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Hopf bifurcation of a predator-prey model with time
delay and habitat complexity

Li Hongwei

Abstract—In this paper, a predator-prey model with time delay
and habitat complexity is investigated. By analyzing the characteristic
equations, the local stability of each feasible equilibria of the system
is discussed and the existence of a Hopf bifurcation at the coexistence
equilibrium is established. By choosing the sum of two delays as a
bifurcation parameter, we show that Hopf bifurcations can occur as
T crosses some critical values. By deriving the equation describing
the flow on the center manifold, we can determine the direction of
the Hopf bifurcations and the stability of the bifurcating periodic
solutions. Numerical simulations are carried out to illustrate the main
theoretical results.
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I. INTRODUCTION

It is well-known that delay differential equations
exhibit much more complicated dynamics than ordinary
differential equations since a time delay could cause a stable
equilibrium to become unstable and cause the population to
fluctuate. Time delays have been considered in mathematical
models of population dynamics and predator-prey systems by
many researchers, see [1], [2], [3], [4], [5], [6].

The most commonly used functional response in a predator-
prey interaction is Holling Type III [10]. This Type III re-
sponse function is represented mathematically by

CLI2

9(w) = 14 ahx?

where a is the attack coefficient and A is the handling time.
In his experiment, Holling did not consider the existence of
habitat complexity that can reduce the probability of capturing
a prey by reducing the searching efficiency of predator. So
the formula cannot be used directly in presence of habitat
complexity, and thus require modification. Since habitat com-
plexity is more likely to affect the attack coefficient than
the handling time for search [11], so the attack coefficient
a has to be replaced by a(l — ¢), where 0 < ¢ < 1
is a dimension less parameter that measures the degree or
strength of habitat complexity. Assume that the complexity is
homogeneous throughout the habitat. Then the total number
of prey caught, following Kot [12], is given by

V =a(1-c)Tsz,

where T, = T'—hV. Here T is the total time, T is the available
search time and A is the handling time required per prey.
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Solving for V', we get the modified Holling type III predation
formula that incorporates the effect of habitat complexity as

Ta(l — c)z?

V=2 9%
1+ a(l — ¢)ha?

Since predator’s functional response is defined as the amount
of prey catch per predator per unit of time, so the functional
response in presence of habitat complexity will be represented
by

a(l —c)z?
14 a(l —c)ha?’

g(z)

It is to be noted, when ¢ = 0, i.e., when there is no complexity,
we get back the original Holling Type III response function.
Therefore, this modified functional response would be suitable
for predator-prey interaction with habitat complexity. In partic-
ular, it would be more appropriate for laboratory, for example,
in case of Luckinbill experiment[15]. Assume that prey popu-
lation follows density-dependent logistic growth with intrinsic
growth rate r and carrying capacity k. If predation process
obeys the modified Type III response function, then the general
predator-prey model would be transformed to the following
system:

de _ z a(l—c)z

dt — Tl.(l - E) - 1+a(17c);1/w27

d ba(l—c)x(t—1)y(t—7 (1)
dflt/ = (i:»a(?fg)hrgélt(ff)> - dy

In system (1.1), 2:(¢) and y(t) represent the densities of prey
and predator at time ¢ respectively.
The initial conditions for system (1.1) take the form

z(t) = ¢1(t), y(t) = a(t),
d1(t) >0, ¢a(t) >0, t € [—7,0), 2)
$1(0) > 0, ¢2(0) > 0,

where (¢1(t), ¢2(t)) € ([=,0], RYo).

It is well-known by the fundamental theory of functional
differential equations [8], that system (1.1) has a unique solu-
tion (z(t), y(t)) satisfying initial conditions (1.2). It is easy to
show that all solutions of system (1.1) corresponding to initial
conditions (1.2) are defined on [0,400) and remain positive
for all ¢ > 0. The organization of this paper is as follows. In
the next section, by analyzing the corresponding characteristic
equations, the local stability of each of the feasible equilibria
of system (1.1) is discussed and the existence of a Hopf
bifurcation at the coexistence equilibrium is established. In
Section 3, the stability and direction of periodic solutions
bifurcating from Hopf bifurcations are investigated by using
the normal form theory and the center manifold theorem due
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to Hassard. Finally, in Section 4, numerical simulations are
carried out to support the theoretical analysis of the research.

II. LOCAL STABILITY AND HOPF BIFURCATION

In ecology, stress is given on the stability of the coexisting
equilibrium. We are, therefore, interested to investigate the
local stability of the interior equilibrium of the system (1.1)
which is given by E(xo,yo), where 2o = m and
Yo = Z—;xo(k — xp). Note that 2y and yo will be biologically
meaningful if ¢ < 1 — m,hd—k a%z <b< 1.

