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Intuitionistic Fuzzy Dual Positive

Implicative Hyper K- Ideals

M.M. Zahedi and L. Torkzadeh

Abstract- In this note first we define the notions of intuition-
istic fuzzy dual positive implicative hyper K-ideals of types
1,2,3,4 and intuitionistic fuzzy dual hyper K-ideals. Then we
give some classifications about these notions according to the
level subsets. Also by given some examples we show that these
notions are not equivalent, however we prove some theorems
which show that there are some relationships between these
notions. Finally we define the notions of product and anti-
product of two fuzzy subsets and then give some theorems
about the relationships between the intuitionistic fuzzy dual
positive implicative hyper K-ideal of types 1,2,3,4 and their
(anti-)products, in particular we give a main decomposition
theorem.

Keywords- hyper K-algebra, intuitionistic fuzzy dua
positive implicative hyper K-ideal.

I. INTRODUCTION

The hyperalgebraic structure theory was introduced by F.
Marty [6] in 1934. Ima and Iseki [4] in 1966 introduced the
notion of a BCK-algebra. Borzooei, Jun and Zahedi et.a. [3]
applied the hyperstructure to BCK-algebras and introduced
the concept of hyper K-algebra which is a generalization of
BCK-algebra. The idea of "intuitionistic fuzzy set” was first
published by Atanassov [1], as a generalization of the notion
of fuzzy set. Now in this note by intuitionistic fuzzifications
of the notions of dual positive implicative hyper K-ideals of
types 1,2,3 and 4 we obtain some results.

Il. PRELIMINARIES

2.1 Definition [3] Let H be a nonempty set and ” o ”
be a hyperoperation on H, that is” o” is a function from
H x H to P*(H) = P(H)\{0}. Then H is called a hyper
K-agebra if it contains a constant ”0” and satisfies the
following axioms:

(HK1) (zoz)o(yoz)<zoy
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(HK2) (xoy)oz=(zroz)oy
(HK3) z < x
HKY) z<y,y<z=>zx=y
(HK5) 0 < =z,

foral z,y,z € H,wherex < y isdefined by 0 € zoy and
for every A, B C H, A< Bisdefined by Ja € A, 3b € B
such that a < b.

Note that if A, B C H, then by A o B we mean the subset
UaObOf H.

acA
beB

22 Theorem [3] Let (H,o,0) be a hyper K-agebra
Then for al z,y,2z € H and for al non-empty subsets A, B
and C of H the following hold:

()Ao B < A,

(iii) xo(zoy) <y,

V) zoy<zezoz<y.
2.3 Definition [3] Let (H,o,0) be a hyper K-agebra
If there exists an element 1 € H such that 1 < « for all
x € H, then H is caled a bounded hyper K-algebra and 1
is said to be the unit of H. In a bounded hyper K-algebra,
we denote 1 oz by Nu.

(idroy < x,
(iv) z €z 00,

2.4 Definition [8,9] Let D be a nonempty subset of a
bounded hyper K-algebra H with unit 1, such that 1 € D.
Then D is said to be adua positive implicative hyper K-idea
of

(i) type 1, if for dl z,y,2 € H, N((Nzo Ny)o Nz) C D
and N(Nyo Nz) C D imply that N(Nzo Nz) C D,

(ii) type 2, if for dl z,y,z € H, N(Nyo Nz) C D implies
that N(Nxo Nz) C D,

(iii) type 3, if for dl z,y,z € H, N(Nzo Nz) C D,

(iv) type 4, if for dl z,y,z € H, N(Nzo Ny)oNz) C D
implies that N(Nz o Nz) C D.

Note that for simplicity of notation we write
DPIHKI — T1,2,3 and 4 instead of dua positive
implicative hyper K-ideals of types 1,2,3 and 4.

25 Proposition If {A4;]i € A} is a family of dua
positive implicative hyper K-ideal of type 1(2,3,4), then
() AiisaDPIHKI —T1(2,3,4).

ieA

2.6 Definition [3] Let H be a hyperK-algebra. An element
a € H is caled a left(resp. right) scalar if |a o z| = 1(resp.
|zoal = 1) fordl x € H. If a € H is both left and right
scalar,we say that a is an scalar element.
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27 Theorem Let H be a bounded hyper K-agebra
and NNz =z, for al z € H. Then:

(i) 1 is aleft scalar,

(ii) O is aright scalar,

(iii) If z <y, then Ny < Nz.

