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Abstract—Lateral expansion is a factor defining the level of 

confinement in reinforced concrete columns. Therefore, predicting 

the lateral strain relationship with axial strain becomes an important 

issue. Measuring lateral strains in experiments is difficult and only 

few report experimental lateral strains. Among the existing analytical 

formulations, two recent models are compared with available test 

results in this paper with shortcomings highlighted. A new analytical 

model is proposed here for lateral strain axial strain relationship and 

is based on the supposition that the concrete behaves linear elastic in 

the early stages of loading and then nonlinear hardening up to the 

peak stress and then volumetric expansion. The proposal for the 

lateral strain axial strain relationship after the peak stress is mainly 

based on the hypothesis that the plastic lateral strain varies linearly 

with the plastic axial strain and it is shown that this is related to the 

lateral confinement level. 

 

Keywords—Confined Concrete, Lateral Strain, Triaxial test, Post 

peak behavior 

I. INTRODUCTION 

key parameter in understanding concrete response to 

compressive stress and deformation is the lateral strain 

behaviour. Through a well established lateral strain axial strain 

relationship, the changing response of concrete from elastic to 

inelastic and the formation of macro-cracks can be understood. 

The accurate method to predict the confinement level in 

columns confined by reinforcement or FRP wraps is using the 

lateral strain versus axial strain relationship. ([1-4])  

Use of a more accurate method in predicting the 

confinement level becomes more important in reinforced high 

strength concrete columns, where the confining ties are 

typically not at yield when the column reaches its maximum 

carrying load capacity. This phenomenon therefore nullifies 

many confinement models, which calculate the confinement 

level mainly by the assumption that the ties are at yield at the 

peak load. To solve this issue, using the lateral expansion of 

column to calculate the column confinement level has become 

a common practice in recent years. Therefore the importance 

of a precise lateral strain versus axial strain relationship is 

more noticeable.  

In this paper, two lateral strain versus axial strain models 

are reviewed and later on compared with experimental results 

besides a new model is proposed. The model is based on the 

hypothesis that concrete behaves linearly elastic to a certain 

limit observed by [5]. It has been shown[6] that the expansion 

of a concrete specimen starts at the peak stress level or its 

vicinity. Therefore this property is used to predict the lateral 
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strain at the peak level. The last benchmark in predicting the 

lateral strain is the relationship of the plastic lateral strain with 

the plastic axial strain after the peak stress. The relationship 

between the plastic strains is used to model the total strains 

relationship. Finally the new model is compared to the 

existing test results. 

II. EXISTING MODELS 

The only analytical models studied here are those in which 

the lateral strains or volumetric strains are directly linked to 

the axial strain. The first model reviewed is that by [4]. In 

their model the 'ε  is the lateral strain and is given by.  
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In which ε  is the axial strain, 
'

c
f  is the uniaxial 

compressive strength of concrete,
 0

'ε  is the lateral strain at 

the peak stress and is equated to 
0

0.5ε , 
0

ε is the axial strain 

corresponding to the peak stress given by: 
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In the above, cε  is the strain at the peak stress in uniaxial 

condition assumed to be 0.002 rf  is the lateral confinement 

on the specimen. 

The other model studied is given in [7]. In this model the 

secant Poisson’s ratio is used to correlate the lateral 

deformation with the axial deformation. The concrete 

behaviour in the lateral direction is defined by three regions 

namely the elastic, inelastic hardening and softening. In [7]’s 

model: 

'
s

ε ν ε= −  (4) 

In which 
s

ν  is the secant Poisson’s ratio defined by: 
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Where, 
e

ν  is the elastic Poisson’s ratio of the concrete 

varying between 0.15 to 0.2. Expressions for 
e

ε ,
l

ν  and ∆  

are defined as: 
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Here, 
p

ν  is the ratio of lateral strain to the axial strain at the 

peak stress and assumed to be 0.5, 
l

ν  is the largest secant 

ratio. The axial strain at the peak stress that is given by: 
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III. COMPARING EXISTING MODELS WITH EXPERIMENTAL 

RESULTS FOR CONFINED CONCRETE 

In this section, the two models described above are 

compared to some of the experimental results available in the 

literature. The first set of results are those of [8] who tested 

concrete in triaxial and uniaxial compression in three different 

batches. The cylindrical specimens had a diameter of 54 mm 

and a height of 115 mm. The uniaxial compression strength 

was approximately 64.7, 43.5 and 21.2 MPa. In the triaxial 

tests, a confining pressure up to the desired level was first 

applied to the specimen and then the axial displacements were 

transmitted to the sample. The applied confinement levels 

varied from 0 MPa to 51.2 MPa. The lateral strains versus the 

total axial strain obtained from these tests are plotted in Fig. 1 

& Fig. 2. In Fig. 1and Fig. 2 the comparison with the models 

proposed in [7] and [4] are also presented. 