Let X(t) = x(t) — xo, Y (t) = y(t) — yo are the perturbed
variables. The system (1.1) can be expressed in the matrix
form after linearization as follows:

S - (3 (X070) 0
where

2r 2r(dh—0b)(k—zo) d
A= T FT T %
1 ( 0 d 9

0 0
Ay = ( _ 2d(hd=b)(k=z0) 4 > .
B —

The characteristic equation of system (2.1) is given by

and

|A; + Age™*™ —€1| =0
namely

B, T) = —(A+Be ")+ (C+De ™) =0, (4)

where
R S
D =d(r— 2%Io)-

When there is no delay (i.e., 7 = 0), the corresponding
characteristic equation is given by

E€—(A+B)¢+(C+D)=0

and the corresponding
ArB)=VALBIEACED) Ror the stability of the equilibrium,

real parts of the above two roots must be negative. Since
C+ D > 0, so & and & will have negative real parts
if A+ B < 0. After some algebraic manipulation and
considering the existence condition, one can show that the
non-delayed system will be stable if the conditions of the
following theorem are hold.

Theorem 2.1: The system (1.1) is locally asymptotically
stable without delay around the coexisting equilibrium point
E if
(I) hd+ 5 <b<1,

4d3h2
(H) L= a(2hd—b)2kZ(b—hd)

eigenvalues are &1 =

d
¢ <1 p—any-

For the delay-induced system (1.1), the interior equilibrium
E will be asymptotically stable if all the roots of the corre-
sponding characteristic have negative real parts. To determine
the nature of the stability, we require the sign of the real parts
of the roots of the (2.2). We start with the assumption that
E' is asymptotically stable in case of non-delayed system and
then find conditions for which E' is still stable for all delays
[13]. By Rouche’s Theorem [14] and the continuity in 7, the
transcendental (2.2) has roots with positive real parts if and
only if it has purely imaginary roots. From this, we shall be
able to find conditions for all eigenvalues to have negative real
parts.

Let

§(7) = n(7) + iw(7),

where 7 and w are real. As the interior equilibrium E of the
non-delayed system is stable, we have 7(0) < 0. By continuity,
if 7(> 0) is sufficiently small, we still have n(7) < 0 and E is
still stable. The change of stability will occur at some values
of s for which n(7) = 0,w(7) # 0, that is n will be purely
imaginary. Let 7 be such that n(7) = 0 and w(7) = @ # 0,50
that ¢ = iw(7) = iw. In this case, the steady state loses
stability and eventually becomes unstable when 7(7) becomes
positive. In other words, if such an w(7) does not exist, i.e.,
if £ be not purely imaginary for any 7 = 7, then the steady
state I/ will always be stable.
Now, iw is a root of (2.2) if and only if

~@0? — (A+ Be ™®T)iw + (C + De™“7) = 0.

According to the real and imaginary parts of both sides, we
get
—&% + C = Bosinw? — D cos @7,

Aw = —(Bw coswT + D sinwf7).
From the above two equations, we obtain
f@=a*+ (A2 - B> -20)+ (C?* - D*) =0. (5

If we assume @2 =Y, M = A2 — B2 - 2C,N = C? — D?,
f(@) could be reduced to

Y)=Y?*+MY +N =0. (6)
Note that
M=A%>-B?_-2C = (-r+ QT:d - QZdeO)Q

is always positive. If NV > 0 then all roots of the (2.4) have
negative real parts for all delay and the equilibrium F is
locally asymptotically stable. If NV < 0, then the (2.4) has
one positive root. It follows that the (2.4) will have a positive
root w. This implies that the characteristic (2.2) will have a
pair of purely imaginary roots +iw such that n(7) = 0 and
w(T) = @. Solving for 7, we have

w?(D - AB)—-CD
B2w? + D? )
Also we can verify the following transversally condition:

diTRe(f) >0

9
?j:fcosfl( g, 7=0,1,2,3,---
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and 7 = 7, where T is the value of 7; for j = 0.
Differentiating (2.2) with respect to 7, we obtain

2L — (A+Be ¢)% —¢Be ¢ (—7% —¢)

d&
e (—r 8~ 6)
This gives
(g)fl 26— A + Bér—Dt—B
dr (D§ B§2)e &7 D¢—Bg?
26— B _T
= Ae— C£ & DE-BE? 3

At 7 =T7,£ =1, since M > 0, then
(A?—B%—20)@% 20"

[d(ReE(T)) ]71
ar Ar=r BG4 D2

— %Izw 212512 >0
By continuity, the real part of 7(7) becomes positive when
7 > T and the steady state becomes unstable. Moreover, a
Hopf bifurcation occurs when 7 passes through the critical
value 7. Now we can state the following theorem:

Theorem 2.2: Suppose conditions of the Theorem 2.1 hold.
Then the following results are true. (i) If N < 0, then the
equilibrium E of the system (1.1) is locally asymptotically
stable for 7 < 7 and unstable when 7 > T where

_ 1 _1.@*(D—-AB)-CD
T=—cos | -
w B2®2 + D?
when 7 = 7, a Hopf-bifurcation occurs as 7 passes through
the critical value 7 [9].

