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|. INTRODUCTION

BCl-algebra is an important class of logical algebras, the

theory of BCl-algebras introduced by Iséki [1] has been
studied deep by several researchers so far. Xi [2] introduced the
concepts of fuzzy subalgebras and ideas in BCl-algebras and
discussed some properties of them. On the other hand,
triangular norm is a powerful tool in the theory research and
application development of fuzzy sets. On the basis of the
definition of the intuitionistic fuzzy groups, Li [4], [5]
generalized the operators “A” and “V ” to T-norm and S-norm
and defined the intuitionistic fuzzy groups of T-S norms. In this
paper, the concepts of intuitionistic T-S fuzzy subalgebras and
intuitionistic T-S fuzzy ideas are introduced in BCl-algebras.
Some properties are discussed. We prove that the norm
intersection and direct product of two intuitionistic T-S fuzzy
subalgebras (ideals) are also intuitionistic T-S fuzzy
subalgebras (ideals) in BCl-algebras.

I1. PRELIMINARIES
Analgebra (X;*,0) of type (2,0) is called a BCl-algebra if
it satisfies the following axioms:
(BCI-1) ((x*y)*(x*z))*(z*y)=0,

(BCI-2) (x*(x*y))*y=0,
(BCI-3) x*x=0,
(BCI-4) x*y=0and y*x=0 imply x=y,
forall x,y,z e X .InaBCl-algebra X, we can define a partial
ordering < by putting x < y ifand only if x*y =0.
In this paper, X always means a BCl-algebra unless otherwise
specified.

Definition 1 [3] Let S be any set. An intuitionistic fuzzy
subset A of S is an object of the following form
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A:{(x,,uA(x),vA

and v, :S —[0,1] define the degree of membership and the

(x)): XeS} ‘where z,:S —[0,1]

degree of non-membership of the element x € S respectively
and for every x e S, 0< u, (X)+v,(x) <1
The all intuitionistic fuzzy subsets of S be denote IFS[S].
Definition 2 [4] Mapping T :[0,1]x[0,1] —[0,1] is called
as triangular norm, if T satisfies:
(T-1) T(0,0)=0, T(11) =1,
(T-2) T(a,b)>T(c,d)if a=c,b>d;
(T-3) T(ab)=T(b,a);
(T-4) T(a,T(b,c))=T(T(a,b),c).
When the triangular T satisfies T (a,1)=a, it is called as
T-norm; When T satisfies T (a,0) =
Specifically, let
X,y €[01], we have T <T, <S,<S.
Definition 3 [4] Let x°* =1-x for all x €[0,1], we say that

a, itis called as S-norm.
To=xAy and Sy=xvy for all

x° is a complement of x. Given T-norm T(x,y), let

S(xy)=1-T(1-x1-y)= (T (x°, y© ))C , obviously, S(x,y)
isan S-norm. We say that S and T are dual.
Definition 4 [7] Let X,Y be two nonempty classical sets and

AelFS[X],BelIFS[Y]. Let the mapping f:X —Y, then
the mapping f can induce a mapping F, from IFS[X] to
IFS[Y] and F,™* from IFS[Y] to IFS[X],

Fe(A)= {<y,ﬂp,(A) (y),vpf(A)(y)>: y eY},
F'(B)= {<X,,UF',1(B) (x),vF',l(B) (x)> ‘Xe X},

where
sup uy(x), f73(y)=2@
luF,(A)(y): xI70) '
0, fi(y)=0
inf x), f7 %)
Ve (¥)=17" (y)VA() )7 :
1(A) -1
1, f*(y)=0
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Proposition 1 [4] Let T be a T-norm and S be an S-norm,
forall T and S, if a,b,c,d €[0/], then

(1) T(T(ab).T(c.d))=T(T ()T (b.d))
=T(T(a,d),T(b.c));
(2) 3(s(ab).5(c.4))=5(5(a.c).5(0.4))
=5(S(a,d),S(b,c)).

