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Abstract—The aim of this paper is to introduce the notion of
intuitionistic fuzzy positive implicative ideals with thresholds (A, p) of
BCl-algebras and to investigate its properties and characterizations.
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1. INTRODUCTION

BCl-algebra is an important class of logical algebra and

was introduced by Iséki [1], [2]. K. Atannassov [3]
introduced the concept of intuitionistic fuzzy sets. In 2003, K.
Hur [4] applied the concept to the theory of rings, and
introduced the concepts of intuitionistic fuzzy subgroups and
subrings. M. Jiang and X.L. Xin [5] later introduced the
concepts of (A4, y) intuitionistic fuzzy subrings (ideals); some

meaningful results are obtained. In [6], [7], we have given the
concepts of intuitionistic fuzzy subalgebras (ideals) with
thresholds (A, #) and intuitionistic fuzzy implicative ideals
with thresholds (A, ) of BCl-algebras, in this paper, we

introduce the notion of intuitionistic fuzzy positive implicative
ideals with thresholds (A4, z) of BCI-algebras and give several

properties and characterizations of it.

I1. PRELIMINARIES

An algebra (X;%,0) of type(2,0) is called a BCI- algebra if
it satisfies the following axioms:
o (BCI-1) ((x*y)*(x*2z))*(z*y)=0,
o (BCI-2) (x*(x*y))*y=0,
e (BCI-3) x*x=0,
e (BCI4) x*y=0and y*x=0 imply x=y,
for all x,y,z e X.In a BCI-algebra X, we can define a partial
ordering < by putting x <y ifand only if x*y=0.

In any BClI-algebra X, the following hold:
Lo (xxy)xz=(x*2)*y,
2. xx0=x,
3. 0% (xxy)=(0%x)*(0*y),
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4. (xxz)*(y*z)<x*y,
5. x(xx(xxy))=xxy,
forallx,y,z e X.

In this paper, X always means a BCI-algebra unless
otherwise specified.
A nonempty subset K of X is called an ideal of X if

(1):0eK,(l,):x*yeK and yeK imply xeK. A
nonempty subset K of X is called a positive implicative ideal
of X if it satisfies (1)) and (l;): ((x*z)*z)*(y*z)eK and
y e K imply x*z € K.

Definition 1. [3] Let S be any set. An intuitionistic fuzzy
subset A of S is an object of the following form

A={{% s, (X),v5(x)): xe S} Where y,:5 —[0,1]

and v,:S—> [0,1] define the degree of membership and the
degree of non-membership of the element X € S respectively
and for every X €S, 0< s, (x)+v,(x)<1.
Denote (1) = {(a,b): a,b€[0,1]}.

Definition 2. Let A={(x,x,(x),v,(x)):xeS} be an
intuitionistic fuzzy set in a set S. For («,8)e(l), the set
A,y =1xeS:u,(x)2 a, v, (x)< B} is called a cut set of A
Definition 3. [6] Let 4, ¢(0,1] and A < p.

An intuitionistic fuzzy set A in X is said to be an
intuitionistic fuzzy ideal with thresholds (A, ) of X if the

following are satisfied:

forallx,y e X.

Proposition 1. [6] Let Abe an intuitionistic fuzzy ideal with
thresholds (4, ,yof X. If X < y holds in X, then

,uA(X)\//lz,uA(y)/\y, VA(X)/\ySVA(y)vﬁ,.
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Proposition 2. [6] Let Abe an intuitionistic fuzzy ideal with
thresholds (A, ) of X. If the inequality x*y <z holds in

X, then forallx,y,z € X,

A(y)/\/'lA(Z)/\ﬂ’
va(X)Ap v, (Y)vva(z)v A

III. INTUITIONISTIC FUZZY POSITIVE IMPLICATIVE IDEALS WITH
THRESHOLDS (A4, 1) OF BCI- ALGEBRAS
Definition 4. Let 1, 1 € (0,11and A < x. An intuitionistic fuzzy

set A in X is called an intuitionistic fuzzy positive implicative
ideal with thresholds (4, u) of X if it satisfies (IF,),(IF,) and

forallx,y,z € X.

Example 1. Let X ={0,1,2} with Cayley table given by

TABLEI
RESULT OF CALCULATION
* |0 1 2

0 0 0 0
1 1 0 0
2 2 2 0

Define A:{<X,/JA(X),VA(X)>:XES} where 1, : X —>[0,1]

and v, : X >[0,1] by ,(0)=2/3, u,(1)=p,(2)=1/3,
vy(0)=1/4,v,(1)=v,(2)=1/2. Let A=1/8 and p=3/4. By
routine calculations give that A is an intuitionistic fuzzy
positive implicative ideal with thresholds (4, x) of X.