The second major set of test results used for the 

comparison, here, are those given in [9-10] in which tests 

results are presented for normal strength concrete in direct 

tension, uniaxial compression and triaxial compression. All 

tests were carried out in a servo controlled testing frame. The 

ultimate uniaxial compressive strength of the concrete was 22 

MPa. The size of the cylindrical specimens in the uniaxial 

compression tests, were 76mm by 152 mm, while in the 

triaxial and the tensile tests, the specimens had a diameter of 

54mm and a height of 108 mm. The tensile strength was 

approximately 2.53 MPa. A modified Hoek cell was used to 

impose the targeted confinement pressure on the triaxial 

specimens. The confining pressures ranged from 0.69 MPa to 

13.79 MPa. The axial displacements were transmitted via steel 

rams without any friction reduction measures. The study in 

reference [10] highlighted that the unconfined compression 

tests exhibited the biggest dilatancy in the post peak regime, 

with radial displacements three times greater than the applied 

axial displacements. The results presented in reference [9] 

showed a large volumetric expansion in the post peak region. 

Similar to results presented in [6], [10]’s results showed that 

as the level of confinement was increased the dilatancy 

showed a rapid decrease while exhibiting a transition from 

large volumetric expansions under low confinement to an 

elastic volumetric compaction for the high confinement levels. 

Fig. 3 and Fig. 4 show the test results and the comparison with 

the predictions of models described in part I. 

 

 
Fig. 1 Comparison of [8] test results (f’c=64.7 MPa) with [7] model 

 
Fig. 2 Comparison of [8] test results (f’c=64.7 MPa) with [4] model 

 

In all comparisons, the elastic modulus from the 

experimental results was used in the analytical models and the 

values of the axial strain at the peak stress was taken from 

experimental results rather than the empirical prediction. It can 

be seen that the models do not match the test results very well 

but provide a qualitative prediction. Moreover, none of the 

models are capable of predicting the behaviour of concrete 

under very high confinement level. In Fig. 4, when the 

confining pressure increases to 13.67 MPa, the specimen 

initially experiences compaction in the lateral direction before 

it starts to expand under axial compressive force but none of 
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the reviewed models are capable of predicting this behaviour 

at initial stage of tests. 

 
Fig. 3 Comparison of [10] test results with [7] model 

 
Fig. 4 Comparison of [10] test results with [4] model 

IV. STRESS STRAIN MODEL PROPOSED IN [11] 

Reference [11] proposed an axial stress versus axial strain 

model for confined concrete which will be used here to 

estimate the axial stress level, the peak axial stress, the axial 

strain corresponding to the peak stress and the concrete elastic 

modulus. The ascending branch of the stress strain curve can 

be represented by the following equation which was originally 

proposed by [5]. 
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In the above equation, f is the stress at the axial strain ε 

while f0 is the peak stress at the axial strain ε0. The constants 

A, B, C and D for the ascending curve are defined by: 
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In the above, Eti is the initial tangent modulus at zero stress 

and αt= Eti/Ec, where Ec is the secant modulus of the concrete 

measured at a stress level of fPl (usually 0.45f0). The secant 

modulus is defined by (12) for stronger crushed aggregates or 

(13) for mixes containing weaker aggregates, such as vesicular 

basalt. 
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For the softening descending branch, a power function is 

used with the condition that the stress strain curve passes 

through a point on the softening branch referred to as the 

inflexion point ( ),i if ε  in [5]. The proposed post peak 

softening power function is: 
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With fresidual being the residual stress level ratio estimated 

from: 
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The inflexion point stress ratio is given by: 
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The uniaxial inflexion point ( ),ic icf ε  is estimated by: 
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The inflexion point strain for the uniaxial case has been 

recalibrated from [5] proposal. Equation (14) reduces to the 

following for the post-peak softening branch for the uniaxial 
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With εc being the uniaxial strain at the peak stress and is 

defined in [5]. The axial strain at the peak stress, ε0, has also 

been recalibrated, and
 
is given by: 

( )
'

0

0.579 0.099

'

'

,

k= 2.843 0.0014

r

c

k

c

f

f

r

c

c

e

f
f

f

ε
ε

  
  −
    

=

 
−  

 

 (19) 

A similar interpolation function to that in  (16) can be 

devised for the inflexion point strain ratio, that is: 
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Where the parameter k defining the limiting value for the 

inflexion point ratio as fresidual → f0. 