I1. INTUITIONISTIC T-S FUzZY SUBALGEBRAS IN
BCI-ALGEBRAS

Definition 5 Let T be a T-norm, S be an S-norm and S
and T be dual norm. An intuitionistic fuzzy set A in X is
called an intuitionistic T-S fuzzy subalgebra of X if the
following are satisfied:

ﬂA(X*y)ZT(ﬂA(X)vﬂA(y))v

Va(x*y) S (va(x).va(y)),
forall x,y € X.
Proposition 2 Let T be a T-norm, S be an S-norm and S

and T be dual norm. Let A={(x, 4, (x),v,(x)):xe X} be
an intuitionistic T-S fuzzy subalgebra of X, then

DA={(% 240 (%), 1= 5 (X)) : X X,

<>AZ{<X,1—VA(X),VA(X)>ZXE X}
are both intuitionistic T-S fuzzy subalgebras of X.
Proof. Denote Cl)A(X):]-_,uA(X), for all x,ye X, we
have
@, (x*y) =1, (x*y)

<1-T (4 (), 4 ()
= (T (1 (%) 0 (¥)))
=S((n () (a (0)))
=S (L1 u (%), 1= 1, (y))
S(@a(x) wA(y)

c

a,C

Thus

FA:{(x,yA(x),l—yA(x»:XG X} is an intuitionistic T-S
fuzzy subalgebra of X.

Denote y,(x)=1-v,(x), forallx,y e X, we have

7a(xxy) =1-v, (x+y)
21-8 (v, (x),va(y))
=(S(va () va(¥)))

=T(( () (1 ()

=T (L-v, (x).1-v, (¥))

X

)
)

:T(7’A(X)’7A(y))'

Thus
OA={(x1=v,(X),v5(x)): xe X} is also an intuitionistic
T-S fuzzy subalgebra of X.

Definition 6 [8] Let X be any set, Ae IFS[X], for all
2e[01], AA={(x Au,(x), Av,(X)): x e X},
where

200, (X) :{ﬂA(x),ﬂ > s, (X) M(X):{VA(X),MA(X)

A<y (X) A, A<vy(x)

AAis called as cutproduct of A and A.
Proposition 3 Let A be an intuitionistic T-S fuzzy
subalgebra of X, then for any Ae[0,1]. 1A is also an

intuitionistic T-S fuzzy subalgebra of X.

Proof. It is clear that AAe IFS[X]. In the following we
need to verify that 1A satisfies the conditions of Definition 5.
If 2> pu,(x*y), then

A (X y) = s, (x* )
ZT(/“A(X) 1 (Y))
>T (A, (X), Aun (Y));
If A< u,(x*y), then
g (xxy) =24 =T (A1) 2T (Au, (X), A, (¥));
hence we can obtain Au, (x*y)>T (Au,(X), A, (y)) for
any 2¢[0,1].
If 2>v,(x*y) and 2>max{v,(x),v,(y)}, then
Ava (xxy)=v, (x*y)
<S(va(¥).va(y))
=S (Ava(x),Ava(Y)):
If 2>v,(x*y) and 2 <max{v,(x)
S(Ava(x),Ava(y))2$(2,0) =5(0,2) =4,
A
),

Avy(xxy)=v, (x*y) < A<S(Av,(X), Av,(Y))
If 2<v,(x*y)and 2>max{v,(x),v,(y)}, then
Avy(xxy)=12
<va(x*y)
<S(va(x).va(y)
=S(Av, (%), 4va(Y))
If 2<v,(x*y)and 2<max{v,(x),v,(y)} then
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Summarizing the above arguments, AA is an intuitionistic
T-S fuzzy subalgebra of X.

Definition 7 [6] If A={(x,u,(x).v,

B:{<X,yB(X),

subsets of a set S , then
ANB= {<x,yAmB (X),Vang (X)) 1 x€ S}

={ (0T (22 (%), 25, (0)), S (v (x), v (%)) - x € 8.
Proposition 4 Let A and B be two intuitionistic T-S fuzzy
subalgebras of X, then AN B is also an intuitionistic T-S
fuzzy subalgebra of X.
Proof. For all X,y € X. By Definition 5, Definition 7 and
Proposition 1, we have

(x)):xe S} and

vg(x)):xe S| be any two intuitionistic fuzzy

Hae (x*Y) =T (40 (x%Y), g (xY))
2T (T (0 (%), 41 (9).T (120 (). 255 (¥)))
=T(T (st (0) 15 ()T (20 (¥) 122 (1))
=T (ttare (X): Hana (¥)),
vAmB(X*y)=S(VA(X*y)'V (x*y))
<S(S(val y)S( (x) Y)))

