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Gauss-Seidel Iterative Methods for Rank Deficient

Least Squares Problems

Davod Khojasteh Salkuyeh and Sayyed Hasan Azizi

Abstract—We study the semiconvergence of Gauss-Seidel iteratigeifficient conditions for the semiconvergence of the Gauss-
methods for the least squares solution of minimal norm of rargeidel iterative methods induced by splittings presented in [4].
deficient linear systems of equations. Necessary and sufficient C?‘T’Jen in the case that the system (1) is consistent, we show

ditions for the semiconvergence of the Gauss-Seidel iterative metr} tthe G Seidel iterati thods with t
are given. We also show that if the linear system of equations at the Gauss->eidel iterative methods with zero vector as an

consistent, then the proposed methods with a zero vector as an inffiélial guess converge in one iteration.
guess converge in one iteration. Some numerical results are given torhroughout the paper, fot € C™*", AT, R(A), rank(A),
illustrate the theoretical results. o(A) and p(A) denotes the conjugate transpose, the range
space, the rank, the spectrum and the spectral radiug, of
Keywords—rank deficient least squares problems, AOR iterativieespectively. Moreover(CL”X" = {4 € C™" : rank(A) =

method, Gauss-Seidel iterative method, semiconvergence. k} and forz = (z, z,)7 € C", ||z||2 denotes the 2-norm
- ) on) ’
overC", i.e., [l = (i3 |l .
|. INTRODUCTION This paper is organized as follows. In section 2, we review

) ] ) . the block AOR iterative method for rank deficient least squares
COnS|derthe problem of computing the numerical solutiogygpiem. Section 3 is devoted to the block Gauss-Seidel
to the system of linear equations iterative method for rank deficient least squares problem. In
Ar = b @ section 4, we present some numerical results. Some concluding
’ results are given in section 5.

where A € C™*™ with m > n andrank(A4) = k < n and

b € C™. In [5], Miller and Neumann discussed successive

overrelaxation (SOR) method to solve this problem. They par- ||. A BRIEF REVIEW OF THE BLOCKAOR ITERATIVE

titioned the matrixA4 into four parts and then applied the SORMETHOD FOR RANK DEFICIENT LEAST SQUARES PROBLEM

method to solve the new system. In their paper they consider

the semiconvergence interval of the SOR methods and then this section we review the block AOR iterative method

optimal relaxation parameter which minimized the modulus @hr rank deficient least squares problem proposed in [6] and

the controlling eigenvalue of the SOR iteration matrix. AlSqmore investigated in [4]. Lett € C**™. It is well known that

they gave a method for transforming the solutions resultinge c js the least squares solution to Eq. (1), that is,

from SOR iterative methods for the augmented systems to the

solutions of the original problem. In [6], Tian extended Miller

and Neumann’s results to accelerated overrelaxation (AOR)

iterative methods. Recently, Hung and Song [4] have consid-

ered semiconvergence of the AOR iterative methods for tifeand only if AZr = 0 wherer = b — Ay. Without loss of

least squares solution of minimal norm of rank deficient linegenerality suppose that has the form

systems. They have given necessary and sufficient conditions

for semiconvergence of the AOR and Jacobi overrelaxation e (An A12>

(JOR) iterative methods. They also derived the optimum Asr Aso )’

parameters and the associated convergence factor. In addition

they proposed some AOR iterative methods induced by sofiere 4,, ¢ CF** and the remaining blocks aft are ap-

different splittings of the augmented coefficient matrixof  propriate linear combinations of;; with Ay, = Ay AP Ay

b— Ayllz = min ||b— A
16— Ayll2 = min [[b— Az]l2,

system (1). [5]. We partition the vectoy andr into
In this paper, we study semiconvergence of the Gauss-Seidel