V. PROPOSED LATERAL STRAIN MODEL 

The model for lateral strain as a function of the axial strain 

proposed here is:  
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In which, 
e

µ  is the elastic Poison ratio normally lying 

between 0.15 and 0.25. f  is axial stress. 
pr

f  and 
pr

ε  are the 

axial stress and strain at the proportional limit taken roughly to 

occur at an axial stress level of 45% of the peak stress, 
0

f . 

c
E  is the elastic modulus and is assumed to be equal to 

/
pr pr

f ε  and is defined by either  (12) or (13). 
0

ε  is the axial 

strain at the peak stress defined by  (19). 
0

µ is the ratio of the 

lateral strain to the axial strain at the peak stress. Based on 

study presented in [6], 
0

µ  assumed to be 0.5. β  coefficient is 

based on a regression analysis of several experimental results 

([10]-[12-16]) shown in Fig. 5 and is defined by  (24). β  is 

independent of axial strain variation and is therefore taken as a 

constant for a particular confinement level, in lateral strain 

versus axial strain relationship, and finally α  is defined as: 
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Fig. 5 β  variation with confinement level 

 

Fig. 6 to Fig. 8 show a comparison of the proposed model 

with test results of [6]-[8]-[10]-[12]. The proposed model 

predictions are generally very good and demonstrate the 

capability of the proposed model for a wide range of 

compressive strengths and confining pressures. 

The volumetric strain is also used to show the behaviour of 

concrete in lateral direction. To measure the volumetric strain 

in the confined concrete tests, either changes in confining 

liquid volume are recorded or the sum of axial strain and two 

times the lateral strain is used. In this paper as the changes in 

confining liquid volume is not available, the sum of strains are 

used. There is no need to mention that the accuracy of the 

volumetric strain presented as test results depends on the 

accuracy of the measurement method. The comparison of the 

volumetric strain for test result of [12] with the volumetric 

strain obtained from the proposed model is very good and the 

model predicts the trend of the volumetric strains obtained 

from the tests of [13] and [9]. 
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Fig. 6 Comparison of the lateral strain Vs. axial strain for [12] test 

results (f’c=100 MPa) with Proposed Model 

 
Fig. 7 Comparison of the lateral strain Vs. axial strain for [8] test 

results (f’c=64.7 MPa) with Proposed Model 

 
Fig. 8 Comparison of the lateral strain Vs. axial strain for [10] test 

results with Proposed Model 

 
Fig. 9 Comparison of the lateral strain Vs. axial strain for [13] test 

results with Proposed Model 

VI. CONCLUSION 

The two analytical models for lateral strain versus axial 

strain proposed by [4]-[7] are reviewed and compared with 

tests results. The correlation between the test results and the 

analytical model prediction is not particularly high especially 

for very high confinement levels. The initial compaction under 

high confinement is not predicted with the mentioned models. 

A new model for the lateral strain versus axial strain 

relationship has been proposed based on the assumption that 

the concrete behaviour could be classified into three regions. It 

was assumed that the concrete responds to loads linearly 

elastic up to a proportional limit and then its response changes 

to a nonlinear hardening up to the peak stress. From previous 

studies, the point at which the volumetric strain becomes zero 

corresponds to the peak stress point. Hence, by equating the 

volumetric strain to zero ( 2 0
a l

ε ε+ = ), the lateral strain at 

the peak stress must be half the axial strain at the peak stress 

level. In the post peak region, a linear relationship between the 

plastic lateral strain and the plastic axial strain was observed. 

Since the elastic component of the lateral strain can be 

predicted from the elastic axial strain, the total lateral strain in 

post peak region could then be estimated from the sum of the 

predicted plastic and elastic lateral strains. The only parameter 

affecting this linear relationship between plastic lateral and 

axial strain was shown to be the confinement level. 

To show the model’s accuracy, the proposed model 

predictions were compared with a vast range of results in 

which the concrete strengths varied from low to high strength 

as well as varying confinement levels. The model showed a 

realistic match and displayed similar trends to those in the 

comparison experimental results. 

 

 
Fig. 10 Comparison of the volumetric strain Vs. axial strain for [12] 

test results (f’c=100 MPa) with Proposed Model 
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Fig. 11 Comparison of the volumetric strain Vs. axial strain for [9] 

test results with Proposed Model 

 
Fig. 12 Comparison of the volumetric strain Vs. axial strain for [13] 

test results with Proposed Model 
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