2.8 Definition [3] Let H; and H, be two hyper K-algebras.
Then a function f : H; — Hy is called homomorphism if

Va,y € H, f(zoy) = f(z)o f(y) and f(0) = 0.

2.9 Definition [10] Let u be a fuzzy subset of a nonempty
set H and ¢t € [0, 1]. Then the set:

U(u;t) = {z € H|p(z) > t}

(resp. L(u;t) = {x € Hlu(z) < 1))

is caled an upper (resp. lower) level subset of .

2.10 Definition [10] A fuzzy subset A of H satisfies
the inf property condition, if for any subset T of H there
exists xg € T such that

Alwo) = inf A(t)

2.11 Definition [10] Let p and v be fuzzy subsets of X and
Y, respectively. Then the fuzzy subsets 1 x v and p®v, which
are caled the product and anti-product of p and v, resp. are
defined by

(b x v)(z,y) = min{u(z), v(y)}

(n@v)(z,y) = max{u(z),v(y)}

2.12 Definition [1] An intuitionistic fuzzy set (briefly, IFS)
A on anonempty set X is an object having the form

A= {(z,pa(z),7a(z))|r € X}

where the function puy : X — [0,1] and v4 : X —
[0,1] denote the degree of membership and the degree of
nonmembership, respectively, and

0<pa(z)+vaz) <1

for al x € X. An intuitionigtic fuzzy st A =
{(z,pa(x),va(x))|lz € X} on X can be identified
with an ordered pair (114,7v4) in IX x IX. For the sake of
simplicity, we shall use the symbol A = (ua,v4) for IFS
A= {(z, pa(x), ya(x))|r € X}.

2.13 Definition [10] Let f : X — Y be a function.
An intuitionistic fuzzy set A = (ua,v4) of X is said to be
f-invariant, if f(x) = f(y) impliesthat pa(z) = pa(y) and
Ya(@) =va(y), foral z,y € H.

I1l. INTUITIONISTIC FUuZzZY DUAL POSITIVE IMPLICATIVE
HYPER K-IDEALS

Henceforth H is a bounded hyper K-algebra with unit 1.

3.1 Definition Let A = (ua,7v4) be an intuitionistic fuzzy
subset of H and let pa(1) > pa(x) and va(1) < va(y) for
al z,y € H. Then A is said to be an intuitionistic fuzzy dua
positive implicative hyper K-ideal of
(i) type 1, if for all t € N(Nxz o Nz),

t) > mi inf inf b
MA( ) - mln(aEN((Nic%Ny)oNz) MA(a)’bEN(l]{flyoNz) MA( ))
and
Ya(t) < max( sup va(a), sup  ya(b))
a€N((NzoNy)oNz) beN(NyoNz)
(ii) type 2, if for al t € N(Nz o Nz),
t) > inf
MA( ) - aEN(IZ{leoNz) MA(CL)
and
7a(t) < sup  ya(a)
a€EN(NyoNz)

(iii) type 3, if for al t € N(Nz o Nz),

pa(t) = pa(l) and ya(t) =va(1)

(iv) type 4, if for all t € N(Nxz o Nz),

pa(t) > Ala)

inf
aEN((leIéNy)oNz) .
and

va(t) < sup ya(a)

a€N((NzoNy)oNz)
for adl z,y,z € H. For simplicity of notation we write
IFDPIHKI — T1(72,T3,74) instead of intuitionistic
fuzzy dual positive implicative hyper K-idea of type 1 (type
2, type 3, type 4).

3.2 Example The following table shows a hyper structure
on H = {0,1,2}.

o 0 1 2
0 | {or {0} {0}
1o {1y {01}y {1}
2 [ {2p {0} {0}

Define the IF'S A = (pa,va) and B = (up,vs) On H as
follows:

1a(2) =1/2, pa(0) = pa(l) =1/3,

v4(2) = 0.2, v4(0) = v4(1) = 0.1,
pp(1) =1/3, pp(2) =1/4, pp(0) =1/5,
78(1) =0.1, v5(2) =03, vp(0) =04

Then Aand Bare IFDPIHKI —T1,72 and T4, also A is
an IFDPIHKI — T3, while B is not.

