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Impedance of an Encircling Coil due to a
Cylindrical Tube with Varying Properties

Valentina Koliskina

Abstract—Change in impedance of an encircling coil is obtained
in the present paper for the case where the electric conductivity and
magnetic permeability of a metal cylindrical tube depend on the
radial coordinate. The system of equations for the vector potential is
solved by means of the Fourier cosine transform. The solution is
expressed in terms of improper integral containing modified Bessel
functions of complex order.
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|. INTRODUCTION

EDDY current methods are widely used in practice for
quality control of products of a cylindrical shape [1] —[4].
Theoretical models are developed in [5], [6] for the case of
planar multilayer media. Analytical solutions are obtained for
the case of cylindrical geometry in [7]. The solution for a rod
of finite length is given in [8]. The solutions obtained in [5]-
[7] are found for the case of constant electric conductivity and
magnetic permeability of the conducting medium.

In some industrial processes (examples include surface
hardening and de-carbonization) the electric and magnetic
properties of conducting layers can change with respect to
geometrical coordinates (see [9], [10]). The assumption of
constant electric conductivity and magnetic permeability is not
valid anymore. Mathematical models describing the
interaction of alternating current in a coil with objects of
cylindrical shapes should be modified and variability of the
parameters of the medium should be taken into account.

There are at least two possible solutions of the problem.
First, one can still use analytical solutions [7] for the case of
multilayer medium with constant properties in each cylindrical
layer. In this case variability of the parameters of the medium
is taken into account by using large number of layers with
constant properties. In other words, electric conductivity and
magnetic permeability are piecewise constant functions of the
radial coordinate. Second, analytical solutions of the problem
can be found in some cases where the electric conductivity
and magnetic permeability are given functions of the radial
coordinate.

The second approach is followed in the present paper. Two-
parameter family of electric conductivity and magnetic
permeability profiles are used in the paper in order to
construct an analytical solution for the change in impedance
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of an encircling coil due to a two-layer cylindrical tube. The
properties of the outer layer are assumed to vary with respect
to the radial coordinate. The solution is found in terms of
improper integral containing modified Bessel functions of
complex order.

IlI.FORMULATION OF THE PROBLEM

Consider a coil of radius r_with alternating current of the
form i(t)e, = lexp( jot)€, situated in a plane

perpendicular to the axis of a two-layer infinitely long tube
with external and internal radii ¥, and T, , respectively, where

| is the amplitude of the current in the coil, @is the

frequency and ewis a unit vector in the ¢ direction. The
center of the coil lies on the axis of the tube. Let (r, ¢, z) be

a system of cylindrical polar coordinates centered at the origin
0.

In this case the amplitude of the vector potential, A, has
only one non-zero component in the ¢ -direction which is the

function of r and z only:
A= A(r,2)g, €]

We use Flas the measure of

h=r/f,R=FIT.
The amplitudes, A (r,z), i =0,1,2, of the vector potential

satisfy the following system of equations in regions
R, R,and R,:

length, thus

0°A, 10A, A O'A

or> ror r* oz° @
:_ﬂolﬁzg(r_ro)g(z)!

6T ?3)

11 du, -, 82
_(2+lu+r1 Ja)alﬂoﬂlJAl+ 61 =0,

r* ry, dr 0z
0°A, 10A, A, _,. ZA
o Trar ye tReoss =00
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where §(x)is the Dirac delta-function, MU, is the magnetic
constant, o and M are the electric conductivity and magnetic
permeability of region R, ,i = 1,2, respectively.

Some analytical solutions for the case where only the
magnetic permeability of region R, is a function of the

radial coordinate are given in [11]. In this paper we generalize
the solution presented in [11] for the case of encircling coil
where both the electric conductivity and magnetic
permeability of region R, are functions of the radial

coordinate of the form
U, =pur o, =o.r’, ®)
where ¢ and /3 are real numbers.

Substituting (5) into (3) we obtain the following equation in
region R :

62A1+(1—a)8A1_(1+a+ pzr“'”)Al
2 1

or’? r or r
oA,
072 =0.

(6)

where p = '71\/1771 = -r;\/m

The boundary conditions have the form

oA 10

AO |r=l: Al |r=1l airohzlz *aArl|rll (7)
1 0A 1 OA

A1 |r:R: AZ |r:R’ Tillr:R: 772|r:R’ (8)
M1 or M, or

A —>0az—>+0,i=012, 9)

A, > 0, asr — . (10)

I1l. PROBLEM SOLUTION
Applying the Fourier cosine transform

E\i(r,/l)=TAi(r,z)cos Azdz  1=012 (11)

to the solution of (2), (4), (6), (7) — (10) we obtain

0 +*70—70_ﬂ/25\ = _%ﬂolﬁzé(r_ ro)'
(12)

d*A  (-a)dA

dr? r dr (13)
_(1:261 + pzra+ﬂ +/1sz1 =0,

,~ -~ ~
where

A= JFTET b, =T, = Efae i -
Using the notation s = /o, 11, (. 11..)

we obtain n, =sn,.
The boundary conditions are

% ~ dA 1 dA
AO |r:1: Al |r:1’ d7r0|r:1= idirllr:l’ (15)
A=Al 29, _1dA, (16)
g dr F dr "}’
H 2
A, >0a r— oo, 17

where ;7 = 4, R“.