=S(S(va(x).vs (%)), (va(y),
=S (VANB (X),V/.ms (y))

Hence A B isan intuitionistic T-S fuzzy subalgebra of X.
Definition 8 [6] Let A and B be two intuitionistic fuzzy
sets of a set X.
The Cartesian product of A and B is defined by

AxB ={(X, t15 (X),Vas (X)) 1 X = (%, %) € X x X,
where

/quB(X) :T(#A(Xl)’/uB(XZ))‘ VAxB(X) = S(VA(Xl)’VB (Xz))'

Proposition 5 Let A and B be two intuitionistic T-S fuzzy
subalgebras of X, then AxB is also an intuitionistic T-S
fuzzy subalgebra of X x X.

Proof. For all x=(x.,%),y=(Y¥,,Y,)e XxX, by
Definition 5, Definition 8 and Proposition 1, we get
Hax (X* y) = Hap ((X1l Xz)*(y1v yz))

= Has ((Xl * Y1)r(xz * yz))
:T(/UA(X1*y1) /UB(X *yz))
( X1 ,UA y1)) (IUB(XZ)’IUB (yZ)))
(T (%), )) T(,uA(y) ﬂB(yz)))
(;quB X)’:qu
Vaes (X*Y) —vAB(( %) *(¥i Y, )

)
(( Y1), (Xz*yz))

Vax (X)rVAxB (y))
Hence AxB is an intuitionistic T-S fuzzy subalgebra of
X x X.

IV. INTUITIONISTIC T-S Fuzzy IDEALS IN BCI-ALGEBRAS

Definition 9 Let T be a T-norm, S be an S-norm and S
and T be dual norm. An intuitionistic fuzzy set A in X is
called an intuitionistic T-S fuzzy ideal of X if the following
are satisfied:

(F1) 224 (0) 2 g2 (%),

(F) #a (¥) =T (a2 (x*y), 24 (¥))
(R)va(0)<va(x),
(FA)VA(X)SS(VA(X*V)'VA
forall x,y € X.

Proposition 6 Let A be an intuitionistic T-S fuzzy ideal of
X and u,(0)=1, v,(0)=0. If x<y holdsin X, then

Ha(X)Z 13 (), va(X)<Va(y)
Proof. For all x,y e X, if x<vy, then x*y=0, so by
Definition 9,

(v).

#a (%) =T (3 (x*y), 112 (¥))
=T (444 (0), a (¥))
=iy (1Y),

va(x) <S(va(x*y).va(y))
=5(va(0).va(Y))
=va(¥)-

Proposition 7 Let A be an intuitionistic T-S fuzzy ideal of
X, 1, (0)=1and v, (0)=0. If the inequality x*y <z holds
in X, then
ﬂA(X)ZT(HA(y)HuA(Z))v

Proof. Forall x,y,z € X,

va(X) S (va(y)va(2))-
if x*y<z,then
#y (X) =T (214 (x*y), 114 ()
2T (10 () 14 (2)),
va(X) <8 (va(xxy)va(y))
SS(VA(y),vA(Z)).
Proposition 8 Let Az{(X,yA(x),vA(x)>:XEX} be an
intuitionistic T-S fuzzy ideal of X, then

FA:{(X,NA(X),l—yA(x» ‘Xe X},
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OA={(x1-v,(x),v,(x)): xe X}
are both intuitionistic T-S fuzzy ideals of X.
Proof. Denote w,(x)=1-u,(x), for all x,ye X, we

have

@,(0)=1-,(0)
Sl—,uA(X)
:a)A(X)’

,(X)=1— 1, (x)

<1— T(,,A(x*y) ﬂA(y))
= (T (s (x*¥) 2ta (¥)))
:S((ﬂA(X*Y)) '(ﬂ (y))c)

S(L—pta (x*y), 1=, (y))
=S (@, (x*Yy),0,(y))-

Thus

EA:{<X1:UA(X)71_/UA(X)>:XEX} is an intuitionistic T-S
fuzzy ideal of X.

Denote y,(x)=1-v,(x), forallx,y e X, we have

74(0)=1-v,(0)
>1-v,(x)
=74(%)
7a(X) =1=v,(x)
21— S(VA X*y vA )

=(S(a(x=y)wa(v))

=T((va(xey)) ,(vA(y»C)

=T (1-v,(x*y).1-v,(Y))
=T (7

7A X* y ))
Thus
<>A:{<x,1—vA(x),vA(x)> Xe X}
is also an intuitionistic T-S fuzzy ideal of X.

