simple
calculation, we have

! lbl _ M ]\{bl b _ 7 >0

€3 as ¢ a;03 02 104

- 104
rh> 20 /aMRM ol > 20 /bM R vk > 24 /MR

7 3 3
P~ AR13x10%, T~ 13x10%
AT =M~ 4.2 x10° >0, AT —adfA ~4.2x 10° > 0.

Hence, all conditions in Theorem 1 are satisfied. By Theorem
1, system (27) has at least eight positive 27-periodic solutions.
| ]
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