It is convenient to consider two sub-regions of region R,
namely, 1<r <r,and r > r,. The solutions in regions
l<r<ryand r>rjare denoted by Aoo(r,/‘t) and
,&m(r,,i), respectively. The general solution to (12) in
region1<r <r,is

A, (r,A) =C,1 (Ar) + C,K (Ar), (18)

where I (Ar)and K, (Ar) are the modified Bessel functions

of order one of the first and second kind, respectively.
Using (17) we conclude that the bounded general solution to
(12) inregion r > r,is

A, (r,2) = C,K, (Ar). (19)

Equation (13) can be solved in terms of different special
functions for different values of o and £ . In this paper we

consider one particular case, namely, ¢ = —land g =-1.
Then the solution to (13) is (see [12]):

~ 3 I, (4r) K, (4r) 20
A (r,4)=C, NG +C, N (20)

where y = ,/pf+1/4.
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The bounded solution to (14) has the form

A, (r,4)=C,1.(qr). (21)
There are six unknown constants in (18)-(21) and only four
boundary conditions (15) and (16). The remaining two
conditions are obtained at r = r,. First, the functions

Aoo(r,/I) and Am(r,/l) are continuous at r = r,:

A A (22)

00 |r=r0= 01 |r=r0 :

Integrating (12) with respect to rfrom r=r, —¢to
I = r, + ¢ and considering the limit in the resulting equation

as & — +0 we obtain the last boundary condition in the form

dA

o1 dA, __H Ir,* _ (23)
"™ dr " 2

Using conditions (15), (16), (22) and (23) we obtain all
unknown constants C,,C,,..., C,in (18)-(21). The solution

C4:7/3C51

C — Kl(ﬂ) +/’10II:12r0K1(ﬂ'r0)I1(2’)
K A+, () 7 2K (D) + ) ()]
_ 1 I, (4R) K, (4R)

CG_Il(qR){C“ NN }

Here we used the notations

¥y == AL (DK, (2) + 7,1, (A)]
+1L(A[AK! (1) =05 K (4)
+ 7,41, (1) = 0.5- 7,1, (1)],
¥, =—wAK, (DK, (A)+ 7,1, ()]
+ K, (A[AK' (1) =05 K (4)
+ 7341 (2) = 0.5- 7,1 (A)],

D,

Vs :—E,

D, = 2Riql/ (GR)K, (4R)

- 4,1, (GR)[2RAK | (AR) - K, (AR)],
D, = 2Ral, (aR)1, (AR)

— 1,1, (@R)[2RAI (AR) ~ 1 (AR)].

The Fourier cosine transform of the induced vector potential
in region R due to the presence of electrically conducting

magnetic two-layer tube is

A" (r,2) =C,K, (4r). (24)

Applying the inverse Fourier cosine transform of the form

A(r,z)==[A(r,2)cos Azd 4, =012, (25)

SN
ot—38

we obtain the amplitude of the induced vector potential in
region R in the form

in IT.%r, %
A" (r,2) = M]Kl(ﬁrO)QKl(M)cos Azd 2.
T 0 Y4

2

The induced change in impedance in the coil due to the
presence of the conducting tube can be computed as follows

7 _ Jij;Aoind (r.2)dl, (26)

where L is the contour of the coil. Calculating the integral in
(26) we obtain the induced change in impedance of the form

Z™ =2t rlu,Z,

where

Z - jT;/le (Ar,)dA - (27)

IVV. NUMERICAL RESULTS

Formula (27) is used to compute the change in impedance
of a coil for different values of the parameters of the problem.
Calculations are done with “Mathematica”. The change in
impedance, Z , is plotted in Fig. 1 for three values of r,

namely, r, =1.1,1.2 and 1.3 (from right to left). The other
parameters are as follows:
u, =1, u, =4,R=0.8,5=1.5.The points on the curves
correspond to the following values of 7, = 2,3,...,10 (from
top to bottom).

638



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:5, No:4, 2011

041

0.5 |

Fig. 1 The change in impedance calculated by formula (27) for three
different values of r,

It follows from Fig. 1 that the increase in frequency (larger
values of 7, ) leads to smaller values of the real part of the

change in impedance. On the other hand, the imaginary part of
the change in impedance increases as 77, grows.

The values of Z for three different values of My namely,
U, = 2,4,6 (from left to right) are plotted in Fig. 2. The

other parameters are set at
u,=1r, =11, R=0.8,s=1.5. The points on each
curve correspond to the  following
n, = 3,3,...,10 (from top to bottom).

"\

-0.2

values  of

0.3
0.4

e

Fig. 2 The change in impedance calculated by formula (27) for three
different values of 4/,

‘ ‘ ‘ ‘ . Re
0.25 0.5 0.275 03 0.35

It is seen from Fig. 2 that for large frequencies (large values of
n,) the change in impedance is almost independent on

1, since all the three curves are very close to one another.

V.CONCLUSIONS

Closed-form solution for the change in impedance of an
encircling coil located outside a two-layer metal tube is found
in the present paper. The electric conductivity and magnetic
permeability of the outer layer of the tube are power functions
of the radial coordinate. The solution is obtained by the
method of Fourier cosine integral transform. Computational

results show that for large frequencies the change in
impedance is almost independent on the properties of the
inner layer.
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