256



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:1, No:5, 2007

33 Theorem Let A = (ua,v4) be an IFS of H.
Then Aisan IFDPIHKI —T1(T2,73,T4) if and only if
for all s,t € [0,1], the nonempty level subsets U(pu4;t) and
L(ya;s) of Aisa DPIHKI — T1(T2,T3,T4).

34 Theorem (i) Let A= (ua,v4)bean IFDPIHKI-T3.
Thenitisan IFDPIHKI — T1(T2,T4).

(i) Let A = (pa,v4) bean IFDPIHKI — T2(T4). Then
itisan IFDPIHKI —T1.

3.5 Example The following tables show two hyper
K-algebra structures on {0, 1, 2}.
Hi| 0 1 2
0 {02} {0,1}  {0,1}
1|1y {02 {2
2 | {2t {012} {o0,1,2}
Hy| 0 1 2
{0,2}

L {1 {02y {1}
2 | {2} {0,2} {0,2}

Define the intuitionistic fuzzy subsets A = (ua,v4) and
B = (up,vp) on Hy and H,, respectively as follows:

0 {0} {0}

1a(2) =0, pa(l) = pa(0) =1/2,
74(2) = 0.7, ya(1) =~74(0) =0.3,
pp(0) =0, np(2)=ps(l)=1/3,
vB(0) =0.5, v5(1) =~5(2) =0.2.

Then Aisan IFDPIHKI —T1,T2 and T4, while it is not
of type3. Bisan IFDPIHKI —T1, whileit is not of type
2,30r4.

36 Theorem Let H be a bonded hyper K-agebra
and NNz = z, Vo € H. If A = (ua,va) is an
IFDPIHKI —T2(3), then it is constant.

3.7 Définition Let A be a fuzzy subset of H and
A(1l) > A(x) for dl 2 € H. Then A is said to be a fuzzy
dual positive implicative hyper K-idea of

(i) type 1, if for dl ¢t € N(Nz o Nz), A(t)

in( inf A(a), inf A(b))
a€N((NzoNy)oNz) beEN(NyoNz)
(i) type 2, if for dl t € N(Nz o Nz),

A(t) > inf A(a)

a€N(NyoNz)
(iii) type 3, if for al t € N(Nz o Nz),
A(t) = A1)
(iv) type 4, if for dl t € N(Nz o Nz),
At) >

> inf
a€N((NzoNy)oNz)

%

for al z,y,z € H. For simplicity of notation we write
FDPIHKI—T1(T2,T3,T4) instead of fuzzy dual positive
implicative hyper K-idea of type 1 (type 2, type 3 and type 4)

3.8 Theorem An IFS A = (pa,va) is an
IFDPIHKI — T1(T2,T3,T4) if and only if the fuzzy
sets 4 and 74 are FDPIHKI — T1(172,73,74), where
Fa(z) =1—~ya(z), fordl z € H.

3.9 Theorem Let H,; and H> be bounded hyper K-algebras,
and let lH1 o 1H1 = 04, 1H2 ¢} 1H2 = 09, M and v be fUZZy
subsets of H; and Hy, respectively. If pu(lg,) = v(lm,),
w(l) > p(z) and v(1) > v(y), Y(z,y) € Hy x Hs, then
pwxvisan FDPIHKI — T1(T2,T3,T4) of H; x Hy if
and only if 4 and v are FDPTHKI — T1(T2,73,T4) on
H, and H,, respectively.

3.10 Theorem Let H; and H, be bounded hyper K-
a|gebr$, 1H1 o 1H1 = 04, ].H2 o 1H2 = 0, and let
A = (ua,va) and B = (up,yp) be two intuitionistic fuzzy
subsets of Hy and Ho, respectively. If pa(lpy,) = ps(lm,),
Ya(lm,) = v8(1m,), a(ln,) = pa(@), pe(luy) = 1e(y),
Ya(lm,) < yal) and yp(lp,) < vs(y), for all
(x,y) € Hy X Ho, then A X B = (ua X pp,v4 ® yg) is an
IFDPIHKI —T1(T2,73,74) if and only if A and B are
IFDPIHKI —T1(T2,T3,T4).

