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Abstract—This paper develops a quality estimation method with
the application of fuzzy hierarchical clustering. Quality estimation is
essential to quality control and quality improvement as a precise
estimation can promote a right decision-making in order to help
better quality control. Normally the quality of finished products in
manufacturing system can be differentiated by quality standards. In
the real life situation, the collected data may be vague which is not
easy to be classified and they are usually represented in term of fuzzy
number. To estimate the quality of product presented by fuzzy
number is not easy. In this research, the trapezoidal fuzzy numbers
are collected in manufacturing process and classify the collected data
into different clusters so as to get the estimation. Since normal
hierarchical clustering methods can only be applied for real numbers,
fuzzy hierarchical clustering is selected to handle this problem based
on quality standards.
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I. INTRODUCTION

UALITY control and quality monitoring relies on pursuit
Qof a full inter connection of al the activities in a firm.
Such integrated cooperation system of all workers, employees
from production, through administration, ordering of materials
and sale, guarantees full efficiency of operation. And aso
allows to reach economic benefits and customer’s satisfaction
[1]. Generally, companies always need to do the quality
estimation to determine the quality level of a certain product
so the corresponding quality control and improvement
activities can be applied accordingly. Currently, most
companies rely on the experience and intuition of highly
skilled engineers or experts, which is human-interfered and
subjective. On the other hand, in the real life situation, the
collected data may be vague and not precise. The concept of
fuzzy set theory to meet these problems is introduced by
Zadeh 1965[2]. Many researchers have applied this concept
into different areas [3-6] such as production workflow
enhancement, productivity prediction as well as system quality
management. In 1978, Dubois and Prade defined any of the
fuzzy numbers as a fuzzy subset of the rea line [7]. Fuzzy
number cannot be easily evaluated and analyzed as real
numbers. In this paper, one bottom-top fuzzy clustering
method is adopted to classify the sampled fuzzy number data
which is fuzzy hierarchical clustering method. Hierarchical
clustering is a very systematic algorithm with dendrogram
showing the steps of clustering and divergence.
Agglomerative nesting (AGNES) is one of the typical
hierarchical clustering method using the agglomerative

approach.
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AGNES can be described as a bottom-up approach. It starts
clustering with a small piece of data object representing an
individual cluster, followed by merging a series of clusters
together. The cluster will increase continuoudly until the
conditions for termination are met. The fuzzy hierarchical
clustering just derives from AGNES. Another important issue
in this research is the introduction of quality control means
and standard which indicates the quality levels and represents
certain linguistic quality estimation. It inspires the authors to
apply clustering method based on fuzzy quality mean so as to
obtain the quality estimation of products with fuzzy data
atributes. This paper is organized as follows: Section 2
introduces the original Agglomerative nesting method. Section
3 depicts the methodology for the new fuzzy hierarchical
clustering applied for trapezoidal fuzzy number based on
fuzzy dissimilarity. Section 4 is a numerical experiment with
the introduced clustering method. And the last section part is
the conclusion.

[l. METHODOLOGY

In this section, fuzzy hierarchical clustering will be applied
for quality estimation. Nowadays, any product in
manufacturing system gets certain quality standard to verify
whether they are up to certain qualification or not. The quality
of the products can be differentiated into various levels. Under
this concern, quality standards for each level are introduced to
help classify the collected data.

i. Fuzzy Hierarchical Clustering of Trapezoidal Fuzzy
Number

A. Trapezoidal Fuzzy Number

In general, a generalized fuzzy number A is described as any
fuzzy subset of thereal line R, whose membership function p,,
satisfies the following conditions [7].

(1) n, isacontinuous mapping from R to the
closed interval [0, 1],

(2 p,x=0-o0<x=<c,

(3) p,y(x) = L(x) isstrictly increasing on [c, a],

4 p,x)=w,asx<b,

(5) m,(x) = R(x) isstrictly decreasing on [b, d],

(6) p,(x)=0,d=x<on,

where 0 < w <1, a,b,c, and d are real numbers. We denote
this type of generalized fuzzy number as A = (c,a,b,d; w) .
When w =1, we denote this type of generalized fuzzy
number asA = (c,a, b, d)g. When L(x) and R(x) are straight
line, Then A is a trapezoidal fuzzy number, we denote it

as(c,a, b, d):
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p,(x)=0, x<c
K
(HA(X):L(X):W(S) , c<x<a
{ W@ =w a<x<b )
| x—-d\K
|pA(x)=R(x)=w(ﬁ), b<x<d
k p(x) =0, x>d

B.  Graded Mean Integration Representation (GMIR)

The fuzzy numbers, with given fuzzy set and corresponding
fuzzy membership grade, are not easy to compare based on the
fuzzy form. Hence, it’s necessary to defuzzify the fuzzy
numbers under comparison. The concept of maximizing set to
defuzzify fuzzy numbers has been introduced by Jain early in
the 1970s [8], there are many other defuzzification methods
such as weighted fuzzy mean, mean of maximum etc [9].