(i) If N > 0, then the equilibrium E of the system (1.1) is
locally asymptotically stable for all 7 > 0.

] @)

III. STABILITY OF BIFURCATED PERIODIC SOLUTIONS

In the previous section, we have obtained the conditions
under which a family of periodic solutions bifurcate from the
positive equilibrium of system (1.1) when the delay crosses
through the critical value 7; . In this section, we shall study
the direction of these Hopf bifurcations and stability of bifur-
cated periodic solutions arising through Hopf bifurcations by
applying the normal form theory and center manifold theorem
introduced by Hassard et al. [9].

Let Z(t) = x(t) — «7,9(t) = y(t) — y*, then system (1.1)
can be transformed into

GO = (—p 4 204 — g))z(t) — Ly(t) —
—a(l— o) f(z(t), 5(t)),

i = —dy(t) + ZO=RE=T (0 — 1)+ dy(t - 7)
+ab(1 - e) f(a(t - 7),5(t — 7)),

7o)

@®)

where

cary(z + 2w9) + 22 (c3 — 2a(1 — ¢)hzoyox)
c3(ca + a(l — c)h(z? + 2x07))

f(Tvy) =

)

a(l —c)h(xo)?, 3 = y* (1 — 3a(l — c)h(x0)?).

Let t = s7,Z(sT) = &(s),y(s7) = 9(s), 7 =710 + p, 0 €
R, 19 is defined by (2.5), then system (3.1) can be transformed

02:1+

as an FDE in C' = C([-1,0], R?), we still denote = = 2,y =
Ys
G = (1o + @) ((=r + 2t (k — @o))a(t) — Fy(t)
— £2(t)* —a(l — o) f(z(t), (1)),
= (o p)(—dy(t) + 2Ot — 1)
+dy(t—1) +ab(l —c)f(z(t —1),y(t —1))).

(€))

For ¢ = (¢1, ¢2)T € C([~1,0], R?), we define
L,¢ = B¢(0) + Co(-1),
where
—r 4 2'rhd ke — _d
B= (o) (TR ),
0 0
C:(TOJF“)( 2r(b—dh) (k=) d)-
%
and

F(u, ¢) = (1) < —501(0)* = a(l = ¢) f(61(0), $2(0)) >

ab(1 —c)f(p1(—1), pa(—1)).

By the Riesz representation theorem, there exists a 2 x 2 matrix
function 7(#,u) : [~1,0] — R? whose elements are of
bounded variation such that

Ly = [° ldn(0,m)]e(0) for ¢ € C([~1,0],R?). (10)
In fact, we choose
n(0,pu) = Bo(0) +CH(0 + 1)

Then (3.3) is satisfied.
For ¢ € C([-1,0], R?), define

49(0) ~1<0<0
A — dg =
(k) {1&@@@@@ o0
d
o R |0, -1<6<0
(k)é = F(up,0), 6=0

Then system (3.1) is equivalent to the following operator
equation
U(t) = A(p)Ur + R(p)Us,

where U = (z,y)T,U; = U(t+9) for 6 € [-1,0].
For ¢ € C([-1,0], (R? ) define

-1<s<0
dn (t,0)]y(—t), s=0

2
For ¢ € C([~1,0], R?) and ¥ € C([~1,0],(R
bilinear form

<¢wzaﬂmwm—[l

we-{

1

)*), define a

0
W = 0)dn(0) $(&)de.
£=0
where 1(0) = (0, 0). Then A(0) and A* are adjoint operators.
From the discussion in Section 2, we know that dimyw are
eigenvalues of A(0) and therefore they are also eigenvalues of
A*. Tt is not difficult to verify that
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Lemma 3.1: q(0) = (1,p)Te*0™? and ¢*(s) =
D(1, p*)Tetwom0s are the eigenvectors of A(0) and A* cor-
responding to the eigenvalue iTywy and —iTywy respectively,
and (¢"(s),q(0)) =1, (¢"(s),q(0)) = 0, where
_2r(b— hd)(k = wg)e” "

k(i@ + d — de—i@m0)
d
bio — d + de=*m0)’
1
1+ pp* + p*roe " (dp +

*

p =

D=

2r(b—dh)(k—xo) ) :
bk

Following the algorithms given in Hassard et al[9] and using a
computation process similar to that of Wei and Ruan [7] with
the help of Mathematic 8.0, we can obtain the coefficients
which will be used for determining the important qualities:

g20 = QTOD(— _ a(lzc)c‘g _

2a(l—c)zg
z P

+ “b(l ©) preT21wT0 (c3 4 2com0p)),

g1 = QTQD(—* _ a(lc3c)63 _ 2a(l—36)zo Re(p)
2
+@££24Q+2@m34)»
Go2 = 27’0D(77 o a(l;:)(:g _ 2a(1;§c)xoﬁ