iterative method for the least squares solution of minimal norm vi r

of rank deficient linear systems. We first give a necessary and <y2) and <r2>
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where Theorem 1. Lety # 0. Then, the AOR iterative method (4) is
Ay 0 I, Ap semiconvergent if and only if the parametersand w satisfy
A o A21 Ik 0 A22 w € (07\/%7) and’y € (a(ﬂ2)7ﬁ(ﬂ2))l Whereﬁ = HBH2
- 0o A AE 0 ’ and
AR AR 1 1 1
y:) 2 12 blo a(z) = ;(w—Z—i—wz), B(z) = 5(2—2w+§w2+5w2z).
o - by Moreover, if the AOR iterative method is semiconvergent, then
r 0 the optimal pair of parameters,,; andw,,; is determined by
Y2 0 2
~ Wopt = Yopt = = /——=—x-
In [6], Tian split the matrix4 into 1+/1+4 52
A=D-L-U, (3)

It is well known that the AOR iterative method with
where w = v = 1 results in the Gauss-Seidel iterative method. In
the next section we give more investigation of the Gauss-

A 0 0 0
A; Imx O 0 Seidel iterative method and give some results concerning its
D=1 "9 o az o | convergence.
0 0 0 Tnk [1l. BLOCK GAUSS-SEIDEL ITERATIVE METHOD FOR RANK
0 0 0 0 DEFICIENT LEAST SQUARES PROBLEM
L = 0 OH 0 0 ’ Lety = w =1andG = £;,:. Then, the Gauss-Seidel
0 —Ay 0 0 iterative method is defined by
0 —Ap —Af 0 (i41) () 5
00 —I —Ap 2= ®)
0 0 0 —Ayp where
U= .
00 0 0 G={D-L)'U
0.0 0 Inw 00 -Ay -C
Then, forw # 0, the AOR iterative method [3] is defined by B 0 0 B 0
(i+1) _ (O ~ 1o o0 -BIB 0 |’
z Lyo2\" +c, (4) 0 0 0 I
where is the Gauss-Seidel iteration matrix with= (D — L)~'b.
Lyo=(D—-~vL) (1 -w)D+ (w—~)L+wU] Evidently, the spectrum of is
(1—w)I ( 0 | o(G) ={0,1} Uo(-B"B). (6)
0 1—w)l .
= 0 wiy—1)BH Now we state and prove the following theorem.
0 —w(y—1)2A%, Theorem 2. The Gauss-Seidel iterative method is semiconver-
—wAT —wC gence with any initial guess®) if and only if | B, < 1.
wB 0 L .
(1-w) —wyBB 0 Proof. Similar to Theorem 2.3 in [4], we have
Wiy -1DARGBYB+I) 1 Ly 00
0 Ln—x O
N ; I-g=
inwhich B = Ay A7, C = A7 Ay, ande = w(D—~L) b, 0 0 I
It is well known that the AOR iterative method (4) is o 0 0
semiconvergent from any initial vectef® if and only if the Iy 0 A C
following three conditions hold: (see for example [1] ) X 0 I,_g -B 0
@) p(Lyw) =1, 0 0 I+BEB 0
(b) If A€ o(L,) with [A] =1, thenA =1, i.e., = F.G,
9L ) = max{|Al, A € 0 (L), A # 1} < 1. where e o
k
(c) Elementary divisors associated with 1 are linear, i.e., P 0 Imr O
k(I — L.,,) = rank(I — £, ,)? - 0 0o I, |’
k(] = £y0) = rank(l — £3.0) 00
or equivalently/ — L, ) = 1. I 0 A7 c
. G = 0 In—k —-B 0
In [4], Huang and Song presented the following theorem 0 0 I+BEB 0

concerning the semiconvergence of the iterative method (4).
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F e clmtmxmih) andg e ¢l R * ) according to a independent of initial guess®.

theorem of Cline [2]/ — G) < 1 if and only if det(GF') # 0.

Now, we have
I
0

0
det(GF) = det I

Ay
-B
0 0 I+BHB

= det(I + B¥B) > 0.