Proposition 9 Let A and B be two intuitionistic T-S fuzzy
ideals of X, then AN B is also an intuitionistic T-S fuzzy

ideal of X.
Proof. For all x,y e X. By Definition 7, Definition 9 and

Proposition 1, we have

Hpne (0) =T (#A (0), g (O))
2T (415 (x), 115 (%))
= Hprp (X)’

Vane (0) =S(v4(0),v4(0))

<5(v, ()75 ()

=Vys(X),
Has (X) =T ( a(X), 1 ())

ZT(T(yA(x*y),yA(y)),T(/zB(x*y),yB(y)))
=T (T (st (% y) g (x5 Y)).T (12 (¥)s 115 (¥)))

=T (s (X*Y)s tpns (Y)),
=S (va(x).ve (%))
<S(S(va(x#y)va (). S (ve (x*¥)va (¥)))
=S(S(va(x*y).va (x*¥)).S (va(¥)va(¥))

=5 (Vas (X*Y)Vars (¥))-
Hence AN B is also an intuitionistic T-S fuzzy ideal of X.
Proposition 10 Let A and B be two intuitionistic T-S
fuzzy ideals of X, then AxB is also an intuitionistic T-S

fuzzy ideal of X x X.
Proof. Forall x =(%,%, ),y =(Y;,¥,) € X x X,
by Definition 8, Definition 9 and Proposition 1, we get
Hae (0) =T (12:(0). 45 (0))
2T (1 (%) 5 (%))
= e (X),
Vas (0)=5(v4(0).v(0))
< S(VA(Xi)’VB (Xz))

=Vas (X)1

Vans (X)

Has (X) =T (14 (%) 5 (%))
2T(T (2 04 ¥a) a (90))T (22 (% ¥ ) 5 (¥2)))
=T (T (20 (% ¥2) s s (%)) T (110 (W) 225 (¥2)))
=T(uA o (X* V), My, B(y)),

X *yz VB(yZ)))
:S(S(VA(Xl*yl)’VB(XZ *y2))’S(VA(y1)’VB(y2)))

=3 (VAxB (X* y)YVAxB (y))
Hence Ax B is an intuitionistic T-S fuzzy ideal of X x X.
Proposition 11 If f: X — X' is an epimorphism from X
to X "and B is an intuitionistic T-S fuzzy ideal of X', then
F,™(B) is an intuitionistic T-S fuzzy ideal of X.
Proof. Let B ={(x', s (X'),v5 (x')): X" € X | be an
intuitionistic T-S fuzzy ideal of X', then

F(B)= {<X1#F‘4<B) (%):Ve, 406) (x)> ‘X e X}.
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Since f:X — X' is an epimorphism from X to X'  (2) Itis clear that F, (Ff*l(B)) is an intuitionistic T-S fuzzy
therefore F,(0)=0". Let x'y'e X', then exist x,ye X, jdealof Y, forall yeY, we have

suchthat x'=F, (x),y'=F; (). e e (V)= SH. sty 0 (X)= S0Pty (1) = 5 (). B
xef ™ (y X)=y
-1 _ . -1 1 -1 1
Let P (x)*F (y )_{X*V'XEFf (<) y Ry} the similar proof ways, we can have
then F, ™ (x")*F, " (y) < F, 7t (x*y"), "p,(r;l(g))(y):"s(y)' for every x e X.
we 99t F ( y)=x*y". This implies that F, (F,™(B))=B.
'UF( =My (Ff (0))
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Hence F, ™ (B)is an intuitionistic T-S fuzzy ideal of X.
Proposition 12 If f:X —Y is an isomorphism mapping

from X to Y and A, B are two intuitionistic T-S fuzzy ideals
of X'and Y respectively then

@) F(F (A)=A
) F(F*(B))=B.
Proof. (1) Since f is an isomorphism mapping from X to
Y, forall xe X, let y=f(x),then f*(y)={x} and
He 1k, () (X) =t (T (X) = 16,y (¥)
- ﬂA( )=t (X).

xef™

By the S|m|Iar proof ways, we can have
Ve (e (4) (x)=v,(x), forevery xe X.

This implies that F, ™ (F, (A)) = A.
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