The following proposition gives a relation between
intuitionistic fuzzy positive implicative ideals with thresholds
(A4, ) and intuitionistic fuzzy ideals with thresholds (A4, ) of

X.

Proposition 3. Any intuitionistic fuzzy positive implicative
ideal with thresholds (A4, ) of X is an intuitionistic fuzzy
ideal with thresholds (A, i) of X, but the converse does not

hold.
Proof. Assume that A is an intuitionistic fuzzy positive
implicative ideal with thresholds (4, ) of X and put z=0 in

(IF,) and (IF,), we get

/UA(X)V/?“Z/IA(X*Y)/\/JA(Y)/\;%
Vi) A<y, (xxy) v, (y)v A

This means that A satisfies (IF,) and (IF,). Combining
(IF) and (IF,), A is an intuitionistic fuzzy ideal with
thresholds (4, ) of X.

To show the last half part, we see the following example.
Example 2. Let X ={0,1,2} with Cayley table given by

TABLEII
RESULT OF COMPUTATION
* |0 1 2

0 0 0 0
1 1 0 0
2 2 1 0

Define A={(x, u, (x),
vy X = [0,1] by £, (0)=2/3, u, (1)=pu,(2)=1/3,
va(0)=1/4,v,(1)=v,(2)=1/2. Let 1=1/8 and px=3/4. 1t is

easy to verify that A is an intuitionistic fuzzy ideal with
thresholds (A4, ¢) of X. But it is not an intuitionistic fuzzy

va(x)):xe S} where 4, : X —[0,1] and

positive implicative ideal with thresholds (4, x) of X since:

pa (251)v A<y (((2%1) 1) (0%1)) & g2, (0) A p.

Next, we give characterizations of intuitionistic fuzzy
positive implicative ideals with thresholds (4, ¢) of X.

Proposition 4. Let A be an intuitionistic fuzzy ideal with
thresholds (A4, ) of X. Then the following are equivalent:

(i). Adis an intuitionistic fuzzy positive implicative ideal with
thresholds (4, i) of X,

(). ey ((x* y)*z)v/lZyA(((x*z)*z)*(y*z))A,u,

va((x* y)*z)AusvA(((x*z)*z)*(y*z))vﬂ, for all
X,¥,ze X,

(). g, (x*y)v 22 g, (((x y)* y)* (0% y)) Aty

va(x*y)Au< vA(((x* y)* y)*(O*y))v/l,for allx,y e X.
Proof. (i) = (ii) Suppose that A is an intuitionistic fuzzy
positive implicative ideal with thresholds (A4, ) of X. Since

(((X*y)*z)*z)*((}*z) :(((x*y)*z)*z)*((y* y)*z)
=(((xx2)x2)xy)*((y*2)*y) <((x*x2)*2)*(y*2),

by (IF,),(IF,).(IF),(IF,) and Proposition 1, we have

w, ((x*y *z)v/l ( A((xxy)ez)v A)v A

(
(ﬂA(
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Hence

i ((xxy)#2)v 22, (((x52) 0 2) <(y+2))

va((xxy)ez) np<v, (((xxz)*2)*(y*2))v 4

and (ii) holds.

e (ii)) = (iii) Substituting 0 for y and y for z in (ii),
respectively, we have (iii).

e (iii) = (i) Since

(((x*y)* y)*(O* y))*(((x*y)* y)*(z* y)) g(z*y)*(O*y) <z,

by Proposition 2, we obtain

a1y ((Ocey) e y) (0 ) v 2 2 a1 (((xxy) *y)#(2%y)) m g (2) A s
VA(((X*Y)*Y)*(O*Y))/\,U SVA(((X* y)* y)*(z*y))va(z)v/L

From (iii), we have

wy(XFY)V A =, (x¥y)v A)v A
z(yA(((x*y)*y)*(O*y))/\y)vl
= (a ((Cexy)2y) (0 y)) v 2) (12w 2)

2 (e )+ ) (2o ) n iy (2)
Va(x*y)Ap
(VA(x*y)A;z)AyS(VA(((X*y)*y)*(O*y))vl)/\
= (va(((xxy)=y) (O*y)) )V (A u)

vA( X*y)* z*y)) A(Z)v A

Hence, Ais an intuitionistic fuzzy positive implicative ideal
with thresholds (4, ) of X.