In this research, Graded Mean Integration Representation
[10] is selected to represent fuzzy numbers because of its
simplicity and accuracy. The GMIR can be described as
follow [11]:

Based on section A, suppose L™! and R™! are inverse
functions of functions L and R, respectively, and the graded
mean h-level value of generalized fuzzy number A =
(c,a,b,d; w) g is h[L™*(h) + R"1(h)]/2 as Figure 2. Then
the graded mean integration representation of generalized
fuzzy number based on the integral value of graded mean h-
levelsis

. -1 —1
I[;.\h(L (h)-;—R (h)]dh

P(A) = T @)
wherehisbetweenOandw, 0 <w < 1.

Lix) Rix)

L/ )

1 “a
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Fig. 2 The graded mean integration of a generalized fuzzy number
A=(c,a b, d; w)LR

0 ¢ Ll(h) a b R—J(h)d X

Suppose A = (c,a,b,d; w) is a trapezoida fuzzy number,
based on equation (1), to simplify the calculation, let k=1:
Since,

X—cC
Lx) =w(—), c<x<a,
a—c
and
R(X) = lx_d) b<x<d
X —Wm i X=aq,
then
(a—o)h
Li(h) =c+ - ,0<h<w,
(d —b)h
R_l(h)=d+T,0ShSW,
and

\

L'(h)+R'(h) c+d+(a-c—d+b)h/w
2 B 2

The graded mean integration representation of A is

vy (L“ (h) ; R~ (h) )i

0 _c+Za+2b+d

J;" hdh - 6

P(A) =

C. Fuzzy Dissimilarity

The distance of two rea numbers is a new real number,
while the distance of two fuzzy numbers should be another
fuzzy set. In this paper, the fuzzy dissimilarity is defined as
defuzzified fuzzy distance as follow [14]:

Definition 1: Let A = (ay,a;,a5,a,), B = (by,bs,bs,b,) be
two trapezoidal fuzzy numbers, and their Graded mean
integration representation are P(A), P(B) respectively[12].
Assume

si = (aj —P(A) + b; — P(B))/2,i=1, 2,3, 4

C; = |p(A) - p(B)l + Siy i:]., 2, 3, 4,

then the fuzzy distance of A,B is C = (¢;,Cy,C3,Cy)

then the fuzzy dissmilarity of A, B d.(A, B) is the Graded

Mean integration representation of the new fuzzy number P(C).

Example:

There are 2 trapezoidal fuzzy numbers X (less or greater than
5)=(3,4,6,7),Y (lessor greater than 8) =(6,7, 9, 10)

then

sl=-2, s2=-1., s3=1. s4=2. Therefore.

c1=2,c2=3, c3=5, c4=6; So the fuzzy distance of A, B is

C=(2, 3, 5, 6), We can say C as greater or lessthan 4.
d~(X,Y)=3

D. Fuzzy Hierarchical Algorithm
The generalized fuzzy hierarchical agorithm for trapezoidal
fuzzy number can be summarized as follow:

1. Initialy, each cluster contains one fuzzy number;

2. Cadlculate the fuzzy dissimilarity between each fuzzy
number and create the dissimilarity matrix for fuzzy
numbers;

3. Two “most similar” clusters are chosen at each step

4. The dissimilarity between two clusters can be estimated
in various ways: single-linkage, complete-linkage, and
average-linkage;

5. Thesteps 2 and 3 will be repeated until every object isin

one cluster.

ii.  Clustering into different quality levels based on
guality mean standards

A. Fuzzy quality Mean

In manufacturing system production lines, the products
parameters are inspected based on quality standards to exclude
those unqualified items. As mentioned, the data represented
the products may be not accurate but in fuzzy way, so Quality
Mean Standard is introduced in term of Trapezoidal fuzzy
number.
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Definition 2: Fuzzy quality Mean is defined as the statement
of the mean value for a certain quality level, represented in
MQ. In this research the MQ is fuzzy number, so a linguistic
label can be given for different MQ for easy delivery of
information.

B. Fuzzy quality Mean help clustering products

Assume for a certain product, there are three quality levels,
and the quality mean standards for each level are MQ1, MQ2
and MQ3 with the linguistic labels are “good”, “medium” and
“bad” respectively.

Now a sample data representing this product is captured in
term of trapezoidal fuzzy number. Based on fuzzy hierarchical
clustering, the collected data can be classified based on its
natural attributes but referring to the real condition, it’s
necessary to figure out which quality level the product belongs
to.