+ ab(l c) p*GszTU(CB + 2021,0[5))
go1 = 27’0D[(—— — “(1:73‘)03)([/1/2%)(0) Wm(O)
+ 12(;2(170)2}?0(03‘%023/0) . a(lzgc)wo (Wzé)(o)ﬁ

(12

an

+ W30 (0) + 2W1) (0)p + WP (0))
a(l—c) ((:Qféllsa(lfc)hwg) /3}

€2

+ ab(l c) p*e—zwm (CQC;;(Wéé)(—l)

+ 2W1(11)( 1)) = 12a(1 — c)hxo(cs + c2y0)
+ CQ’E(](W(I)( ) + W( )( ))ﬁ€2zwm

+ ca(ca — da(l — c)had)p))

WQO(@) _ 1920 q(o)eing00+ 2920 q(o)e—iwo‘ro6’_’_-EleinoToﬁ7

wWoTo 3w07'0
and

ig11 q(o)eiwume + ig11 q(o)e—ium‘roe + Ey.
WoTo WoTo

Wi1(0) = —

Moreover E1, E5 satisfy the following equations, respectively,
2rhd - — d
r— 2t (k — xo) + 2iw ¢
< 2r(b—dh)(k—=zo) dh)(k zo) 7210.17' 2w+ d — d€72iw‘r(] E1
_ a(l c ca _ 2a(l-c)zg p >

_r
k cg
ab(l c) 7210.17'0

(c3 + 2cam0p)

2r(b dh)(k IU) g Es

% c2
ab(l c) Cg+2621’0p)

-
-

_ ﬁ c)cg 7 Qu(lfc)a:up )

Because each g;; is expressed by the parameters and delay
in (1.1), we can compute the following quantities:
C1(0) = m(gugzo —2[g11|* — 3lg02/?) + 2,
__ _ ReCi(0)
H2 = ReX(19)?
B2 = 2Re{C1(0)},
Ty = ImC1(0)+#21m>\'(To).

wWoTo

(12)

It is known that po determines the direction of the Hopf
bifurcation: if ps > 0 (u2 < 0), then the Hopf bifurca-
tion is supercritical (subcritical) and the bifurcating periodic
solutions exist for 7 > 79 (T < 7p). P2 determines the
stability of the bifurcating periodic solutions: the bifurcating
periodic solutions on the center manifold are stable (unstable)
if B2 < 0 (B2 > 0); and T, determines the period of the
bifurcating periodic solutions: the period increases (decreases)
if To > 0(T < 0).

From the discussion in Section 2, we know that
Re(X (19)) > 0, therefore we have the following result,

Theorem 3.1: The direction of the Hopf bifurcation of
system (1.1) at the origin when 7 = 7;(j = 0,1,2,--) is
supercritical (subcritical) and the bifurcating periodic solutions
on the center manifold are stable (unstable) if Re{C1(0)} <
0(> 0); particularly, when 7 = 7p, the stability of the
bifurcating periodic solutions is the same as that on the center
manifold.

IV. COMPUTER SIMULATIONS

To demonstrate the algorithm for determining the properties
of Hopf bifurcation in Section 3 and the Hopf bifurcation
results in Section 4, we carry out numerical simulations on
a particular case of (1.1) in the following form.

In (1.1), let @ = 0.045,b = 0.215,d = 1,h = 0.05,¢c =
0.5,k = 898;r = 2.5. It is easy to show that system (1.1) has
a unique coexistence equilibrium

E*(16.4122,8.66033).
By calculation, we have

C —D = —1.05016 < 0,w ~ 0.39336,
7o = 0.853,C1(0) = 0.0915442 — 0.7768541,

to ~= —0.0720903, B2 ~ 0.183088, T ~ —0.665963.

By Theorem 2.1, E* is locally asymptotically stable if 0 <
T < 7p and is unstable if 7 > 79, and system (1.1) undergoes
a Hopf bifurcation at £* when 7 = 71y, we know that the
bifurcation is supercritical and the bifurcating periodic solution
is asymptotically stable(see Fig. 1). With the increasing of
the delays, System (1.1) will show the complicated dynamical
behaviors. A numerical simulation illustrates this fact (see Fig.
2).
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