Proposition 5. An intuitionistic fuzzy set A of X is an
intuitionistic fuzzy positive implicative ideal with thresholds

(A, u) of X if and only if, for all o, g<(4,4], '%ﬁ) is either

empty or a positive implicative ideal of X.
Proof. Let A be an intuitionistic fuzzy positive implicative

ideal with thresholds (A, ) of X and Ay D for some

a,fe(Au]. It is clear that Let

((x*z)*z)*(y*z)e%@ and ye A{a,ﬁ)’ then

0e A<a’ﬂ>.

It follows from (IF;)and (IF;),

>
N
v
R

a (x*2)v A2 1, ((x*2)*2)*(y*2)) A g, (y
va(xxz)n <y, (((xx2)*2)*(y*2))v v, (y)v A< B.

Namely, Uy (x*2) 2, VA(X*Z)S,B and xx7 e A<a/3>‘ This shows

that A< is a positive implicative ideal of X. Conversely,
suppose that for each a, 8 & (4, 1], A, p s either empty or a

positive implicative ideal of X. For any xe X, let
a=p,(X)Au,B=v (x)v A Then u,(x)2a,v,(x)<p, hence

ng< and ﬂa’@ is a positive implicative ideal of X,

a,ﬁ>

therefore 0 e A

V) ie., 1, (0)>aand v,(0)< B. We get

1p(0)v A= 11, (0) = = g1, (X) A e,
Va(0)Aap<v,(0)<B=v,(Xx)v A,

i, (0)vAzp,(X)ap and v, (0)Au<v,(x)v4, for all
xe X. Now we only need to show that A satisfies (IF,) and

(IF,). Let

a =y (((x*2)x2)=(y*2)) A (¥) A 1t
ﬁ:VA(((X*Z)*Z)*(y*z))va(y)vﬂ.

Then
w((xx2)2)x(y+2)) 2@, 1, (y) >

na((xx2)42)<(y+2)) < B v, (1)<

Hence ((x*z)*z)*(y*z)e A, andye A, p- Sincep s a

positive implicative ideal of X, thus xxzeA

ie.
(a.f)’ ’

Uy (x*2)2a, v,(xxz)< p. We get

tn(X*¥2)v A2 p, (x*2) 2 a0 =yA(((x*z)*z)*(y*z))/\yA(y)/\ﬂ,
VA(X*Z)/\/JSVA(X*Z)Sﬂ =VA((()(*z)*z)*(y*z))va(y)vj,.

Namely,
pn (xx2)v 22 ((x*2)*2)* (y*2)) A g (Y) A

va(xxz)np<v, ((xx2)*2)*(y*2))vva (y)v A

Summarizing the above arguments, A is an intuitionistic
fuzzy positive implicative ideal with thresholds (4, x) of X.
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Proposition 6 Let J be a positive implicative ideal of
X. Then there exists an intuitionistic fuzzy positive implicative
ideal A with thresholds (A4, ¢) of X such that '%1, g = J for
some a, B e (4, u].

Proof. Define A={(x, 4, (x),v,(x)): xe S} by

(X)— a if xel,
D=0 i xe ,
B if xel,
VA(X):{ €
u if xed,

where a,f are two fixed numbers in (4, x]. Since J is a
positive implicative ideal of X, if ((x*z)*z)*(y*z)ej and

yeJ then x*z e J. Hence

#p(Y) =1 (x¥2) =0,
VA(y):VA(X*Z):,Ba

,UA(((X*Z)*Z)*(V* z)):
N

Thus,
yA(x*z)vﬁ2yA(((x*z)*z)*(y*z))/\yA(y)Ay,

vA(x*z)A,uSVA(((X*Z)*Z)*(y*z))va(y)v/l.

If at least one of ((x*z)*z)*(y*z) and y isnotin J, then at
least one of /IA(((X*Z)*Z)*(Y*Z)) and g, (y) is 4, and at

least one of VA(((X*Z)*Z)*(V*Z)) and va(y) is p. Therefore,

pn (xx2)v 22y ((x*2)*2)*(y £ 2)) A g (Y) A 1,

vA(x*z)/\,usVA(((x*z)*z)*(y*z))va(y)v/l.

This means that A satisfies (IF,) and (1
(0 A=azpu,(X)Ap, vi(0)au=pB<v,(x)v4, for all
xe X and so A satisfies (IF) and (IF,). Thus, A is an

intuitionistic fuzzy positive implicative ideal with thresholds
(A, 1) of X. Itis clear that A<aﬁ> =

Definition 5. Let S be any set. If

F). Since 0eJ,

A:{(x,,uA(x),vA(x» ‘Xe S},B = {<x,,uB (X).vs(x)): xe S}

be any two intuitionistic fuzzy subsets of S , then

AnB ={<x,(yAr\,uB)(X),(vAuvB)(x»:Xe S}

= {(% 22 (X) A 1 (X),v5 (X) v Vg (X)) : X € S}

Proposition 7 Let A and B be two intuitionistic fuzzy
positive implicative ideals with thresholds (4, ) of X . Then

AN B is also an intuitionistic fuzzy positive implicative ideal
with thresholds (4, z) of X.