Obviously, the eigenvalues of-B” B are nonpositive.
Therefore, 1 can not be an eigenvalue-aB¥ B. Hence, the
method is semiconvergent if and onlyif—B¥ B) < 1. On
the other hand it is easy to see that

p(=B"B) = |Bj3.

This completes the proof. O

Theorem 3. Letb € R(A) andz(®) = 0. Then, the vectog™")
computed by (5) provides the exact solution of Eq. (1)

Proof. If (9 =0, then from (5) we have(!) = f. It is easy

to see that
At 0
—-B I
—_ -1 —
(D L) BHB —BH
0 0
Therefore, we have
f=({D-L)"%
A 0 0
| -B I 0
~ | BEB -BY Ay
0 0 —ARA M
Al
o —Bby + by
~ | B¥Bb, — B"p,
0
We define
ALltby
y =
0

Therefore, we obtain

0
r=b-dy= < by — Ao ATty

~ o O O

)=

Obviously, system (1) is equivalent to

Ay Aqp
0 Agy — A1 A Ars

)

_ ( by
T\ b — Ag ALy

Hence, by the consistency of this system andd,
A21A1_11A12, we haVebz = A21A1_11b1 = Bb;. Therefore,
form (7) we haver = 0 and this completes the proof.

~ o O O

bs — Bby

Huang and Song in [4] proposed four other splittingsdof

as followin

and

There is not any contradiction between theorems 1 and 3.
Because, in Theorem 1 the minimization has been performed

g:

Ay 0 0 0
Asy Lyp O 0
0 0 AH 0
0 AL 0 I,
0 0 0 0
0 0 0 0
0 —Af 0 0
0 0 —A% 0
0 0 —I, —Ap
00 0 —Ay
00 O 0
00 0 I,
Ay 0 0 0
A21 Imfk 0 0
0 0o A 0
0 0 AL I,
0 0 00

0 0 00

0 A% 0 0

0 —-A% 0 0

0 0 —I, —Ap
00 0 —Ayp
00 0 0
00 0 I,
nu 0 0 0
0 IL,.p O 0
0o Al AR 0
0 0 0 In_g
0 0 0 0
— Ay 0 0 0
0 0 0 0
0 A —AH 0
0 0 —I, —Ap
00 0 —Ayp
00 O 0 ’
00 0 I,
Ay 0 0 0
0 I'm,f]c 0 0
0o A AE 0
0 AL AL I,

0 00 O
—Ay 0 0 0

0 00 O

0 00 O

0 0 —I, —Ap
00 0 —Ayp
00 0 0
00 0 I,

8)

9)

(10)