Example: We randomly choose 3 same products P1 P2 P3,
and the parameter attributes representing each product are
DATAL, DATA2, and DATA3. The target is to estimate the
quality of the products.

What we need to do isto regard different MQ and DATA as
different cluster initially. Then use fuzzy hierarchica
clustering to classify them. It’s not difficult to know there are
several cases can be obtained (some typical case shown as
follow):

Casel

DATA 1 DATA 2 MQ 1 DATA 3 MQ2 MQ3

After this clustering, it can easily estimate that P1 and P2 are
with “good” quality, while P3 is only in “medium” quality.

Case?2

DATA 1 MQ1 DATA 2 MQ2 DATA 3 MQ3

After this clustering, it can easily estimate that P1 is with
“good” quality, while P2 is only in “medium” quality and P3
“bad”. So P3 needs rework.

Case 3

DATA 1 DATA 2 DATA 3 MQ 1 MQ2 MQ3

After this clustering, it can easily estimate that P1 P2 P3 are
al with “good” quality, which is the best case for
manufacturing process.

Based on the dendrogram of case 1 to 3 shown above, it’s
can be found the clustering for quality estimation is different
from theoretical fuzzy clustering that all the object will merge
into one cluster at the end. There is one important constraint
for quality estimation with fuzzy hierarchical clustering MQs
can never merge into one cluster because it may combine

cluster 1 and cluster 2 to one cluster and the boundary of two
clusters may not be clear after combination (Fig. 3 shows the
constraint.).

Mean 1 Mean 2

Fig. 3 Constraint of merging rules

[11. NUMERICAL EXPERIMENT
There are 3 same type products with the key parameter in
term of trapezoidal fuzzy numbers PA (less or greater than
3)=(1, 2, 4, 5), PB (less or greater than 7)=(5, 6, 8, 9), PC (less
or greater than 4)= (2, 3, 5, 6), For this product the quality
levels are divided in level two with the given quality mean
standards are MQL (less or greater than 5)=(3, 4, 6, 7), MQ2
(less or greater than 8) =(6,7, 9, 10), now use the proposed

fuzzy hierarchical method to do the clustering:

i. Get the fuzzy distance matrix

TABLEI
Fuzzy DISTANCE MATRIX OF 5 TRAPEZOIDAL FUZZY NUMBERS
PA(1,245) PB(56,89) PC(2,3,5,6) MQL(34,6,7) MQ2(6,7,9,10)

PA(1245) 0

PB(56,89) (2356) 0

PC(2356) (-1023) (1,245 0

MQL(3467) (01,34) (01,34 (-1,023 0
MQ2(6,7,910) (34,67 (-1,02,3 (235,6) (1,2.45) 0

ii.  Getthe fuzzy dissmilarity matrix

TABLE I
Fuzzy DISSIMILARITY MATRIX IN TERM OF GRADED MEAN INTEGRATION
REPRESENTATION

PA PB PC MQ1L MQ2
PA 0

PB 4 0

PC 1 3 0

MQ1L 2 2 1 0

MQ2 5 1 4 3 0

iii.  Clustering the data based on dissimilarity matrix with
dendrogram

From Fig. 3, it can estimate that PA and PC belong to
quality level 1 and PB belongs to quality level 2. This
hierarchical dendrogram clearly shows the steps of clustering
or divergence, and it terminates when MQ1 and MQ2 will
merge into one cluster which is strictly forbidden by this
method constrain.
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Fig. 3 Clustering of fuzzy numbers based on fuzzy dissimilarity

IV. CONCLUSION

This paper proposes a systematic method for applying fuzzy
hierarchical clustering method to do quality estimation based
on fuzzy quality mean. This clustering method derives from
normal hierarchical clustering agglomerative nesting, with the
fuzzy dissmilarity replacing of the norma one. With the
proposed method, the quality estimation with fuzzy data can
be done without relying on experienced experts or highly
skilled engineer. What’s more, the hierarchical clustering can
clearly show the steps how data merges into clusters and
easily extract the results on the quality level of products. In
this paper the definition of fuzzy dissimilarity based on fuzzy
distance has been given. The sample fuzzy number is
trapezoidal fuzzy number in this paper. The defuzzified
representation way is Grades Mean Integration Representation
which is the most simple and precise way. The quality
standards are introduced with clustering the collected data and
terminates once the fuzzy quality means will merge into one
cluster. In the numerical experiment, it’s clearly shown the
process that how fuzzy hierarchical clustering can be applied
for quality estimation.

Future work of this research will focus on improving the
hierarchical clustering algorithm and apply the concept with
the practica cases so as to verify the feasibility of the
proposed methodology.
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