Proof. For all x,y,z e X, by Definition 4, we have

Hos (O)vﬂ:(,uA(O)/\,uB (0))\//1 :(HA(O)\/Z.)/\(,UB (0)\/&)

Z(NA(X)Aﬂ)A(ﬂB(X)Aﬂ) =(/1A(X)/\/15(X))/\ﬂ =/uAr\B(X)A,ua

Vans (0) A 4= (V4 (0)vvg (0)) A gt = (v (0) A p2) v (v (0) A )
S(a(¥)v A (vs (x)v 2) =(va(X)v g (x))v A =V (X)V 4,

=(Hy (X*Z /\/JB X*Z )vl

:uAr\B
(,uA x*2)v A) A (g (x*2)v 2)
( ((x*z) *(y*z))/\uA( )/\,u)
A(u (xxz)*2)*(y*2)) A g (y )Aﬂ)
(ﬂA ((x*z)*z y*z)A,uB( X*2)%7)* y*z))
N (9) At ()t =t (X222 2)(722)) 5t (9) s

Vars (x52) mpr = (v, (x5 2) Vv (32)) n
= (va(x*2) A pt) v (vg (x*2) A 1)
<(va(((x*2)x2)2(y*2))vra(y)v 2)
v(va(((xx2)*2)* (y*z>)vvs< )v )
=(val((xx2)x2)#(y*2))vrg (((x22)2)*(y*2)))

v(vA(y>va(y>)m:vm(((x*z)*z)*(y*z))vvm(y)
Hence AN B is an intuitionistic fuzzy positive implicative

ideal with thresholds (A4, i) of X.

Definition 6. Let A and B be two intuitionistic fuzzy sets of a
set X. The Cartesian product of A and B is defined by

AxB :{(yAxB(x, Y)Vae (X Y)): Xy e X}

where
Hacg (X, Y) = Ha

» (X)v v (Y)-

Proposition 8. Let A and B be two intuitionistic fuzzy
positive implicative ideals with thresholds (A, x) of X. Then

(X) A 15 (¥): Vs (X y) =V

Ax B is also an intuitionistic fuzzy positive implicative ideal
with thresholds (4, ) of X x X.

Proof. For all(x,y) e X x X, by Definition 4, we get

Has (0,0)\//1 = (,UA(O)/\/JB (0))\//1 :(ﬂA(O)Vﬁ)/\(ﬂB
2 (up (X) A ) At (V) A 1) = s (X Y) A 12,

(0)\//1)

Vs (0,0) Az = (v, (0)v vy (0)) A pe :(VA(O)Ay)v(vB (0)Au)
S(VA(X)VE)V(VB (y)\//i) =Vas (X Y)V A,
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For all (x,%,),(¥,.Y,).(2,,2,) € X x X, we have

s (X ¥ 20% %2, )V A = (1, (X % 2) A pt (X, %2,)) v A
(w*z D) (1 42,)v.)
Z(ﬂA(((Xl*Zl)*zl)*(yl*Zl))AﬂA(yl)A#)

Ae (0 *2)%2,) (2 % 2.)) A st (¥2) A 1)
= (0 2)*2)* (v #2)) A s (% #22)*2) *(v: *2,)

A/‘A(Yl)/\/us(yz)/\,u
= Haxs (((Xl *21)*21)*(Y1 *Zl)’((xz *Zz)*zz)*(Y2*Zz))

/\lquB(yUyz)Aﬂ

Vs (X %20, % % Z)) At = (v (X %2) v vg (X, %2,)) A
=(va(x *2) A p) v (v (%, % 2,) A )
<(vA(( (% *2)*2,)*(y,*2,))v v, (%)v 2)
v(ve (% *2,)*2,)*(y, * )va(yz)v/i)
=va(((*z)*2)* (v *2))vve (% *2,) %2, ) *(y, *2,))
va(y])vv (y,)v 4
=Vaa (% ¥2)%2) 2 (v, ¥2).((% ¥2,)*2,) (1, *2,))

VVAxB(ylayz)V )

Hence Ax B is an intuitionistic fuzzy positive implicative ideal
with thresholds (4, x) of X x X.
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