(11)
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. TABLE |
It is easy to see that theorems 2 and 3 hold for all of these NUMERICAL RESULTS FOREXAMPLE 1.
splittings.
Results forb = b
IV. NUMERICAL EXPERIMENTS Split. (3)  Split. (8)  Split. (9)  Split. (10)  Split. (11)
X i . . AOR: iters 7 7 7 7 7
In this section, we give two examples to illustrate the By, 2.40e-10 2.61e-10 2.28e-10  3.42e-10  3.42e-10
theoretical results presented in the previous section. GS: iters 10 10 10 10 10
Ey, 3.19e-10  3.19e-10 3.19e-10  3.19e-10  3.19e-10
Example 1. Let .
Results forb = b
-8 1 1 -1 Split. (3)  Split. (8)  Split. (9)  Split. (10)  Split. (11)
1 -8 1 1 AOR: iters 6 6 6 6 6
A= 1 1 o 2| Ey, 1.83e-10 1.83e-10 1.83e-10  2.55e-10  2.55e-10
3 ? GS: iters 1 1 1 1 1
2 1 -5 35 E, | 1.90e-16 1.90e-16 1.90e-16 190e-16  1.90e-16
and
7 -12
~ 5 . 33 TABLE II
b=>b= E b=>b= 5 NUMERICAL RESULTS FOREXAMPLE 2.
4 -2 Results forb = b
Then Split. (3)  Split. (8)  Split. (9)  Split. (10)  Split. (11)
_1 1 AOR: iters 9 9 9 9 9
B = ( e 190> . Ey 1.73e-10  1.73e-10  1.73e-10  4.14e-11  4.14e-11
63 63 GS: iters 13 13 13 13 13
- . E 8.98¢-10  8.98e-10  8.98¢-10  8.98e-10  8.98e-10
Hereb ¢ R(A), but we have|Bl|; = 0.3163 < 1. According = = = ol | eb 7 = =
. . . esults 1010 =
to Theorem 2 the Gau_sis?SeldeI_ iterative method to solve Spiit. (3)  Spiit. 8  Split. 9)  Split. (10)  Split. (11)
system (2) associated withis semiconvergent. On the other—3gg-jrers 5 5 5 6 6
hand, we haveé € R(A), since we haveé = A(1,-2,7,9)T. Ej, 5.00e-010 5.00e-010 5.00e-010 5.01e-010  5.01e-010
Therefore, according to Theorem 3 we expect that the Gaus&S: iters ! 1 L 1 1
o . LD ©) _ . Ey, 6.06e-16  6.06e-16  6.06e-16  6.06e-16  6.06e-16
Seidel iterative with initial guess'®) = 0 converges in one
iteration. In TABLE I, we compare the numerical results of
the Gauss-Seidel method with that of AOR iterative method
with optimal parameters. We use a zero vector as an init@hd
guess and 1 1 27
A% r®) | -9 2 1 2
k= Ho(0) <1077,
A7) T bl 2] 2
. . ' . . =0= ) =0= =5 | 38
as the stopping criterion, wheré®) = b— Ay*) in which y*) -1 1 25 | 5
is the approximation of the vectar computed at iteratioik. 4 1 3
We report the results for all of five splittings mentioned in 2 1 25
this paper. In this table “GS” and “iters” stand for the Gaus&-hen
Seidel iterative method and the number of iterations for the 9o (1 10
convergence, respectively. As we observé,df R(A) then the B = 25 L1 2
1 3 4

Gauss-Seidel iterative method converges in 1 iteration (small

reported errors are due to round-off error propagations_e. We have| B||, = 0.4545 < 1. Therefore, by Theorem 2 the
also observe, in the case tieg R(A) and both Gauss-SeidelGayss-Seidel iterative method to solve system (2) associated
and ACR iterative methods are convergent, the results of ty@th , and is semiconvergent. Obviously, we have R(A)

AOR method with optimal parameters are better than that ghq hence according to Theorem 3 we expect that the Gauss-

the Gauss-Seidel iterative method.

Example 2. Let

2 -1 0
Ay = -1 2 -1
0 -1 1
Ap = A _ 2 } 1
12 = 21—25
-1
=201
22 = ~oF )
625 0 1 3

Seidel iterative with initial guess(®) = 0 converges in one
iteration. Numerical results are given in TABLE Il. Here, we
mention that all of the assumptions are as Example 1. As we
see, all of the observations of the Example 1 can be posed
here.

V. CONCLUSION

We have considered the block Gauss-Seidel iterative method
to solve rank deficient least squares problems. Two theorems
concerning the semiconvergence of the method have been
presented. Numerical results confirm the theoretical results.
We have compared the numerical results of the block Gauss-
Seidel iterative method with that of the AOR iterative method.
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Numerical results show that in general the block Gauss-Seidel
iterative method can not compete with the AOR iterative
method with optimal parameters. But, in the case that
R(A) the Gauss-Seidel iterative method converges only in
one iteration, whereas this is not true for the AOR iterative
methods. We also presented the numerical results for all of
the splittings discussed in this paper. We have observed that
for small problems there is no significant difference between
these splittings.
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