311 Theorem Let H; and H, be two bounded hyper
K-algebras, 1y, o1y, =0; and 1y, o1y, = 0. If pisan
FDPIHKI — T1(T2,T3,T4) on Hy x Hs, then there are
w1 and po which are FDPIHKI — T1(T2,T3,T4) on Hy
and Hs, respectively.

312 Theorem Let H; and H, be two bounded hyper
K-dgebras, NNz = x and NNy = vy, for al
(z,y) € Hi x Hy. If 1 satisfies the anti-additive condition on
Hy x Hy anditisan FDPIHKI — T4(T1,72,T3), then
there exist fuzzy subsets p; and pu, on Hy and Hy which are
FDPIHKI —T4(T1,T2,T3) and p = p1 X pa.

Proof. We prove theorem for type 4, the proofs of the
other types are similar to type 4. Define p;(x) = p(x, 1) and
wa(y) = pu(l,y), V(z,y) € Hy x Hy. By the proof of Theorem
311 py and pug are FDPIHKI — T4. Now we show that
uw o= p1 X pue. Since u satisfies the fuzzy anti-additive
condition, then (x,y) < (z,1) and (z,y) < (1,y) imply that
w(z,y) < plx,1) = pi(z) and p(z,y) < u(ly) = pa(y).
Thus pu(z,y) < min{p(2), p2(y)} = p x po(x,y), for
al (x,y) € Hy x H,. Let (LE,y) € Hy x Hy and ((J,,b) S
N(N(z,y)oN(1,1)). Then since p isan FDPIHKI — T4

we have u(a,b) > inf t1,ts),
mab) 2 e vagenan A0 )

so by hypothesis we get that p(z,y) > p(z,1) = pi(z),
similally p(z,y) > w(l,y) = pe(y), hence p(x,y) >
min{p (2), p2(y)} = p1 x p2(x,y). Therefore p = iy x pu.
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3.13 Theorem (Decomposition Theorem) Let H; and
Hy be two bounded hyper K-algebras, NyNixz = x and
NoNoy =y, for all (x,y) € Hy x Hy. If A = (,U/A,'YA)
satisfies the anti-additive condition on H; x H, and it is an
IFDPIHKI—-T4(T1,72,T3), then there exist intuitionistic
fuzzy subsets A; = (pa,,v4,) ad Ay = (pa,,va,) ON
H, and Hy which are IFDPIHKI — T4(T1,72,73) and
AxB= (:U’Al X Ay VA, ®’YA2)'

3.14 Definition Let f : X — Y be a function and
B be afuzzy set of Y. Then the fuzzy set f~1(B) of X is
defined by:

fH(B)(@) = B(f(x)), Ve € H

315 Theorem Let H; and H, be two bounded hyper
K-agebras and f : H; — H> be a homomorphism
such that f(l) = 1. If A = (/J,A,’YA) is an
IFDPIHKI — T1(T2,73,T4) of Hs, then f=1(A) =
(f~Y(a), f~Y(ya)) isan IFDPIHKI — T1(T2,T3,T4)
of Hi.

3.16 Definition Let f : X — Y be a function and
A be an intuitionistic fuzzy set of X. Then the intuitionistic
fuzzy set f(A) of Y is defined by the pair (f(ua), f(va)) :

sup  pa(z) it f1(y) # 0
flpa)(y) = { 2€/~'w) '
0 otherwise
i =1
f(va)ly) = { %}I}ﬁ(m yal@) It f (y? #0
0 otherwise

3.17 Theorem Let H; and H, be two bounded hyper
K-dlgebras and f : Hi — Hy be an onto homomorphism
and f(1) = 1. Then:

(¢) if A = (pa,va) isan IFDPIHKI — T3, then so is
f(A) = (f(ra), f(ya)) -

(e5) if A = (pa,ya) is an f-invariant and an
IFDPIHKI—T1(2,4), thensois f(A) = (f(pa), f(74))-
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